
       ∆𝑟 = 𝑟 𝑓 − 𝑟 𝑖 

𝜐  ≡
𝑟 𝑓 − 𝑟 𝑖
𝑡𝑓 − 𝑡𝑖

=
Δ𝑟 

Δ𝑡
 

𝜐 ≡ lim
∆𝑡→0

∆𝑟 

∆𝑡
=
𝑑𝑟 

𝑑𝑡
 

𝑎  ≡
𝜐 𝑓 − 𝜐 𝑖
𝑡𝑓 − 𝑡𝑖

=
Δ𝜐 

Δ𝑡
 

𝑎 ≡ lim
∆𝑡→0

∆𝜐 

∆𝑡
=
𝑑𝜐 

𝑑𝑡
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Solutions for x  

in a quadratic equation 

 𝑎𝑥2 + 𝑏𝑥 + 𝑐 = 0 

𝑥 =
−𝑏 ± 𝑏2 − 4𝑎𝑐

2𝑎
 

∆𝑥 = 𝑥𝑓 − 𝑥𝑖  

𝜐 ≡
𝑥𝑓 − 𝑥𝑖
𝑡𝑓 − 𝑡𝑖

=
Δ𝑥

Δ𝑡
 

𝜐𝑠𝑝𝑒𝑒𝑑 =
𝑑

∆𝑡
 

𝜐 ≡ lim
∆𝑡→0

∆𝑥

∆𝑡
=
𝑑𝑥

𝑑𝑡
 

∆𝑥 = 𝑥𝑓 − 𝑥𝑖 =  𝜐𝑥 𝑡 𝑑𝑡
𝑡𝑓

𝑡𝑖

 

𝑎 ≡
𝜐𝑓 − 𝜐𝑖
𝑡𝑓 − 𝑡𝑖

=
Δ𝜐

Δ𝑡
 

𝑎 ≡ lim
∆𝑡→0

∆𝜐

∆𝑡
=
𝑑𝜐

𝑑𝑡
=
𝑑2𝑥

𝑑𝑡2
 

∆𝜐 = 𝜐𝑓 − 𝜐𝑖 =  𝑎 𝑡 𝑑𝑡
𝑡𝑓

𝑡𝑖

 

 

Relative motion: 

     
𝑟 𝑃,𝐴 = 𝑟 𝑃,𝐵+ 𝑟 𝐵,𝐴
𝜐 𝑃,𝐴 = 𝜐 𝑃,𝐵+ 𝜐 𝐵,𝐴

 

       𝑃, 𝐴:  𝑃 𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑡𝑜 𝐴 
Galilean transformation: 

  𝜐 𝐵,𝐴 = constant 

     

𝑟 𝑃,𝐴 = 𝑟 𝑃,𝐵+𝜐 𝐵,𝐴t

𝜐 𝑃,𝐴 = 𝜐 𝑃,𝐵+ 𝜐 𝐵,𝐴
𝑎 𝑃,𝐴 = 𝑎 𝑃,𝐵          

 

For  𝑎 = 𝑎𝑥𝑖 + 𝑎𝑦𝑗  = constant 

and 𝑡0 = 0 and 𝑡𝑓 = 𝑡: : 

