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ABSTRACT. The distance from the origin in the word metric for generalizations F'(p)
of Thompson’s group F' is quasi-isometric to the number of carets in the reduced
rooted tree diagrams representing the elements of F(p). This interpretation of the
metric is used to prove that several types of embeddings of groups F'(p) into each
other are quasi-isometric embeddings, and also to study the behavior of the shift
maps under these embeddings.

When obtaining the first example of a finitely presented infinite simple group in
[12], R. Thompson introduced groups F, T and V', which have attracted consider-
able interest since then and have become known as Thompson’s groups F', T' and V.
Higman [10] generalized the group V' to a whole family of groups, a generalization
that was extended to the subgroups F' and T by Brown [3]. The groups F(p) of
this article correspond to the groups F), « in [3]. These families of groups have also
been extensively studied by Brin [2].

Thompson’s group F' has proven to be the most interesting group of all and has
emerged in a variety of settings. It can be regarded as the group of piecewise-linear,
orientation-preserving homeomorphisms of the interval [0, 1] which have breakpoints
only at dyadic points and whose slopes, where defined, are powers of two. In 1984
Brown and Geoghegan [4] found it to be the first example of a finitely presented
infinite-dimensional torsion-free F P,, group. This fact has been extended to all
F(p) in [3], and studied by Stein [11], where generalizations to more general groups
of homeomorphisms with general rational breakpoint sets are considered. Cleary [7]
has studied these properties for groups of piecewise-linear homeomorphisms with
irrational breakpoints and slopes.

In [5] Burillo showed the relationship between the word metric of Thompson’s
group F' and an estimate of the distance derived from the unique normal form of
the elements. This algebraic estimate is quasi-isometric to the word metric and was
used to prove that some subgroups are nondistorted in F. In this paper we find a
geometric estimate of the word metric in terms of rooted tree diagrams (see [6] and
[8]), show that this is quasi-isometric to the word metric, and use this interpretation
to prove that some embeddings of groups F(p) into others are quasi-isometric. The
interpretations of these embeddings in terms of the tree diagrams also yield insights
into the behavior of the shift maps under the embeddings.

After a statement of some results about the groups F(p) in section 1 that will be
needed later in the paper, including a brief description of the rooted tree diagrams,
section 2 contains the interpretation of the word metric in terms of the normal
form and of the number of carets in the tree diagrams. In section 3 the natural
embedding of F(p¥) into F(p) is studied and proved to be nondistorted, and in
section 4 some different embeddings are found, proving that every F(p) can be
quasi-isometrically embedded in F'(q) for some g > p. The last section is dedicated
to study the behavior of the shift maps of F'(p) under these embeddings.
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1. THE GROUPS F(p)

The generalizations of Thompson’s group which are the subject of this paper
are the groups F(p) = F(l,Z[%], (p)), the groups of piecewise-linear, orientation-
preserving homeomorphisms of the interval [0,1] which have breakpoints only in
Z[%], and such that the slopes, where defined, are powers of p. For p = 2 this
group is the well-known Thompson’s group F', and the groups F(p) are natural
generalizations of F', and share many of its interesting properties. In this section
we outline some of these properties that will be used later in the paper. For a very
readable introduction to F see [6], and for generalizations to F'(p) see [3] and [11].

The group F(p) admits the following infinite presentation:

. 1 . .
Pp = <xi, i>0|a; 22 = xjpp_, fori< j>

where the maps z; € F(p), for 0 < i < p—2, can be represented by the homeomor-
phisms of the unit interval:

t ifo<t< 5
(t) pt . i(p;l) lf% <t< (1)—1122(1'-"-1)7
(p=D(p=i=1) ¢ (p=1)(i+1) i+l
t"‘ pz lf p2 S t S p b
thp—l if 4l <¢ <1
p p

For z; withi > p—1, welet j = LﬁJ, and let k =i—j(p—1). Then, z; € F(p)

1
p] i
copy of the graph of zp. The compositions are taken on the right; that is, the
element z;x; € F(p) corresponds with the composition z; o z; as maps in [0, 1].

The groups F(p) admit a shift map ¢, which sends every generator x; to x;1.
The shift map satisfies 25 '¢(z)zo = ¢P(x) for all z € F(p), so it is a conjugacy
idempotent. The relations between the shift maps of the different F(p) are studied
in section 5.

