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Abstract

The standard multigrid procedure performs poorly or may break down when used to solve
certain problems, like elliptic problems with discontinuous or highly oscillatory coefficients.
Here, we take the approach of using a wavelet transform and Schur complements to obtain coarse
grid, interpolation, and restriction operators. ILU(0) and compression are used to improve the
efficiency of the resulting method. Numerical examples are presented.

1 Introduction

The multigrid method is very useful in increasing the efficiency of iterative methods used to solve
systems of algebraic equations approximating partial differential equations. However, when con-
fronted by certain problems, for example problems with discontinuous or highly oscillatory coeffi-
cients as well as advection-dominated problems, the standard multigrid procedure converges slowly,
with a rate dependent on mesh size, or may break down.

One method to correct for this for elliptic problems with periodic coefficients is through use
of homogenization (e.g., [11, 10, 15]). This approach is taken because the homogenized operator
provides a very good approximation of the important properties (eigenvalues, eigenfunctions) of the
original fine grid operator. A problem with these homogenization techniques is that they are only
applicable to periodic problems and can only be given closed form solutions in certain cases. Also,
no natural definition of the restriction and interpolation operators follows from the homogenized
coarse grid operator. More recently, Andreas Rieder [16] has used wavelet decompositions to obtain
a multilevel method. His approach uses a choice of the filter operators obtained from wavelets for
the restriction and interpolation operators.

Another problem analyzed in this paper is the advection-diffusion equation with dominant
advection term. Many multigrid solutions to this problem appearing in the literature involve
numbering and solving for the unknowns in a certain order (e.g., [1, 22]). M. Griebel and S.
Knapek use matrix-dependent interpolations in [12], where the coarse grid operator, using the
Galerkin approach, is determined to be a Schur complement.

In [9], the wavelet transform, which involves both high- and low-pass filter operators, is used to
derive a new approach, under the assumption that the matrix on the fine grid is symmetric. Also,



some one-dimensional examples are examined. The goal of the present work is to extend the results
of this approach to two dimensions, dropping the assumption of a symmetric fine grid operator.
We consider this approach for several reasons.

First, we see from, say, [8] that the wavelet coarse grid operator provides a good approximation
to the homogenized coarse grid operator, and it has a natural connection to the interpolation and
restriction operators. Furthermore, wavelets can be applied to problems with periodic as well as
non-periodic coefficients. Finally, the application of wavelet operators to vectors and matrices
maintains the properties of the original problem.

The initial procedure followed is much the same as that in [9]. Removing the restriction of a
symmetric fine grid operator has allowed us to apply the wavelet multigrid method to more, and
different types of, problems than were examined in [9]. In Section 2, we discuss some multigrid
background. Section 3 discusses wavelets, in both one and two dimensions, as background for
later sections. Section 4 discusses the application of the wavelet transform, defined in Section 3,
to multigrid methods. A theorem demonstrating the compressibility of the resulting coarse grid,
interpolation, and restriction operators is also presented. In Section 5, we discuss the use of ILU(0)
to obtain the LU decomposition of the component to be inverted followed by truncation to obtain
sparser versions of the inverse component. Section 6 presents some numerical results of applying
the wavelet multigrid method to a variety of problems, including advection-dominated equations
and the checkerboard problem. We demonstrate the rapid convergence, independent of mesh size,
of the wavelet multigrid method for these problems. We also examine the application of the wavelet
multigrid method to anisotropic diffusion problems. In this case, semicoarsening is used instead
of full coarsening, giving a convergence rate that is rapid, with a rate comparable to the algebraic
multigrid method (AMG1RS5, an earlier version of which is described in [17]). Application of
the wavelet multigrid method to a reformulated version of the Stokes equations also yields good
convergence results. For all of the numerical results in this paper, the two-level V-cycle method
is used with one Gauss-Seidel iteration for both the coarsening and the correction phases, unless
otherwise specified.

2 Multigrid

The problem we are concerned with solving is the system of linear equations
Au = b, (1)

where A and b arise from discretization of a differential equation on some grid Q”, where h represents
the step size.

