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1 Introduction to Vector Spaces — Sections 4.1-4.2, 4.7

1.1 Vector Spaces

Definition: Let V be a set of elements called vectors, in which the operations of addition
of vectors and multiplication of vectors by scalars are defined. Then, given any vectors
u,v,w € V and scalars a and b, V is a vector space if

1) u+v eV (Vis closed under vector addition)
2) au € V (V is closed under scalar multiplication)
4) u+ (v+w) = (u+v)+w (associativity)

There exists a zero element in V', 0 € V, such that u+0=0+u=1u

(1)
(2)
(3) u+ v = v+ u (commutativity)
(4) u
(5)
(6)

6) There exists an element in V', —u, called the additive inverse, such that

u+(—u)=-u+u=0

(7) a(u+v) =au+av

(9) a(bu) = (abju

)
(8) (a+b)u=au+bu
)
0) (Du=u

(1

Example: R? with the standard vector addition and scalar multiplication is a vector space.
Let u,v,w € R? and a, b scalars. So,

u = (u17u27u3>
vV = (U1,02,03)

W = (wla Wa, 'lUg)

Verify that R? satisfies the properties for a vector space:



(1) u+v = (ug + vy, us + v, u3 + v3) € R3 \/
(2) au = (auy, auy, auz) € R? /
(3) Commutativity:

u—+ v = (u; + vy, us + vy, uz + v3)
= (v1 + U1, V9 + ug, V3 + u3)
=v+u

(4) Associativity:

u+ (v+w) = (ug, ug, uz) + (v1 + wy, vy + we, v3 + w3)
= (uy + v + wy, us + Vo + wo, uz + vz + w3)
= ((u1 + v1) + wr, (uz + v9) + wa, (us + v3) + ws)
= (

= (

Uy + V1, Ug + Vg, uz + v3) + (W, wa, w3)

u+0= (u1+0,U2+0,U/3+0): (u17u27u3> =u \/

(6) u = (u1,uz,u3) — —u = (—uy, —uy, —us)
u+ (—u) = (ug + (—uq) ,ug + (—uz) ,uz + (—u3)) = (0,0,0) =0 /

a(u+v) = a(u; + v, ug + v2, uz + v3)
= (a(u1 +v1),a(us +ve),a(us + vs))
= (auy + avy, aus + ave, auz + avs)
= (auq, aug, aus) + (avy, ave, avs)
=au+av /

(a+b)u = (a+0b) (ur,us,us)
= ((a+b)uy, (a + b)us, (a + b)us)
= (auy + buy, aug + bug, aug + bus)
= (auy, aug, aug) + (buy, bug, bus)
=au+bu /
(9)
a(bu) = a (buy, bug, bus)

= (abuy, abug, abug)
((ab)us, (ab)us, (ab)us)
= (ab)u v/

(10) (1)11 =1 (ul,u2,u3) (1 u1,1 UQ,l Ug) (Ul,UQ,Ug) =u \/
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1.2 Subspaces

Definition:

Examples:

1) W ={(z,y,2): 2= 0}. Is W a subspace of R3?



2) W={(z,y,2): y =1} Is W a subspace of R3?

3) W= {(x,y,2): 22+ y* — 22 = 0}. Is W a subspace of R3?



1.3 Solution Subspaces

Theorem 1. If A is a constant m x n matrix, then the solution set of the system
Ax =0 (1)
s a subspace of R™, called the solution space of the system.

Proof. Let W be the set of all solutions to (1). Verify the conditions for a subspace.

1.4 General Vector Spaces

The term “vector” in vector space can be interpreted in a more general sense.

Examples:

(1) Given m and n positive integers, define M,,, as the set of all m x n matrices with real
entries. Then M, is a vector space.

— matrices play the role of vectors, with

e matrix addition defining “vector” addition

e multiplication of a matrix by a scalar defining scalar multiplication

It is easily verified using these definitions of vector addition and scalar multiplication
that M,,, satisfies properties (1)-(10) of the definition of a vector space.

(2) F is the set of all real-valued functions defined on R.

— functions play the role of vectors.



e For fge F, (f+g)(x) = f(x)+ g(x) < vector addition
e For f € Fand c e R, (¢f)(z) = cf(x) « scalar multiplication.

It is easily verified using these definitions of vector addition and scalar multiplication
that F is a vector space, with the zero element being the function f(x) =0 (i.e., the
function whose value is zero for all x).

(3) P is the set of all polynomials.
P is a vector space with the polynomials playing the role of vectors.

Note: P is also a subspace of F since P C F.

1.5 Subspaces of General Vector Spaces

Examples:

(1) W is the set of diagonal 2 x 2 matrices. Is W a subspace of May?



(2) W is the set of all solutions of the differential equation

Y + p(z)y = 0.

Is W a subspace of F7?

(3) W is the set of all solutions of the differential equation

y' + p(z)y = z.

Is W a subspace of F7?



(4) P, is the set of all polynomials of degree at most n. Is P, a subspace of P?

(5) W is the set of all polynomials in P, whose coefficients are odd integers. Is W a sub-
space of Py?