The infinite presentation P, is useful for its symmetry and simplicity, but to
discuss the word metric we need to consider a finite presentation. It is clear that
X0, 1, .. ,Tp_1 generate F(p), and it is possible to write a presentation for F(p)
with these p generators and p(p — 1) relators (see [9] and [11]). For p = 2 this is
the standard presentation for Thompson’s group F":

is the identity except in the interval [1 — 1], where the graph is a scaled-down

<930, z1 | [voxy !, 22], [$0If17$3]> .

In the following, when we refer to the word metric, or the length of an element,
we will always mean with respect to these finite presentations.

From the relators z;z;z; ' = x;4,-1 we can see that every element in F(p)
admits an expression of the form

T1 .72

LT Tn . —Sm
i1 Vig

x5t

€T ..l‘inxjm RN 1

where i1 < i < ... < iy F# jm > ... > jo > j1. This expression is unique if
we require one additional condition: if both z; and a:;l appear, then one of the
generators

-1 -1 -1
Titls Tig1s Tit2, Tigos -5 Litp—1, Tigpp 1
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must appear as well. This is required for uniqueness because if none of them
appears, there is a subword of the type xi¢p(a:)xi_1 which can be replaced by ¢(x).
This unique expression of an element will be called its normal form. The proof
of the uniqueness of the normal form in F(2) in [4] extends easily to every F(p).
Given an element z, its normal form is the shortest word in the infinite generating
set of P, representing it.

The groups F(p) can also be realized as groups of homeomorphisms of the real
line R. The maps

t if ¢t <1,
filt)=< pt+i(l—p) ifi<t<i+],
t+p—1 ifi+1<t

generate a group of piecewise-linear homeomorphisms of R which is isomorphic to
F(p). As before, compositions are taken on the right. We will use both of these
geometric representations for F(p) to deduce different properties of these groups.

Another interpretation for F'(p) is based on maps of rooted trees. This interpre-
tation was studied by Higman in [10] and Bieri-Strebel in [1], and it is described
with great detail for the case of F/(2) in [6]. A rooted p-tree is a tree with a distin-
guished vertex (the root) which has p edges, and any other vertex has either valence
1 (leaves) or valence p+1 (nodes). We think of a rooted p-tree as a descending tree,
with the root on top, and different levels of vertices, with the root being the sole
vertex of level 0. Every vertex different from the root is connected by an edge to a
vertex in the previous level, and it is either a leaf, in which case it is not connected
to the next lower level, or a node, which has p children, i.e., it is connected to p
vertices in the next lower level. A node, together with its p children, and the p
edges connecting them, form a caret.

A rooted p-tree can be thought of as a graphic representation of a subdivision

of the interval [0,1] into intervals of lengths pik for different k. A vertex in level
k corresponds to an interval of length 1%' If it is a node, the caret represents the

subdivision of the interval in p intervals of length —L+. The leaves represent the
P

final intervals of the subdivision, and the order of the intervals in [0, 1] induces a
total order on the leaves of the tree. The endpoints of the intervals are always

elements of Z[%].
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0 1

Fig. 1: The tree diagram for z; € F(3) with its homeomorphism of [0, 1].

An element z € F(p) can be thought of, then, as a tree diagram, i.e., an order-
preserving map between the leaves of two rooted p-trees with the same number
of carets (and thus the same number of leaves). The homeomorphism z of [0, 1]
represented by this diagram can be seen using the subdivisions represented by the
two trees: the intervals of the source tree are sent to the ones in the target tree,
preserving the order. The product of two elements x and y can be seen with the tree
diagrams using the following process: add carets simultaneously at corresponding
leaves to the source and target trees of x, and also add carets to the pair of trees
of y, until the target tree of x and the source tree of y are equal. Then, a tree
diagram for xy has for source the source of  and for target the target of y, with
all the added carets needed to perform the composition.

A diagram is reducible if all the leaves of a caret are sent to all the leaves of
another caret in the target, that is, if these carets represent superfluous subdivisions
of the corresponding intervals. In the following, we will assume that our diagrams
are reduced, meaning that superfluous carets have been eliminated. For a given
element, the reduced tree diagram representing it is unique, and there is a close
relation between the reduced tree diagram and the normal form of the element ([6],
[8]).

Reduced p-tree diagrams are a powerful and efficient way to represent elements
of F(p), and they will be used several times later in the paper. A complete detailed
description of the tree diagram representation for F'(2) can also be found in [8],
where B. Fordham uses it to obtain an algorithm to compute the exact length of
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an element of F(2) given its normal form.