For notational purposes, we briefly describe the V-cycle method used in this paper. Given some
interpolation operator, Igh, where the superscript refers to the fine grid and the subscript refers
to the coarse grid, and a restriction operator, I,%h, we can define a multigrid method recursively.
For the two-level method, first relax a few (usually one or two) steps on the fine grid Q" to get an
initial guess u". Then, compute the residual r* = b* — A*u" restrict the residual to the coarse
grid Q2 : p2h = Ighrh, and solve the residual equation

A2he2h _ 2k
on the coarse grid. Then, set u" = u? + Ighe% and relax again a few steps on the fine grid (usually
one or two steps). This describes the two-level method. Based on this, we define the V-cycle
multigrid scheme recursively. Some good references for multigrid methods are [3, 13, 21].



Another type of multigrid scheme is algebraic multigrid, which only uses the structure of the
matrix in the problem to determine the coarsening process (choice of coarse grid and definition of
interpolation /restriction operators). This process is performed in order to ensure that the range of
interpolation approximates the errors not sufficiently reduced via relaxation. For a more detailed
description of algebraic methods, see, e.g., [17, 4, 14, 19, 21]. Algebraic multigrid methods are of
particular interest to us, in that they are the nearest methods to the approach taken in this paper.
Note that in [4] the relation between algebraic multigrid and Schur complements is discussed. An
updated version of the algebraic multigrid method discussed in [17] is one of the bases of comparison
used in this paper.

It is expected that V-cycle schemes should converge at a rate independent of the mesh size.
However, for certain problems, including problems with discontinuous or highly oscillatory coeffi-
cients or for advection-dominated problems, the above is no longer true. One difficulty is that the
small eigenvalues of A may not be associated with smooth eigenfunctions, a key assumption for
the standard multigrid method. For such problems, it is not as simple to approximate the smooth
eigenfunctions on the coarse grids. New methods for restriction and prolongation (interpolation)
or for treating the entire problem must be found.

3 Wavelets

For notational purposes, a brief description of wavelets follows. For more details, please refer to [5,
6]. Wavelets basically separate data (or functions or operators) into different frequency components
and analyze them by scaling. We can choose the wavelets to form a complete orthonormal basis
of L?(R). And, due to the scaling of the wavelet functions, they have time- or space-widths that
are related to their frequency — at high frequencies, they are narrow, and at low frequencies, they
are broader. Therefore, they provide good localization of functions in both the frequency domain
and physical space, and representation by wavelets seems natural to apply to analysis of fine and
coarse scales.

Basically, a multiresolution analysis (MRA) consists of a sequence of closed subspaces V; of
L?(R), the scaling spaces, that satisfy certain conditions. For every j € Z, let W, be the orthogonal
complement of V; in V; ;. W; are called the wavelet spaces. Define H; and G; to be the operators
that transform the basis of the space V; to the bases of the spaces V;,1 and Wj 1, respectively.
Now, define W; : V; — V11 @ Wj1. Then, by definition,

H-
w=(a)

Note that W, is orthogonal due to the properties of H; and G).

We would like to point out that the discrete wavelet operators are computationally efficient.
With respect to the Haar multiresolution analysis, application of the low-frequency operator (H;) to
an nxn matrix involves only 2n operations. The same holds for the high-frequency operator (G}).
So, the application of the wavelet transform requires only 4n operations. In general, application
of the wavelet transform requires O(n) operations, assuming a finite number of coefficients for the
low- and high-frequency operators.

In two dimensions, we use the tensor product of one-dimensional multiresolution analyses.
Define V; by V; = V; ® V; (tensor product). Then, the V,’s form an MRA in L?(R?). Now, for



each j € Z, we define W; to be the orthogonal complement of V; in V;_;. So,

Vioi=V,.10V;1
=V;eV)e[(W;eV;) e (V,eW;) & (W; ® W))]
= Vj D Wj. (2)

Then, analogous to the one dimensional case, we define H; to be

Y
H; = H/H}
and G; to be
Y
GjHY
G; = | H/G}
Y
G567

H; and G, have the same properties as H; and G;. Define W, by

H.
w=(a)

Then, W; : V; = V1 @ W;1 and W, is orthogonal.

4 Applying the Wavelet Transform to Multigrid

4.1 The One-Dimensional Case

The one-dimensional discussion of this method appears in [9]. In that paper, the fine grid operator
is assumed to be symmetric. A brief re-cap of the results follows, after which we present a theorem
related to the compression of the inverse component in the resulting operators.

