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Performing the indicated integration yields

i ad a, . NTT bn nwe
j_L f(t) dt ~ ao(x + L)+ ,;1 [m sin —7— + /L (cosmr — o8 ——L—)] .

(3.5.2)
We will actually show that the preceding statement is valid with an = sign. If
term-by-term integration from —L to x of a Fourjer series is valid, then any definite

a -L —L

Example. Term-by-term integration has some interesting applications. Re-
call that the Fourier sine series for f (z) = 1 is given by

1 1 5
3z T > 7 (3.5.3)

1 4— sinzr—az-i——sin———l——sin———k .
T L 3 L 5 L

where ~ is used since (3.5.3) is an equality only for 0 <z < L. Integrating term
by term from 0 to z results in

4L 1 1 4L xz  cosdmz/L  cosbmz/L
o + + F ]

T2

L 32 52
0<z <L,

T~ 3 1+§2—+§+---

(3.5.4)
where because of our theorem the = sign can be used. We immediately recognize
that (3.5.4) should be the Fourier cosine series of the function z. It was obtained
by integrating the Fourier sine series of f(z) = 1. However, an infinite series of
constants appears in (3.5.4); it is the constant term of the Fourier cosine series of
2. In this way we can evaluate that infinite series,

4L 11 1 [t 1
it =+ =+ == dx = =L.
7T2(—}-32—1-524- ) L/O:na: 5

Thus, we obtain the usual form for the Fourier cosine series for x,

L 4L< rz  cosdmz/L  cosbra/L
g=—m st —— 7 T

< < . .b.
s 5 = )ﬁ_x_L (3.5.5)

The process of deriving new series from old ones can be continued. Integrating
(3.5.5) from 0 to z yields

(3.5.6)

2 L AL? (. mx  sindrz/L  sin 5rx/L
Zp— = (sin=-+ L IROTE ).
2 2 3

B L 33 53
This example illustrates that integrating a Fourier series tern by term does not

necessarily yield another Fourier series. However, (3.5.6) can be looked at as either
yielding




e
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1. The Fourier sine series of 2?/2 — (L/2)z, or

2. The Fourier sine series of 22/2, where the Fourier sine series of z is needed
first [see (3.3.11) and (3.3.12)].

An alternative procedure is to perform indefinite integration. In this case an
arbitrary constant must be included and evaluated. For example, reconsider the
Fourier sine series of f(z) =1, (3.5.3). By term-hy-term indefinite integration we
derive the Fourier cosine series of z,

4L mx  cos3wx/L  cosbmx/L
| T=C——5 cosf—l— 3 + 52 +- ).

The constant of integration is not arbitrary; it must be evaluated. Here c is again
the constant term of the Fourier cosine series of ,¢ = (1/L) fOL x dx=L/2.

Proof on integrating Fourier series. Consider

Fz) = /_L £(t) dt. (3.5.7)

This integral is a continuous function of z since f(z) is piecewise smooth. F(x)
has a continuous Fourier series only if F'(L} = F(—L) [otherwise, remember that
the periodic nature of the Fourier series implies that the Fourier series does not
converge to F'(z) at the endpoints z = £1]. However, note that from the definition
(3.5.7),

L
F(—-L)=0 and F(L)= / f(t) dt = 2Lay.
~L

Thus, in general F'(z) does not have a continuous Fourier series. In Fig. 3.5.1, F(x)
[ is sketched, illustrating the fact that usually F(—L) # F(L). However, consider the
straight line connecting the point F'(—L) to F(L), y = ag(x + L). G(z), defined to
be the difference between F(z) and the straight line,

G(z) = F(z) —ap(z + L), (3.5.8)

will be zero at both ends, x = +L,

as illustrated in Fig. 3.5.1. G(z) is also continuous. Thus, G(z) satisfies the prop-
erties that enable the Fourier series of G(z) actually to equal G(z):

Gle)= Ao+ (An cos ”% + B, sin "Lﬂ) , (3.5.9)
n=1

where the — sign is emphasized. These Fourier coefficients can be computed as

L
[F(z) — ag(z + L)] cos% dr (n#0).




R EEEEEEBBBEEEBEEESSSSS

130 Chapter 3. Fourier Series

\2Lag

Figure 3.5.1 F(z) with F(-L) #
F(L).

The z-term can be dropped since it is odd (i.e., f_LLxcos nrx/L dz = 0). The
resulting expression can be integrated by parts as follows:

nnx

u = F(z)—aol dv = cos < dx
ar L . nrmz
du = T dz = f(z)dz vo= —sin—,
yielding
1 sinnmz/L o L [* nre bn
A, == |(F(z) —aol)——7—| ~— o= in—-dz| = ——7,
L [( (#) ~ aoL) nr/L |_, nm/_p f(z)sin L x} nr/L
(3.5.10)

where we have recognized that by, is the Fourier sine coefficient of f(z). In a similar
manner (which we leave as an exercise), it can be shown that

" nr/L’

where a,, is the Fourier cosine coefficient of f (z). Ag can be calculated in a different
manner (the previous method will not work). Since G(L) = 0 and the Fourier series
of G(z) is pointwise convergent, from (3.5.9) it follows that

[e e}

o0

b,
0:A0+2Ancosn7r=A0—zzlmr/Lcosmr '
n—

n=1

since A, = —by,/(nm/L). Thus, we have shown from (3.5.9) that

= n_ . bn
F(z)=ao(z+ L)+ Z [ﬁﬁ s1n2%3Ti + /L (cosmr — cos ?)} , (3.5.11)
n=1

exactly the result of simple term-by-term integration. However, notice that (3.5.11)
is not the Fourier series of F'(z), since apx appears. Nonetheless, (3.5.11) is valid.
We have now justified term-by-term integration of Fourier series.
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EXERCISES 3.5

3.5.1. Consider
z? ~ Zb sin mrw. (3.5.12)

(a) Determine b, from (3.3.11), (3.3.12), and (3.5.6).
(b) For what values of z is (3.5.12) an equality?