𝜐 𝑡 = 𝜐 0 + 𝑎 𝑡 

    
𝜐𝑥 𝑡 = 𝜐0,𝑥 + 𝑎𝑥𝑡

𝜐𝑦(𝑡) = 𝜐0,𝑦 + 𝑎𝑦𝑡
 

𝑟 𝑡 = 𝑟 0 + 𝜐 0𝑡 +
1

2
𝑎  𝑡2 

  
𝑥 𝑡 = 𝑥0 + 𝜐0,𝑥 𝑡 +

1

2
𝑎𝑥𝑡

2

𝑦 𝑡 = 𝑦0 + 𝜐0,𝑦𝑡 +
1

2
𝑎𝑦𝑡

2
 

𝐴 = 𝐴𝑥𝑖 + 𝐴𝑦𝑗  

𝐴 = 𝐴 = 𝐴𝑥
2 + 𝐴𝑦

2 

𝜃 = 𝑡𝑎𝑛−1
𝐴𝑦

𝐴𝑥
 

 
𝐴𝑥 = 𝐴 𝑐𝑜𝑠𝜃
𝐴𝑦 = 𝐴 𝑠𝑖𝑛𝜃 

𝐴 + 𝐵
2
= 𝐴 

2
+ 𝐵

2
+ 2𝐴 ∙ 𝐵 

𝐴 ∙ 𝐵 = 𝐴𝑥𝐵𝑥 + 𝐴𝑦𝐵𝑦+𝐴𝑧𝐵𝑧 

           = 𝐴 𝐵  𝑐𝑜𝑠𝜃𝐴𝐵 

𝐴 × 𝐵 = 𝐴 𝐵  𝑠𝑖𝑛𝜃𝐴𝐵 

𝑔 = 9.8
𝑚

𝑠2
= 980

𝑐𝑚

𝑠2
 

1 𝑚 = 100 𝑐𝑚 

       = 1000 𝑚𝑚 

1 𝑘𝑔 = 1000 𝑔 

𝑇 𝑡𝑒𝑟𝑎     ≡ 1012 
𝐺 𝑔𝑖𝑔𝑎    ≡ 109 
𝑀 𝑚𝑒𝑔𝑎 ≡ 106 
𝑘 𝑘𝑖𝑙𝑜      ≡ 103 
𝑚 𝑚𝑖𝑙𝑙𝑖   ≡ 10−3 
𝜇 𝑚𝑖𝑐𝑟𝑜  ≡ 10−6 
𝑛 𝑛𝑎𝑛𝑜    ≡ 10−9 
𝑝 𝑝𝑖𝑐𝑜      ≡ 10−12 

45 

1 

1 
45 2 

30 

60 

3 

1 

2 

Projectile motion: 

 
𝜐0,𝑥 = 𝜐0𝑐𝑜𝑠𝜃0  

𝜐0,𝑦 = 𝜐0𝑠𝑖𝑛𝜃0  
 
𝑎𝑥 = 0
𝑎𝑦 = −𝑔 

 symmetric trajectory: 

 
ℎ =

𝜐0
2 𝑠𝑖𝑛2𝜃0

2𝑔
   

𝑅 =
𝜐0

2 𝑠𝑖𝑛2𝜃0

𝑔
 
  

3D spherical coordinates: 

𝑟 = 𝑥𝑖 + 𝑦𝑗 + 𝑧𝑘  

𝑟 = 𝑥2 + 𝑦2 + 𝑧 

 

𝑧 = 𝑟 𝑐𝑜𝑠𝜃         

𝑥 = 𝑟 𝑠𝑖𝑛𝜃 𝑐𝑜𝑠𝜙 
𝑦 = 𝑟 𝑠𝑖𝑛𝜃 𝑠𝑖𝑛𝜙 

 

Uniform circular motion: 

    𝜐 =
2𝜋𝑟

𝑇
, 𝑇 =

2𝜋𝑟

𝜐
 

   𝑎 𝑐 =
𝜐2

𝑟
−𝑟 , 𝐹 𝑐 = 𝑚𝑎 𝑐 

5 
4 

3 

36.87° 

53.13° 

1-D kinematic equations: 
𝑎 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡, 𝑡𝑖 = 0,  𝑡𝑓= 𝑡 

 υ 𝑡 = 𝜐𝑖 + 𝑎𝑡 

 𝑥 𝑡 = 𝑥𝑖 + 𝜐𝑖𝑡 +
1

2
𝑎𝑡2 

𝜐𝑓
2 − 𝜐𝑖

2 = 2𝑎 Δ𝑥 = 2𝑎 𝑥𝑓 − 𝑥𝑖  

𝑥𝑓 − 𝑥𝑖 =
1

2
𝜐𝑖 + 𝜐𝑓 𝑡 

 
𝜐 =

𝜐𝑖 + 𝜐𝑓
2

 

Use this to do the homework. 