Given the problem

LU =F,

where L; represents the operator on the fine grid obtained by discretization of a one-dimensional
boundary value problem, the wavelet transform is applied to both sides of the equation, yielding

(WiL;Wj )W;U = W;F

Define f/j as follows:

~ T B
T

Taking the block UDL decomposition of f/j, where U is block upper triangular with unit diagonal,
D is block diagonal, and L is block lower triangular with unit diagonal; calculating the inverse



of the factorization; and solving for U, it is clear that the interpolation and restriction operators
should be defined by

h —
I=/2(H] — G} D;'BY)
and
1
IQh:_ (Igh)Ta
2
respectively, and the coarse grid operator should be
Ljy1 =T; - B;D; 'B], (4)

which is the Schur complement of D; in I~,j. Now, although the matrices T}, B;, and D; are as
sparse as the original operator L;, Dj_1 is not. But, we also observe that the fill-in that results
from inversion decays exponentially as we move away from the original tridiagonal structure. This
is evident in the structure of the coarse grid operator L;,; (compare [2]).

The above procedure may be repeatedly applied until the desired coarseness is reached. Al-
though the level of fill-in in the operator Dj_1 increases, Dj_1 has the property of exponential decay
away from the diagonal (proved below), which makes compressibility possible. This property is
due to the characteristics of wavelets (again, refer to [2]). One thing to keep in mind is that the
number of gridpoints used must be an even number, and, in two dimensions, the next to coarsest
grid can have no fewer than four gridpoints.

4.2 Investigation into the Exponential Decay in D .

Here, we investigate the exponential decay of the values of the elements of Dj_1 on terms that
are not on the main diagonal. First, we will show that, using Haar wavelets, the matrix D; has
the same tridiagonal structure as the operator L;, where L; represents the operator formed by
discretization of the one-dimensional differential equation

@) L u@) +b@) Luw) = @), 2im0 ®)
u(z) = g, xz on 0,

where a is positive. The discretization of (5) takes the form

=i 1ui1 + (e 1+ a; 1)ui = a;_1uig N by uir1 + |bilu; — b uiq

where
_ 1
bi = 5 (bi —[bil), (7)
1
b = 5 (bi+ [bil). (8)

Lemma 1. Given Lj, the operator obtained from discretizing (5), assuming constant coefficients,
using the three-point discretization with upwinding ((6), (7), and (8)), the matriz D; = GijGJT,
where G is the Haar wavelet operator, has the same tridiagonal structure as L;.



Proof. Given the discretization from (6), (7), and (8), L; takes the form

a.,1+a. 1 a. 1 -
i+ imy b ity b
gil +h a, 1+ha2-71 h ) i1
_3 b g g bl Ty by
L. = A2 h X h X h
'7 - -
Gy B fuytiy gy
R TR ot
For simplicity, define
az—l— L+ a; 1 |b |
o = h2 2 + TZ’ (9)
4l b
/6 = - h22 + #7 (10)
a, 1 b+
Assuming constant coefficients, &« = —f — . Then, a straightforward multiplication of GijHG’JT

proves the desired result.

O

Theorem 1. Define D; = GijG? as in Lemma 1. Then, there exist constants C > 0 and

0 < p <1 such that

(D7) < CpIl.

(12)

Proof. The proof is done by using a power series expansion to calculate D;l. It is straightforward

to show that % < 1 and % < 1. Also, note that 3, v <0 and a > 0. Rewriting D;, we see that
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B
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Since % < 1 and % < 1, a power series expansion may be used to represent the inverse. Let
B
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The norm of A can be bounded:

B+
Al = [|All; = =211
|Allo = [|All1 3

so that 0 < ||A]| = p < 1, where

(14)
The first appearance of the (ij)*" entry in the estimate for D;l occurs in the |j — 4| term in
the power series approximation. Due to the structure of A, it is apparent from straightforward

multiplication that further appearances occur in alternating terms of the expansion. This means
that

(D7Dl < AN + A2 4
1
li—el__ =
p
1—p?
= Cph—l,
where
C=01-p)"L (15)
Therefore, the estimate (12) holds, with C given by (15) and p given by (14). O

4.3 The Two-Dimensional Case

Here, we will briefly describe the two-dimensional application of the wavelet multigrid method.
Full details may be found in [7].
Given the problem

L;U=F, (16)

where L; represents the operator on the fine grid obtained by discretizing a two-dimensional partial
differential equation, we apply the wavelet transform to both sides of the equation. Denoting W;
by W; for simplicity, we obtain

(WiLW] )W;U = W;F

U Fr,
U F

— (W;L;W]) Uf;; = FZIZ : (17)
Unn Fyy

where Uy, Fr, € Vj and (Ury,Unr, Uur)t, (Frou, Fuar, Fan)t € W,. Note that for simplicity, we
will also let H; denote H; and G; denote G;. We also observe that in two-dimensions, application
of the wavelet transform only requires O(n) operations. The reader is referred to [2] for more details
regarding the fast wavelet transform.