*(c) Derive the Fourier cosine series for z* from (3.5.12). For what values
of & will this be an equality?

3.5.2.  (a) Using (3.3.11) and (3.3.12), obtain the Fourier cosine series of z2.

(b) From part (a), determine the Fourier sine series of 3.

3.5.3. Generalize Exercise 3.5.2, in order to derive the Fourier sine series of ™
m odd.

*3.5.4. Suppose that coshz ~ >>° b, sinnrz/L.

(a) Determine b, by correctly differentiating this series twice.

(b) Determine b,, by integrating this series twice.

I 3.5.5. Show that B, in (3.5.9) satisfies B,, = a,/(nw/L), where a, is defined by
| (3.5.1).

3.5.6. Evaluate
1 1 1 1 1

It gtmtptatagt
by evaluating (3.5.5) at = = 0.
*3.5.7. Evaluate

using (3.5.6).

3.6 Complex Form of Fourier Series

With periodic boundary conditions, we have found the theory of Fourier series to
be quite useful:

~ a0+ Z (an cos 2L 4 by, sin n_zx_) (3.6.1)
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where
1 L
ag = == x) dz 3.6.2
o = 31/ @ (362)
L
an = %/_Lf(x)cos? dx (3.6.3)
1 F nwr
b, = Z/_Lf(m)sin—i— dz. (3.6.4)

To introduce complex exponentials instead of sines and cosines, we use Euler’s
formulas

COSGIM and sinGzM.
2 21
It follows that
1 1 — ,
~ag+ 5 Z — iby,) e/ Ly 5 > (an +iby) e/, (3.6.5)
n=1 n=1

In order to only have e~**"2/L we change the dummy index in the first summation,
replacing n by —n. Thus,

1 — . —inT 1 = . —inmT
f(x) ~ ag + 5 n;1 [a(,n) - ’Lb(_n)] e /L + b T; (an + ’Lbn) e /e,

From the definition of a,, and by, (3.6.3) and (3.6.4), a(_n) = @y, and b_,) = —bpn.
Thus, if we define

cop = Qg
_ antib,
Ch = —5
then f(x) becomes simply
oo
> cpeinmal/L, (3.6.6)

Equation (3.6.6) is known as the complex form of the Fourier series of f(x).?
It is equivalent to the usual form. It is more compact to write, but it is only used
infrequently. In this form the complex Fourier coefficients are

1 1 L nrr ., NAx
Cn, 2(an+zb) QL/ f(x) (cos—L——l—zsm—L—) dz. (n#0)

F(L)]. At a

3As before, an equal sign appears if f(z) is continuous [and periodic, f(—L)
jump discontinuity of f(z) in the interior, the series converges to [f(x+) + f(z—)]/

o
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We immediately recognize a simplification, using Euler’s formula. Thus, we derive
a formula for the complex Fourier coeflicients

L
on= 5 / fla)emm b de. | (alln) (3.6.7)
oL J_;

Notice that the complex Fourier series representation of f (x) has e~ inmz/L and
is summed over the discrete integers corresponding to the sum over the discrete
eigenvalues. The complex Fourier coeflicients, on the other hand, involve gtinme/L
and are integrated over the region of definition of f(x) (with periodic boundary
conditions), namely —L <z < L. If f(z) is real, c.n = ¢y (see Exercise 3.6.2).

Complex orthogonality . There is an alternative way to derive the for-
mula for the complex Fourier coeflicients. Always, in the past, we have determined
Fourier coefficients using the orthogonality of the eigenfunctions. A gimilar idea
holds here. However, here the eigenfunctions e~inm@/L are complex. For complex
functions the concept of orthogonality must be slightly modified. A complex func-
tion ¢ is said to be orthogonal to a complex function v (over an interval a < z < b)

if f: ¢ dxz = 0, where ¢ is the complex conjugate of ¢. This guarantees that the
length squared of a complex function f, defined by f; ff dx, is positive (this would
not have been valid for fab ff dzx since f is complex).

Using this notion of orthogonality, the eigenfunctions e~ i/l _og < n < oo,
can be verified to form an orthogonal set because by simple integration

L
—— 0 n#m
—imwz/L inmaz/L _
LL(e Je dz {2L 0=,
since

(e_imwx/LS _ eimﬂ'z/L.

Now to determine the complex Fourier coefficients ¢, we multiply (3.6.6) by einme/L
and integrate from —L to +L (assuming that the term-by-term use of these opera-
tions is valid). In this way

L o0 L
f x eimwm/L dr = Cn/ eimwm/Le—zn‘rrm/L dr.
| @ > ool

n=—0o

Using the orthogonality condition, the sum reduces to one term, n = m. Thus,

L
/ flx)e™ L dg = 2Lep,
~L

which explains the 1/2L in (3.6.7) as well as the switch of signs in the exponent.
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EXERCISES 3.6

*3.6.1. Consider
0 T < xo

flo)={ 1/A mo<z<zo+A
0 :E>.’E0+A.

Assume that zo > —L and zo + A < L. Determine the complex Fourier
coeflicients c,.

3.6.2. If f(z) is real, show that c_n = Cn.