A copy will be available on all exams. 



Action and reaction forces: 

          𝑭𝟏𝟐 = −𝑭𝟐𝟏 

Motion of a random trajectory:  

     𝒂 = 𝒂𝒓 + 𝒂𝒕 

     𝒂𝒓 = 𝒂𝒄 =
𝝊𝟐

𝒓
 −𝒓  

     𝒂𝒕 =
𝒅 𝝊

𝒅𝒕
 𝒕  

𝒂 = 𝒂𝒓
𝟐 + 𝒂𝒕

𝟐 

𝑭 = 𝑭𝒓 + 𝑭𝒕 

    𝑭𝒓 = 𝑚𝒂𝒓  

    𝑭𝒕 = 𝑚𝒂𝒕  

Magnitudes of 

frictional forces: 

   𝑓𝑠,𝑚𝑎𝑥 = 𝜇𝑠 𝑁 

   𝑓𝑘 = 𝜇𝑘 𝑁 

Only conservative forces, 

such as gravitational force 

and spring force, in an 

isolated system:   

     𝑭𝑒𝑥𝑡,𝑛𝑛 = 0 
              ⟹ 𝐸𝑚𝑒𝑐ℎ,𝑖 = 𝐸𝑚𝑒𝑐ℎ,𝑓 

℘𝑎𝑣𝑔 =
∆𝐸

∆𝑡
=
𝑊

∆𝑡
 

 

℘ = lim
∆𝑡⟶0

∆𝐸

∆𝑡
=
𝑑𝐸

𝑑𝑡
 

     =
𝑑𝑊

𝑑𝑡
= 𝐹 ∙

𝑑𝑟 

𝑑𝑡
= 𝐹 ∙ 𝜐  

𝐸𝑚𝑒𝑐ℎ = 𝐾 + 𝑈𝑔 + 𝑈𝑠 

𝑊 = 𝐹 ∙ ∆𝑟 = 𝐹 ∆𝑟 𝑐𝑜𝑠𝜃 

    = 𝐹𝑥∆𝑥 + 𝐹𝑦∆𝑦 + 𝐹𝑧∆𝑧 
 

or 𝑊 =  𝐹 ∙ 𝑑𝑟 
𝑟 𝑓

𝑟 𝑖
 

Every conservative force, such as 

gravitational force and spring force, 

has a corresponding potential 

energy so that    𝑭𝑐𝑜𝑛𝑠 = −𝛻𝑈𝑐𝑜𝑛𝑠. 

Newton’s Law of 
Universal Gravitation: 

exerted by 1 on 2 

𝐹 12 = −
𝐺𝑚1𝑚2

𝑟2
𝑟 12 

𝑟 = 𝑟 2 − 𝑟 1  

𝑟 12 ≡
𝑟 2 − 𝑟 1
𝑟

 

G = 6.6710–11 N·m2/kg2 

Center of mass (CM)  

of a system: 

  𝑀 =  𝑚𝑛𝑛  

  𝑟 𝐶𝑀 =
 𝑚𝑛𝑟 𝑛𝑛

𝑀
 

  𝜐 𝐶𝑀 =
𝑑𝑟 𝐶𝑀

𝑑𝑡
=

 𝑝 𝑛𝑛

𝑀
=

 𝑚𝑛𝜐𝑛𝑛

𝑀
 

  𝑎 𝐶𝑀 =
𝑑𝜐𝐶𝑀

𝑑𝑡
=

 𝐹 𝑒𝑥𝑡

𝑀
 

         𝑟 𝑛 = 𝑟 𝐶𝑀 + 𝑟 𝑛,𝐶𝑀 

         𝜐 𝑛 = 𝜐 𝐶𝑀 + 𝜐 𝑛,𝐶𝑀 

        𝐾 = 𝐾𝐶𝑀 + 𝐾𝑅𝐸𝐿 

Elastic collision in 1 D 

(such as a head-on collision): 