Performing the multiplication on the left hand side, WijWjT, we then partition the resulting
matrix, which we will denote by INJj:

~ T. B
Lj = WL = (Cj D;) : (18)

Then, we determine the block UDL decomposition of ij, where U is block upper triangular
with unit diagonal, D is block diagonal, and L is block lower triangular with unit diagonal. Using
this to find f)j_l, defining

UL
<UL> | ULn
Un) | Unt

Unn

and similarly for Fy , and solving for Un , we see that
Fy Un

(UL> _ ( X (Tj — BjD]Tllcj)—l(Hj — BjD]TllGj) ) ) F. (19)
Ung —Dj_ Oj(Tj - Bij_ Cj)_l(Hj - Bij_ Gj) + DJ_ Gy
So,
_ (T T -1 m (T — BjD-_le)_l 0 Hj - B;D; G,
Denote

Bi=/2(H] ~ G D¢ 0

and
V2 _
12’1:7(1{]- - B;D;'G;) (21)

as our interpolation and restriction operators, respectively. Note that if the fine grid operator L;
is symmetric, then C; = BJT and I2h = %(Igh)T. Using the interpolation and restriction operators
defined in (20) and (21), we have

U = I},(T; — B;D;'C;) ' I?"F + GTD; ', F. (22)
We also note that in multigrid, we are working on the residual equation, i.e.,
e =I5y, (Tj — B;D; 'C)) ' It"r + G} D; 'Gjr.

If we assume that G]TD]-_lGjr is small, i.e., r is almost in Range(H]T), then we can approximate
the error by

e = I4,(Ty - B;D} ;) .



So,
(Tj — BjD; ' Cj)ean = I .

The above assumption is good for most of the classical iterative methods, like Jacobi and Gauss-
Seidel. Therefore, our coarse grid operator is

Liy1=T;— Bij—lcj, (23)

which is the Schur complement of D; in ij.
Observe that this operator is the same as the one we obtain if we solve for Uy, in (19). Solving
for Uy, yields

U, = (Tj— B;D;'C;)"'FL, — (Tj — B;D;'C;)"'B;D; ' Fy
= (Tj— B;D;'C;) "(FL, — B;D; 'Fy).

Also, if the fine grid operator is symmetric, then the coarse grid operator is T — Bijle.

We will denote the multigrid method thus formed as the wavelet multigrid method. Notice that
although the wavelet and scaling operators are periodic, this method is applicable to any problem,
even to those which are nonperiodic.

5 Improving Efficiency of the Wavelet Multigrid Method

We would like to make this procedure more efficient, so as to be practically useful. Although D;
is not dense (it is, in fact, essentially a banded matrix), its inverse is dense due to fill-in. But,
we observe a significant amount of decay of the values on certain diagonals, indicating that it is
possible to increase the efficiency of the method in this area, thereby improving the efficiency of
the overall algorithm.

One step towards achieving this goal is to avoid computing the inverse exactly. To this end, we
use ILU(0) to compute the incomplete LU factorization, and then use a sequence of forward and
backward substitutions to compute the inverse. Although using ILU(0) reduces the computational
complexity of calculating D;l without compromising the convergence of the method, the resulting
inverse is still dense. This results in representations for the coarse grid, restriction, and interpolation
operators that are much denser than the fine grid operator. To improve further on these results, we
use a truncation procedure — any values that appear in the computed inverse in locations that hold
zero values in D; are set to zero, thus eliminating any fill-in over the original matrix, D;. We will
call this method the truncated wavelet multigrid method, and we will refer to the original method
as the dense or full wavelet multigrid method. The term wavelet multigrid method will refer to a
generality applying to both versions.

We will briefly discuss the complexity of the coarse grid operator for the truncated wavelet
multigrid method. After calculating Dj_1 using the method of ILU(0) followed by truncation, for
the examples involving full coarsening and no coupling discussed in the following section, we find
that the inverse is representative of a stencil that contains between seven and twenty-three elements.
This leads to a coarse-grid operator T — Bij_le that corresponds to a stencil having between
twenty-one and twenty-five elements. We observe that the matrix 7; has the same structure as
the fine grid operator, i.e., it corresponds to a stencil with five elements. The additional elements,
then, come solely from the product Bij_l(Jj.