&R
&N

vdr g = aday !

’

$0x1

Fig. 2: Composing two tree diagrams in F'(2), with the added carets in dashes.

Yet a different representation of the groups F'(p) can be found in [9], in the
context of diagram groups. This representation is essentially the same as the tree
diagram representation, where a node with its p + 1 edges is replaced by a 2-cell
with its boundary subdivided in p + 1 edges, and the cells are attached to each
other along the edges according to the same pattern represented by the trees.

2. THE WORD METRIC OF F(p)

The different interpretations of the groups F(p), both as groups of homeomor-
phisms and as groups of maps of rooted trees can be used to deduce expressions
for the word metric. First we generalize to all F(p) the estimate of the length
of an element developed in [5]. This gives a quantity which is equivalent to the
length, and can be readily computed from the normal form of an element. Here, we
mean equivalent in the sense of quasi-isometry. We will denote by |z|, the minimal
length of an element of F(p) in the word metric with respect to the generators
TO;Lly--- 3 Tp—1-

Theorem 1. Let x € F(p) have normal form

T1 .72 Tn 7" Sm xfs2xf51

102 T iy Ym T g2 Jr
and let
D@)=ri+ra+...+rn+s14+52+...48m+in+jm.

Then, we have
D(z)
< |z|, <3D(x).
Proof. The upper bound is straightforward: replacing each x; in the normal form
by its expression in the generators xg, 1, ... ,Tp—1, the length of the word obtained
is less than 3D(z), and clearly it is an upper bound for the minimal length.
For the lower bound, observe that since the normal form has the shortest
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possible length among words representing x in the generators of P,, we can
conclude that |z|, > 71 +...+ 7, + 81+ ...+ Sy, Finally, let w be the word in the
generators xo, 1, ... ,Tp—1 Which has minimal length |z|,. To obtain the unique
normal form from w, the generators have to be switched around using the relators
of P,, at the price of increasing the index of one of them by p — 1 per switch. A
given generator in w needs to be switched at most |z, — 1 times, so the highest
possible generator appearing in the normal form has index at most

p=1+@—-1(zl, =1) = (p - Dlzl

and then
in < (p—Dlzl, and  jn < (p—1)[zlp.

Combining all these inequalities we obtain the desired lower bound. /

Part of the previous proof is due to V. Guba, who improved on the proof given
in [5].

The number D(z) given in the previous result is, then, equivalent to the distance.
This readily computable quasi-metric D(z) can be used in the place of the genuine
word metric to obtain geometric characterizations for the distance.

Proposition 2. Let x € F(2) be an element whose normal form is a positive word,

i.e.,
Let

N(z)=max{ix+rg +rp41+...+rm+1, fork=1,2,... n}
Then,

(1) N(zx) is equal to the number of carets in either tree of the reduced 2-tree
diagram for x,

(2) N(x) is equal to the y-coordinate of the last breakpoint of the graph of x
represented as a homeomorphism of R,

(3) N(x) is quasi-equivalent to the distance. In particular,

Dgx) < N(z) < D(z) + 1.

Proof. The statement that N(x) is equivalent to the distance is clear from the
definition: clearly N(x) < D(x) + 1, and also

N(x)>i+r+...+rp+1>r1+...+ 7, and
N(x) > iy + 1 +1 2>y,

from which the lower bound follows.
Both statements (1) and (2) will be proved using the same induction in n. If
n = 1, then & = z], and we have that the tree diagram of = has exactly ¢ + 7+ 1

carets (see Figure 3). The graph for the homeomorphism representing « has the
following slopes at points with the given y-coordinate:
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1 forye (—o0,i),
A forye(zz+2)

27k foryec(i+k+1,i+k+2), k=1,...,r—1,
1 forye(i+r+1,00).

In particular, the last breakpoint is (i + 1,7 +r + 1).

/>/\ i+ 1 carets
\ />\z + 7+ 1 carets
r carets //<\ /&
7N

Fig. 3: The tree diagram for z].

Forn>1,let x =z *z!2...2"

ir Tz i, and take y = xzy. When composing the two
tree dlagramb of x and ], we need to add carets to the middle two trees to make
them match. We need to study two cases.

Case 1: Suppose that i +1 < N(x).