𝜐1,𝑓 =
𝑚1 −𝑚2

𝑚1 +𝑚2
𝜐1,𝑖 +

2𝑚2

𝑚1 +𝑚2
𝜐2,𝑖

𝜐2,𝑓 =
2𝑚1

𝑚1 +𝑚2
𝜐1,𝑖 +

𝑚2 −𝑚1

𝑚1 +𝑚2
𝜐2,𝑖

 

 

Rocket propulsion: 

   𝑀 ∆𝜐 = 𝜐𝑒𝑥  Δ𝑚 

Thrust: 

   𝑀
𝑑𝜐

𝑑𝑡
= 𝜐𝑒𝑥

𝑑𝑀

𝑑𝑡
 

           = −𝜐𝑒𝑥
𝑑𝑀

𝑑𝑡
 

   ∆𝜐 = 𝜐𝑓 − 𝜐𝑖  

        = 𝜐𝑒𝑥  𝑙𝑛
𝑀𝑖

𝑀𝑓
 

𝑀𝑆𝑢𝑛 = 1.9891 × 1030 kg 

𝑅𝑆𝑢𝑛 = 6.955 × 108 m 

𝑀𝐸𝑎𝑟𝑡ℎ = 5.9722 × 1024 kg 

𝑅𝐸𝑎𝑟𝑡ℎ = 6.3781 × 106 m 

𝑀𝑀𝑜𝑜𝑛 = 7.3477 × 1022 kg 

𝑅𝑀𝑜𝑜𝑛 = 1.7374 × 106 m 

𝑈𝑔,𝑐𝑖𝑟𝑐𝑢𝑙𝑎𝑟 𝑜𝑟𝑏𝑖𝑡 = −2𝐾 
Other external forces & friction 

forces acting upon a system: 

 𝑭𝑒𝑥𝑡,𝑛
𝑛

≠ 0 

⟹ ∆𝐸𝑚𝑒𝑐ℎ = 𝐸𝑚𝑒𝑐ℎ,𝑓 − 𝐸𝑚𝑒𝑐ℎ,𝑖 

     = 𝑊𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 +𝑊𝑜𝑡ℎ𝑒𝑟 𝑒𝑥𝑡𝑒𝑟𝑛𝑎𝑙 𝑓𝑜𝑟𝑐𝑒𝑠 

where 𝑊𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛 = −𝑓𝑘 𝑑 

𝐹 𝑛𝑒𝑡 = 𝐹 𝑛 = 𝑚𝑎  

    

𝐹𝑛𝑒𝑡, 𝑥 = 𝑚𝑎𝑥
𝐹𝑛𝑒𝑡,𝑦 = 𝑚𝑎𝑦
𝐹𝑛𝑒𝑡,𝑧 = 𝑚𝑎𝑧

 

   𝑝 = 𝑚𝜐  , 𝐹 𝑒𝑥𝑡𝑒𝑟𝑛𝑎𝑙 =
𝑑𝑝 

𝑑𝑡
 

𝐼 = Δ𝑝 = 𝑝 𝑓 − 𝑝 𝑖 =  𝐹 𝑛𝑒𝑡,𝑒𝑥𝑡 𝑑𝑡 

    𝐹 𝑎𝑣𝑔 =
𝐼 

Δ𝑡
=
Δ𝑝 

Δ𝑡
 

𝐾 =
1

2
𝑚𝜐2 =

𝑝2

2𝑚
 

𝑈𝑔 =  

𝑚𝑔𝑦 , 𝑦 ≪ 𝑅𝐸

 −𝐺
𝑀𝑚

𝑟
, 𝑟 ≥ 𝑅𝐸

 

