Modeling Oscillations:  The Mass-Spring System – Sections 5.4 and 5.6
Math 81
Instructor:  Dr. Doreen De Leon
Free Oscillations – Section 5.4
Assume we have a mass m suspended from a spring, where m is sufficiently large to allow us to neglect the mass of the spring.  Our sign convention:  down is positive.






Suppose we pull the mass down from y=0 (the static rest position, i.e., where the mass comes to rest after being attached to the spring initially), thereby stretching the spring by some amount y>0.  By Hooke’s law, this causes an upward restoring force, Fs, which is proportional to the displacement of the mass.

By Hooke’s law:

where k is the spring constant.

Use Newton’s second law, F = ma = my”, to obtain the governing equation for the system.

A.
Undamped System
· Sometimes, the effect of damping is negligible, e.g., the motion of a heavy object on a spring for a short time.

· Newton’s law gives:  

· So, we are solving
· Solution:

B.
Damped System
· Example:  a spring suspended in a viscous fluid or a mass-spring-dashpot system.
· Results in a damping force whose direction is opposite to the instantaneous motion.

· Assume the damping force is proportional to velocity — a good approximation for small masses.  So, we have the following forces:
· Applying Newton’s law gives:
· So, we are solving:
· Solution:

C. Example:  A mass of ½ kg is placed on a spring in a viscous fluid that provides resistance of 15 N for each m/s of velocity.  The mass is set in motion with initial position y(0)=1 m and initial velocity v(0)=-5 m/s.  The spring (outside the fluid) is stretched 2 m by a force of 125 N.  Find the position of the mass as a function of time.
Forced Oscillations and Resonance – Section 5.6
· Forced motions obtained if an external force F(t) (called the driving force) acts on the mass.
· The corresponding solution is the response of the system to the driving force.
· Periodic forces, F(t) = F0 sin ωt or F(t) = F0 cos ωt are of particular interest.

We are solving: 

Definitions:

· transient solution:





· steady-state solution:






Resonance