By induction hypothesis, the trees for the reduced tree diagram for  have N(x)
carets, and we need to add r carets to the target tree of z, and N(x) —¢ — 1 to
the source tree for z] to perform the composition. In any case the resulting trees
have N(z) + r carets, and observe that if i + 1 < N(z), then N(y) = N(z) + r.
It is important to realize that the tree diagram obtained for y is reduced. This
fact can be observed using the relations between the reduced tree diagram and the
exponents which appear in the unique normal form (see [8]).

\ N
,’ \ Y
A Y N
e P - 5
. 3 .
g R "
- N S
N N Y

xr r
Z;

Fig. 4: The composition of x with a7 when i +1 < N(x).

For the graphs of the corresponding homeomorphisms, again from i+ 1 < N(z),
we see that when composing = with 2] the only interval that gets modified is [¢,341],
which gets stretched into [, + r + 1]. The last breakpoint of y is now N(z) +r
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which as before is equal to N(y).

Fig. 5: The graphs of z and zz} when i +1 < N(z).

Case 2: If i +1 > N(x), then in the composition of the two tree diagrams we
need to add i +r + 1 — N(x) carets to the target tree of x to match the source of

T.
xi:

Fig. 6: The composition of x with & when i +1 > N(x).

The resulting trees have i+r+1 carets, and if i+1 > N(z), it is clear that N(y) =
i+ r+ 1 as well. For the homeomorphisms, if i + 1 > N(z), all the modifications
to the graph of x occur above the last breakpoint, so the last breakpoint for y is
the same than for z], which has y-coordinate ¢ + r + 1. /

For the case of a general word, not necessarily positive, there is no relation
between the y-coordinate of the last breakpoint and the distance. The elements

2 -1 _—1 —1,_.-1
TOXY - Th—1T Ty 1 Tf -+ - L1 Ly

have all breakpoints in the square [0, 1] x [0, 1], whereas their norm is linear in k.
But the number of carets in the reduced diagram is still equivalent to the norm.
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Fig. 7: The graphs of z and zz} when i+ 1 > N(z).

Theorem 3. Let x € F(2) be an element whose normal form is

™1 .,.T2 Tn .~ Sm —82 ., —S81

LR R A TR R TR
and let
— T1 .72 Tn
Y1 =T, Ty -+ - Ty,
— »S1 .52 Sm
Y2 =T Zj; -+ Ty,

be the two positive words involved in the normal form for r = ylygl. Then the
number N(x) of carets for any tree in the reduced tree diagram for x is equal to the
highest number of carets in the diagrams for y1 and yo. This number of carets is
equal to

N(z) = max{N(y1), N(y2)}
=max{ig +rg+rgr1+...+rn+1, fork=12,... n,
Jitsi+tsipi+...+sm+1, forl=1,2,... m},

and it is equivalent to the distance.

Proof. The equivalence with the distance proceeds as in Proposition 2, except the

inequalities are now:

@ < N(z) < D(z) + 1.

For the number of carets, we only need to realize that to obtain the diagram for x
we need to put the two diagrams for y; and y, next to each other with the diagram
for y, reversed, and add carets to the one with fewer of them.

The tree diagram obtained will be reduced because of the uniqueness of the
normal form, again by the results in [8]. /

Note that these results only apply to F(2), where the proofs are simple and
for a positive word in F'(2) the number of carets and the y-coordinate of the last
breakpoint coincide. This fact is not true for F'(p) if p > 2, but even though those
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two numbers are different, both are equivalent to the distance. For general F(p)
we have the following results with analogous proofs:
Proposition 4. Let
be a positive word in F(p). Then the number
i
Ni(x) = max {{—li +rg+rer1t+ ..+ t+ 1, fork=1,2,... ,n}

p—
is equal to the number of carets in either tree of the reduced p-tree diagram for x.
This number satisfies the inequality

— <N <D 1.
-1 = 1(x) < D(x) +
/
Proposition 5. Let
r=xtx?. .z

i1 ig in

be a positive word in F(p). Then the number

No(z) =max {ix +rg(p— 1)+ re1(p— 1)+ ... +7r(p—1) + 1,
fork=1,2,... ,n}
is equal to the y-coordinate of the last breakpoint of the graph for x. This number
satisfies the inequality
D(x)
2

< Na(z) < D(a)(p—1) + 1.
/

And for connection between the number of carets with the word metric for a
general, not necessarily positive word, we have:

Theorem 6. Let
1,72 Tn " Sm —S82,,—S1
iy Tig =Ty, L+ gy "G

be the unique normal form of an element x € F(p). Then the number
N(z) = max {{Z—li +rg T+ ..+ +1, fork=1,2,... ,n,
p—
{j—llJ +s14+S141+- -+ Sm+ 1, forl=1,2,... ,m}
p—

is equal to the number of carets in either tree for the reduced diagram for x. This
number is equivalent to the distance. In particular, it satisfies the inequality
D(z)
——— < N(z) < D(z) + 1.