Hooke’s law: 𝑭𝒔𝒑 = −𝒌𝒙 

Where 𝑥 = 0 is  

the equilibrium position 

 𝑈𝑠 =
1

2
𝑘𝑥2 



𝜏 𝑒𝑥𝑡,𝑛𝑒𝑡 = 𝜏 𝑒𝑥𝑡 = 𝛪 𝛼  

𝜏 𝑒𝑥𝑡,𝑛𝑒𝑡 = 𝜏 𝑒𝑥𝑡 =
𝑑𝐿𝑡𝑜𝑡
𝑑𝑡

 

𝐾𝑅 =
1

2
𝛪𝜔2 =

𝐿2

2 𝛪
 

𝜔 =
𝑑𝜃

𝑑𝑡
;   𝛼 =

𝑑𝜔

𝑑𝑡
 

𝑠 = 𝑟𝜃 

𝜐 = 𝜐𝑡 = 𝑟𝜔 

𝑎𝑡 = 𝑟𝛼, 𝑎𝑟 = 𝑟𝜔2 

𝑎 = 𝑎 𝑡 + 𝑎 𝑟 

𝑎 = 𝑎 = 𝑎𝑡
2 + 𝑎𝑟

2 

For 𝛼 = constant 

and 𝑡𝑖 = 0 and 𝑡𝑓 = 𝑡: 

 𝜔 𝑡 = 𝜔𝑖 + 𝛼𝑡 

 𝜃 𝑡 = 𝜃𝑖 +𝜔𝑖𝑡 +
1

2
𝛼𝑡2 

𝜔𝑓
2 − 𝜔𝑖

2 = 2𝛼 Δ𝜃  

                    = 2𝛼 𝜃𝑓 − 𝜃𝑖  

𝜃𝑓 − 𝜃𝑖 =
1

2
𝜔𝑖 +𝜔𝑓 𝑡 

𝛪 = 𝑚𝑛𝑟𝑛
2

𝑛

 

   =  𝑟2𝑑𝑚 =  

 𝑟2𝜌𝑑𝑉

 𝑟2𝜎𝑑𝐴

 𝑥2𝜆𝑑𝑥

 

𝜌 =
𝑀

𝑉
, 𝜎 =

𝑀

𝐴
, 𝜆 =

𝑀

𝐿
 

Parallel-axis theorem 

    𝐼𝑃 = 𝐼𝐶𝑀 +𝑀𝐷2 

Conservation laws for an isolated 

system: 

 𝐹 𝑒𝑥𝑡 = 0 (including 𝑓𝑘 = 0) 

                 ⇒ 𝐸𝑚𝑒𝑐ℎ, 𝑖 = 𝐸𝑚𝑒𝑐ℎ, 𝑓 

 𝐹 𝑒𝑥𝑡 = 0 ⇒  𝑝 𝑛𝑛 𝑖 =  𝑝 𝑛𝑛 𝑓 

 𝜏 𝑒𝑥𝑡 = 0 ⇒  𝐿𝑛𝑛 𝑖
=  𝐿𝑛𝑛 𝑓

 

𝐾 = 𝐾𝐶𝑀 + 𝐾𝑅𝐸𝐿 
= 𝐾𝑡𝑟𝑎𝑛𝑠 + 𝐾𝑅 

𝐾𝐶𝑀 = 𝐾𝑡𝑟𝑎𝑛𝑠 =
1

2
𝑀𝜐𝐶𝑀

2 

𝐾𝑅𝐸𝐿 = 𝐾𝑅 =
1

2
𝛪𝐶𝑀𝜔

2 

𝜏 = 𝑟 × 𝐹  
τ = 𝜏 = 𝑟𝐹𝑠𝑖𝑛𝜙 
   = 𝑟𝐹𝑡 = 𝑑 ∙ 𝐹 = 𝛪𝛼 

   (𝑑 ≡  
moment arm
lever arm      

) 