6 Numerical Applications

In this section, we display the numerical results of applying the truncated wavelet multigrid method
to various problems. For more examples of applications, see [7]. We compare the convergence of the
truncated wavelet multigrid method with the full wavelet multigrid method; the algebraic multi-
grid method (AMG1RS5), the method designed by John Ruge, Klaus Stiiben, and Rolf Hempel, an
earlier version of which is described in [17]; the standard linear multigrid method, using nine-point
interpolation, full-weighting restriction (a constant multiple of the adjoint of the nine-point inter-
polation, scaled so that the sum of the weights is one (see [3] and [13])), and a coarse grid operator
defined by discretizing the equation on a grid with the appropriate step size; the homogenization
method (where appropriate), using the homogenized coarse grid operator described in [10] and [11]
and the nine-point interpolation and full-weighting restriction operators. For all problems, unless
otherwise specified, numerical results are analyzed using, for the fine grid in the interior, a 16x16
grid, leading to a 256 x 256 matrix, a 32x32 grid, leading to a 1024 x 1024 matrix, and a 64x64 grid,
leading to a 4096 x4096 matrix. With respect to standard multigrid, multigrid with homogeniza-
tion, and algebraic multigrid, an odd number of gridpoints is required, so that we have a 15x15
grid, a 31x31 grid, and a 63x63 grid in the interior.

6.1 Elliptic Problems
First, we look at the elliptic problem,

-V - (a(z,y)Vu(z,y)) = 0,inQ (24)
u(z,y) = 0, on 09,

where Q is the unit square and a > 0. We look at two cases: oscillation in the z-direction, a(z,y) =
1 + 0.8sin(10/27z) and oscillation along diagonals, a(z,y) = 1+ 0.8sin(10v/27(z — y)).

For both cases, we see that the full wavelet multigrid method actually has a convergence rate that
is comparable to the algebraic multigrid method. In the case of oscillation in the z-direction, the
truncated wavelet multigrid method using Haar wavelets applied on a 16x 16 grid has a convergence
rate that is worse than the algebraic multigrid method. Using Daubechies wavelets, however, we
see a convergence rate that is very close to that of algebraic multigrid. For a 32x32 grid, both
types of wavelets yield approximately the same convergence rate as algebraic multigrid. For the
case of oscillation along diagonals, using either type of wavelets produces convergence rates that
are almost identical to those achieved by the algebraic multigrid method, regardless of the mesh
size of the fine grid. The convergence of the standard multigrid method is dependent on the mesh
size, having very poor convergence for a 16x16 grid and somewhat better convergence for a 32x32
or 64x64 grid. For the two-level method, the improvement occurs as a result of the finer mesh size
on the coarser grid. For multigrid using more levels, however, the same problem is encountered for
the standard multigrid method, again due to the lack of detail in the coarse grid operator. The
wavelet multigrid method does not suffer from this problem. For the 64x64 grid, we analyzed only
the problem with oscillation along diagonals. For this problem, we see that the convergence rate
of the truncated wavelet multigrid method using Haar wavelets is about three times as fast as for
the standard and homogenized multigrid method and about the same as for the algebraic multigrid
method. Figures 1 and 2 demonstrate the results on a 32x32 grid.

In Table 1, we compare the average convergence factor of the truncated wavelet multigrid
method (using Haar wavelets) with the algebraic multigrid method, homogenized multigrid, and

10
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Figure 1: Oscillation in z-direction, 32x32 grid. Compare Haar and Daubechies wavelet multi-
grid with AMG1R5, homogenized, and standard methods. (a) uses Haar wavelets and (b) uses

Daubechies wavelets.
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Figure 2: Oscillation on diagonals, 32x32 grid, 3 levels. Compare Haar and Daubechies wavelet
multigrid with AMG1R5, homogenized, and standard methods. (a) uses Haar wavelets and (b)

uses Daubechies wavelets.
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standard multigrid. The table demonstrates results with a fixed coarsest grid of 8 x8 for each fine
mesh size. These results show that the truncated wavelet multigrid method appears to have a
convergence rate essentially independent of mesh size.