/

This estimate of the distance in terms of the number of carets in the trees of
the diagram will be used extensively in the next sections, to prove that several
embeddings of a group F(p) in another group F'(g) are nondistorted.
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3. THE EMBEDDING OF F(p*) IN F(p)

There are several types of embeddings of groups F(q) as subgroups of groups
F(p). The most natural one is when ¢ is a power of p, since then Z[%] = Z[%].
It is easier to understand these embeddings in terms of carets than in terms of
homeomorphisms of [0, 1], as can be seen in the example F(4) C F(2), which we
will describe below in detail.

The embedding i : F(4) — F(2) can be understood using the tree diagrams. Let
T be a rooted 4-tree. As seen in section 2, T' can be understood as a subdivision
of [0,1] in intervals of length 4%. But clearly, subdividing an interval in four equal
parts corresponds to subdivide the interval first in two parts and then each of these
parts in two more. So given a rooted 4-tree T', there is a (unique) rooted 2-tree i(T')
which yields the same subdivision of [0,1]. The tree i(T) can be obtained from T
replacing each 4-caret of T" by a set of three 2-carets in the obvious manner:

AN AN

Fig. 8: A 4-caret and the set of 2-carets for the embedding of F'(4) in F(2).

Now, given an element « € F(4), represented by the reduced tree diagram (S, T),
the element i(z) € F(2) is represented by the tree diagram (i(S),(T)). Clearly the
diagram (i(S), (7)) will not be reduced in general, so it is necessary to reduce it.
A table with the four generators of F'(4) with their corresponding (reduced) images
in F(2) is detailed in Figure 9.

Observe that in the process of reducing the diagram (i(.5),4(T")), some 2-carets
will be eliminated. But for a set of three 2-carets which corresponds to the image of
a 4-caret will never be completely erased in the reduction, because if it were, that
would mean that the 4-caret they correspond to would already be superfluous. So,
in the trees i(S) and ¢(T') there are at least as many carets as there were in S and
in T. This provides the following inequality:

N(z) < N(i(x)) < 3N (a).

By virtue of the results in section 2, the number of carets in the reduced diagram
of an element is equivalent to the distance, we obtain that the norm of an element
in F(4) and of its image in F(2) are equivalent, so the embedding of F(4) in F(2)
is a quasi-isometric embedding.

In the general case, with i : F(p¥) — F(p), the embedding can also be seen
with trees in the exact same way. A p*-caret is now replaced by

k

-1

1+p+p2+...+pk’1:p—
p—1

p-carets, and after the reductions, at least one of the p-carets survives per each
pF-caret. This gives the following result:
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A

>

xo € F(4) wdrizyt € F(2)
T € F(4) zoriry ' € F(2)
zo € F(4) pirzxy b € F(2)
r3 € F(4) iz, € F(2)

Fig. 9: The images of the generators of F(4) in F(2).

Theorem 7. The natural embedding of F(p*) in F(p) is a quasi-isometric embed-
ding. /

The inequalities here are

N(z) < N(i(z)) <

Note that this embedding is not quasi-onto, since the image is nowhere near
being e-dense. For a general element in F(4), its image in F(2) will have norm
about three times as large.

4. EMBEDDINGS OF F(p) IN F(q) FOR p < ¢

Given a group F(p), there always exists another group F(q) which contains it
as a subgroup. The simplest example is the subgroup of F(3) generated by all the
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generators with even subindex in the presentation P3. These generators satisfy the
relations
-1 . .
Ty; TajTo; = Tojio,  fori <,

and hence generate a subgroup of F(3) isomorphic to F(2). To see this embedding
in terms of the tree diagrams, observe that the generators xzy and x; of F(2) and
xo and zo of F'(3) have the same number of carets, and in the same disposition,
the only difference is that the carets for F'(2) have two edges, whereas the carets
for F'(3) have three (see Figure 10).

So the embedding of F'(2) into F'(3) can be realized in terms of the tree diagrams
by, given a rooted 2-tree, just add a new edge in the middle of every caret to
transform it into a 3-caret. Given an element of F(2) with its tree diagram, add
an edge to every caret in both trees to obtain a 3-tree diagram for the image of the
given element in F'(3). And the resulting 3-tree diagram is reduced if and only if
the starting 2-tree diagram is reduced, since the carets are arranged in exactly the
same pattern. Hence both diagrams have the same number of carets, and since the
number of carets is equivalent to the distance, the embedding is a quasi-isometric
embedding.

AN AN

xo € F(2) xo € F(3)
xleF QZQEF

Fig. 10: The two generators of F(2) and their images in F(3).

We can generalize this embedding to many more cases:

Theorem 8. The group F(p) embeds in F(q) for all such pairs p,q such that ¢ —1
is a multiple of p — 1.

Proof. Let ¢ — 1 = n(p — 1). Then take all generators in F(q) which are multiple
of n. These elements generate a copy of F(p). To see this, observe that these
generators satisfy the relations

—1 _ ) _ _
Lpi TnjTni = Tnj+q—1 = Tnj+n(p—1) = Ln(j+p—1)-

/

This embedding is the restriction to the groups F(p) of the embeddings described
algebraically by Higman [10,Theorem 7.2] for the larger groups G, ,.

This embedding can also be seen in terms of tree diagrams. Take a p-caret and
insert n — 1 extra edges between every two of the original edges. The resulting caret
has ¢ edges, so by doing this to any rooted p-tree we obtain a rooted ¢-tree with
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the same number of carets. For any reduced p-tree diagram we obtain the reduced
g-diagram for the image of the element it represents, and both diagrams have the
same number of carets. Hence:

Theorem 9. If ¢ — 1 is a multiple of p — 1, the resulting embedding of F(p) in
F(q) is a quasi-isometric embedding. /

As before, these embeddings are not quasi-onto. In particular, even though we
have embeddings of F'(4) into F'(2) and of F(2) into F'(4), the compositions of these
embeddings are not quasi-isometries.

5. THE SHIFT MAPS

One of the most interesting features of the groups F(p) are the shift maps. The
shift map ¢, for F(p) is defined as the map sending every generator x; in the
presentation P, to x;41. As we have seen before, ¢, satisfies xalgbp(x)mo = ¢b(z).
Of special relevance is the map qbg_l, because the relators of P, can be written as

z;  wja = b N ay), for i < j;

so if we take an HNN extension of F(p) by the map (bg_l, we obtain another copy
of F(p).
The map (;Sg_l also has significance in the homeomorphisms of [0, 1]. The image

of an element z € F(p) by qﬁg_l is the identity in the interval [07 1-— ﬂ and has a

copy of the graph of = in the interval [1 — %, 1}, scaled down by a factor of p.

Also, it is easy to interpret the maps (;55_1 in terms of the rooted p-tree diagrams.
Given a rooted p-tree T, consider another tree T obtained by taking one single p-
caret and attaching T' by the root to the rightmost vertex of the caret.

ﬁ% %%

x1 € F(3
1€ ¢3$1 —$3€F

Fig. 11: The image of x; € F(3) under gi)%.

Using this construction, it is easy to see that if (S, T') is the reduced tree diagram
for 2 € F(p), then (S',T") is the reduced tree diagram for ¢5~! (). We can use this
interpretation of the shift maps to see that they behave nicely under the embeddings
studied in sections 3 and 4.

Proposition 10. Let
i: F(p*) — F(p)

be the natural embedding. Then the shift maps satisfy:

. k_1 (p—1 .
Zo(bgk :¢]I;(p ) oi.
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Proof. Attaching an extra p*-caret to the top of a rooted tree corresponds by the
k

reduced p-tree diagram, after attaching these carets to the top of each tree, we see
that all the attached carets except the k rightmost ones will be reduced.

AR DB

x1x2 ) x1x2

%%

4 x1x2 ¢’4($112 ) = ¢2( (xle )

Fig. 12: An example of the invariance of the shift maps.

So the resulting tree diagram in F(p) is the diagram obtained by attaching the
k carets that are necessary to apply (bp(p b, /

Proposition 11. Let
Jj:F(p) — Flq)

be an embedding with g — 1 = n(p — 1). Then the shift maps satisfy:
jogh t =91 to

Proof. Both shift maps act adding a single caret on top of the trees, and this
operation is not affected by adding extra edges to an existing caret, which is what
the embedding j demands (see section 4). Clearly the same result is obtained by
adding a p-caret and then adding n — 1 edges between each two than by adding
first the sets of n — 1 edges and later adding a g-caret on top. /
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