Table 1: Average convergence factor per cycle for diffusion problem with oscillation along diagonals

fine grid size truncated Haar wavelet | AMG1R5 | homogenized | standard
16x16 (2 levels) 0.1212 0.1189 0.2740 0.5286
32x32 (3 levels) 0.1461 0.1266 0.2211 0.4019
64x64 (4 levels) 0.1161 0.1260 0.4167 0.3546

Next, we look at the checkerboard problem, which is defined by (24) with

(25)

10° if0<z,y<050r05<z,y<]1,
a =
1 otherwise.

The results for the checkerboard problem are quite good. The full Haar wavelet multigrid method
has a convergence rate that is as good or better than the algebraic multigrid method. The truncated
wavelet multigrid method also performs as well or better than the algebraic multigrid, except in
the case where two iterations of Gauss-Seidel are used. In that case, the convergence rate of the
algebraic multigrid method is slightly better. Clearly, the convergence rate of the wavelet multigrid
method is essentially independent of the fine grid size. The standard multigrid method diverges
for this problem. The results for the 16x16 and 32x32 grids are shown in Figure 3.

checkerboard problem, 16x16 grid (15x15 for AMG1RS), 2 levels, 1 G-S checkerboard problem, 32x32 grid (31x31 for AMG1RS5), 3 levels, 1 G-S
T T T T T T T T

10°

— Haar - ILU(0) + trunc — Haar - ILU(0) + trunc

—©- Haar - dense S —©- Haar - dense
— AMGI1RS o S — AMGI1RS

Figure 3: Checkerboard problem. Comparison of Haar wavelet multigrid method with AMGI1R5
(standard multigrid fails to converge). (a) 16x16 grid, 2 levels; (b) 32x32 grid, 3 levels, both with
1 Gauss-Seidel.

In Table 2, we compare the average convergence factor of the truncated wavelet multigrid
method (using Haar wavelets) with the algebraic multigrid method. The table demonstrates results
with a fixed coarsest grid of 8x8 for each fine mesh size. These results show that the truncated
wavelet multigrid method appears to have a convergence rate essentially independent of mesh size
and also comparable to the algebraic multigrid method.
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Table 2: Average convergence factor per cycle for the checkerboard problem

fine grid size | truncated Haar wavelet | AMG1R5
16x16 (2 levels) 0.0678 0.0791
32x32 (3 levels) 0.1057 0.1216
6464 (4 levels) 0.1178 0.1271

6.2 The Advection-Diffusion Problem

Here, we are investigating the problem

—eAu+b-u = 0,in Q (26)
uw = f(z), on 09,

where € is the unit square and ||b|| >> € > 0. In this problem, we encounter difficulties with
multigrid methods due to the fact that some of the components of the solution oscillate along
characteristics [22, 23]. So, moving to the coarse grid with the standard multigrid approach does
not represent a good approximation to the problem on the coarse grid. We apply the wavelet
multigrid method to these problems to overcome this difficulty, since application of the wavelet
operator keeps the characteristics of the original problem.

To discretize, we use the usual five-point centered discretization for the diffusion term and a
first order upwind scheme for the advection part of the equation. Although using first order upwind
introduces artificial diffusion into the solution of the order of the mesh size squared, it provides a
convenient test of the effectiveness of the different multigrid methods. Symmetric Gauss-Seidel is
used as the smoother in order to ensure that we perform sweeps in the direction of the characteristics
over the entire flow field.

The wavelet multigrid method will not be compared to AMG1R5 in this subsection, because
AMGI1R5 does not have the option of using symmetric Gauss-Seidel as the smoother. The standard
multigrid, however, has been rewritten to allow for symmetric Gauss-Seidel as the smoother. Of
course, as was mentioned in Section 1, standard multigrid may be modified to produce better
convergence results (see e.g., [1, 22, 12]). First, we have a comparison of the methods for (26),
where b= ((2y — 1)(1 — z2),2zy(y — 1)) and f(z) is defined by

f@):{1 if £ =0, 27

0 otherwise.

Note that the discontinuous boundary condition will give rise to a boundary layer near the left-hand
boundary. Also, the characteristics are parabolic, resulting in flow entering and exiting through the
left-hand boundary. We set e = 10~° for the experiments. Convergence, as compared with multigrid
only employing standard point Gauss-Seidel, has improved for both the standard multigrid method
and the wavelet multigrid method. In fact, for both methods, convergence appears independent of
mesh size, as can be seen in Figure 4.

Finally, we use the boundary conditions given by (27), but we change the advection component
so that the characteristics are closed and the flow is skewed, so that it does not line up with the
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advection—diffusion problem, 16x16 grid (15x15 for stand.), 2 levels, 1 symm. G-S advection—diffusion problem, 32x32 grid (31x31 for stand.), 3 levels, 1 symm. G-S
T T T T T T T T T T T T
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Figure 4: Comparison of wavelet multigrid method with standard multigrid method, using sym-
metric Gauss-Seidel as the smoother. ¢ = 10™° and flow is parabolic, entering and exiting at the
left-hand boundary. Boundary conditions are discontinuous, resulting in a boundary layer. (a)
16x16 grid, 2 levels; (b) 32x32 grid, 3 levels.

grid. Here,

b = (sin(my;) cos(mz1) + sin(myz) cos(mz2),

— cos(myy) sin(mz1) — cos(mys) sin(mzs)),
where
r1 =22 4+0.5, zo=(z—1)>+0.5, y1 =4°>+ 0.5, y2 = (y — 1) + 0.5.

In this problem, the standard multigrid fails to converge, but the wavelet multigrid method performs
very well (see Figure 5). Convergence is rapid and the convergence rate is essentially independent
of the mesh size. The contour plot of the solution, which shows the boundary layer, is given in
Figure 6.

Table 3 displays the average convergence factor per cycle of the truncated Haar wavelet multigrid
method applied to the advection-diffusion problem with skewed flow and discontinuous boundary
conditions. Here, the coarsest grid for all trials is 8x8.

Table 3: Average convergence factor per cycle for advection-diffusion with skewed flow and discon-
tinuous boundary conditions.

Fine grid size | Avge. Convergence/Cycle
16x16 (2 levels) .0963
32x32 (3 levels) .2003
64x64 (4 levels) .2558
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, advection—diffusion problem, 16x16 grid, 2 levels, 1 symm. G-S | advection—diffusion problem, 32x32 grid, 3 levels, 1 symm. G-S
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Figure 5: Wavelet multigrid method, using symmetric Gauss-Seidel as the smoother. ¢ = 10~ and
flow is skewed. Boundary conditions are discontinuous, resulting in a boundary layer. Standard
multigrid fails to converge. (a) 16x16 grid, 2 levels; (b) 32x32 grid, 3 levels.

contour plot of solution: advection-diffusion problem, skewed characteristics, 32x32 grid
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Figure 6: Contour plot of the solution of the advection-diffusion problem with skewed flow and

discontinuous boundary conditions, resulting in a boundary layer. Results are shown for the 32x32
grid, 3 level multigrid.
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6.3 The Anisotropic Diffusion Problem

Here we look at the problem

—Ugg — €lUyy = 0, in

u = 0, on 09, (28)

where Q is the unit square and € > 0.

Semicoarsening is used for this problem, so that the smoothed error will be approximated well
on the coarser grid. Coarsening is done in the direction of the anisotropy, which, for the case of
(28), is the x-direction. Figure 7 demonstrates that this approach is extremely successful. Not only
is convergence greatly improved (over the wavelet multigrid method using full coarsening), but the
convergence appears to be independent of the mesh size, as desired.

N anisotropic diffusion, 16x16 grid (15x15 for AMG1RS), 2 levels, 1 G-S N anisotropic diffusion, 32x32 grid (31x31 for AMG), 3 levels, 1 G-S
10 T T T T 10 T T T T T

T
— Haar - ILU(0) + trunc — Haar - ILU(0) + trunc
-5~ Haar - dense -6~ Haar - dense

—— AMG1R5

.
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— - AMGIR5

H
a8
T

norm of residual
= = = = =
S S S, =} S
norm of residual
e e = I
S S S, S,
T

-
°
=
o,
T

=

S,
"
S,

.

S,
"
°,

-
S
.
S

I I I I I I I I I I I I I
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number of v-cycles number of v—cycles

(a) (b)

Figure 7: The anisotropic diffusion problem. Comparison of truncated wavelet multigrid, full
wavelet multigrid, and AMGI1R5 on a (a) 16x16 grid (2 levels) and (b) 32x32 grid (3 levels).

We will briefly discuss the complexity of the coarse grid operator for the truncated wavelet
multigrid method in this special case. After calculating D;l using ILU(0) and truncation, we find

that Dj_1 corresponds to a stencil having only five elements. This leads to a coarse-grid operator
T; — Bij_le that corresponds to a stencil having approximately thirteen elements. The increase
in density is due to the product Bij_le.

6.4 Stokes Problem

Here, we consider the Stokes equations
—Au+p, = f*inQ
—Av + py fin Q

Uy +Vy = 0 on Q.
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As is done in [18], summing the first two equations and using the continuity condition (ug+v, = 0),
we obtain the following system of equations:

—Au+p, = f“inQ (29)
—Av+p, = finQ (30)
Ap = fy+f inQ (31)

uz +vy = 0on Q. (32)

Values for 4 and v are given on the boundary of €.

These equations are discretized using centered differencing for the first order terms (ps, py, Uz, vy)
and the usual five-point discretization for the second order terms (Au, Av, Ap). Both f* and f” are
assumed zero for the numerical calculations and € is the unit square. We use forward differencing
(left-hand side and bottom of the square) and backward differencing (right-hand side and top of the
square) to discretize the continuity equation (32). This discretization is used to obtain equations
for the outermost interior values on the left and right boundaries of the square (for u) and on the
top and bottom (for v). This can easily be done, because u and v are specified on the boundary
of the unit square. So, we calculate v, for x = 0 and z = 1, and then subtract this term from the
right-hand side in our matrix equation and put the discretization for u, into the matrix. The same
holds true for the top and bottom, with u, being calculated when y = 0 and y = 1 and v, being
discretized. The boundary values of p are obtained by using (29) for x = 0 and = 1 and (30) for
y = 0 and y = 1. Since the corner values of p do not appear directly in the discretization, we assign
to them the value of the average of the adjacent boundary values for p. The V-cycle multigrid
algorithm is followed, with Gauss-Seidel as the smoother, but fifty iterations are performed on the
coarsest grid in lieu of an exact solve (since the matrix is singular). Fewer iterations are necessary
on the coarsest grid if more than two levels are used (so that the coarse grid is actually sufficiently
coarse).

One note must be made regarding this discretization. In order to have a solution of the Stokes
problem, the velocity field on the boundary, u = (u,v)? must satisfy the condition [u-ndS =0,
where S = 09 (see, e.g., [20]). For the discretization employed here, this condition is insufficient
to guarantee convergence. The velocity field on the boundary must also be chosen such that the
condition [ 22 dS =0 is met.

For the Stokes problem we have three unknowns, u, v, and p. Therefore, the wavelet multigrid
method must be modified. For example, let H, be the scaling operator that will be applied
to the discrete values for . Similarly, define H, and H,. We also define the wavelet operators
Gu, Gy, and G, accordingly. Let

H, 0 0
Hi=|0 H, 0
0 0 H,

Define G; in the same manner. Then, the wavelet transform W, may be defined as

wi- (&)

The wavelet transform thus defined is orthogonal, and the new scaling and wavelet operators satisfy
the conditions for the two-dimensional analogues. The wavelet multigrid method still follows as in
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Section 4, letting

U f
U=\|v],F= fY + boundary terms.
p fe + 1y

In Figure 8, we demonstrate the effectiveness of the wavelet multigrid method in solving the
Stokes equations with boundary conditions of

1 fory=1,
u =
0 otherwise,

v = 0.

The dense wavelet multigrid method clearly has rapid convergence for this problem. Similar con-
vergence results are achieved for other boundary conditions tested that satisfy the restrictions given
above, such as u = v = 0 everywhere on the boundary, except at y = 1, where u = sin(wx).

Stokes prob. 16x16 grid (averaging at corners), 2 levels, 1 G-S, nonhomog. BCs
T T T T T

norm of residual

I I I I I
0 2 4 6 8 10 12
number of v—cycles

Figure 8: The Stokes equations on a 16x16 grid, nonhomogeneous boundary conditions.

7 Conclusion

The new multigrid method described here, called the wavelet multigrid method, has proven to be
very useful in a wide variety of problems. In many of those problems where standard multigrid
methods fail to converge independently of mesh size, the wavelet multigrid method does ensure
such convergence. Also, due to the properties of wavelets, in many cases we can efficiently apply
the wavelet multigrid method through use of compression. With respect to solving the anisotropic
diffusion problem, semicoarsening ensures good convergence results. These results have shown that
it is worthwhile to further explore the usefulness of this method.
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