𝐿 = 𝑟 × 𝑝  

𝐿 = 𝐿 = 𝑟 𝑚𝜐 𝑠𝑖𝑛𝜙 = 𝛪𝜔 

𝑊 = 𝜏 Δ𝜃 

℘ =
𝑑𝑊

𝑑𝑡
= 𝜏 𝜔 



Static Pressure:  𝑃 = 𝑃0 + 𝜌𝑓𝑙𝑢𝑖𝑑𝑔ℎ 

The Archimedes Principle: 
𝐵 = 𝜌𝐹𝑙𝑢𝑖𝑑  𝑉𝑆𝑢𝑏 𝑔 

Pascal’s Law: 

𝑃1 = 𝑃2  ⟺
𝐹1
𝐴1

=
𝐹2
𝐴2

 

Continuity Equation: 
𝐴1𝜐1 = 𝐴2𝜐2 

Bernoulli's Equation: 

 𝑃 +
1

2
𝜌𝑓𝑙𝑢𝑖𝑑𝜐

2 + 𝜌𝑓𝑙𝑢𝑖𝑑𝑔𝑦 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

S.H.M. in a spring-mass system: 

   𝐹𝑛𝑒𝑡 = 𝑚𝑎 = −𝑘𝑥 

𝑚
𝑑2𝑥

𝑑𝑡2
= −𝑘𝑥 ⇒

𝑑2𝑥

𝑑𝑡2
= −

𝑘

𝑚
𝑥 

𝑥 𝑡 = 𝐴 𝑐𝑜𝑠 𝜔𝑡 + 𝜙  

𝜐 𝑡 =
𝑑𝑥

𝑑𝑡
= −𝜔𝐴 𝑠𝑖𝑛 𝜔𝑡 + 𝜙  

𝑎 𝑡 =
𝑑𝜐

𝑑𝑡
= −𝜔2𝐴 𝑐𝑜𝑠 𝜔𝑡 + 𝜙

 

𝜔 =
𝑘

𝑚
 , 𝜔 = 2𝜋𝑓, 𝑓 =

1

𝑇
 

Static Equilibrium 

    
 𝐹 𝑒𝑥𝑡,𝑛𝑛 = 0

 𝜏 𝑒𝑥𝑡,𝑚𝑚 = 0 
 

S.H.M. of a simple pendulum 

   𝐹𝑛𝑒𝑡 = 𝐹𝑡 = 𝑚𝑎 = −𝑚𝑔 𝑠𝑖𝑛𝜃 
𝑠𝑚𝑎𝑙𝑙 𝑎𝑛𝑔𝑙𝑒 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛: 𝑠𝑖𝑛𝜃 ≈ 𝜃 

𝑚
𝑑2𝑥

𝑑𝑡2
≈ −𝑚𝑔𝜃 = −𝑚𝑔

𝑥

𝐿
 

           ⟹
𝑑2𝑥

𝑑𝑡2
≈ −

𝑔

𝐿
𝑥 

𝑜𝑟 𝑚
𝑑2𝑥

𝑑𝑡2
≈ −𝑚𝑔𝜃 ⇒ 𝑚𝐿

𝑑2𝜃

𝑑𝑡2
≈ −𝑚𝑔𝜃 

          ⟹
𝑑2𝜃

𝑑𝑡2
≈ −

𝑔

𝐿
𝜃 

S.H.M. of a torsional pendulum 

   𝜏𝑛𝑒𝑡 = −𝜅 𝜃, 𝜏𝑛𝑒𝑡 = 𝛪𝛼 

 ⟹
𝑑2𝜃

𝑑𝑡2
≈ −

𝜅

𝛪
𝜃 

S.H.M. of a physical pendulum 

   𝜏𝑛𝑒𝑡 = −𝑅𝐶𝑀 𝑚𝑔 𝑠𝑖𝑛𝜃 = 𝛪𝛼 
𝑠𝑚𝑎𝑙𝑙 𝑎𝑛𝑔𝑙𝑒 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛: 𝑠𝑖𝑛𝜃 ≈ 𝜃 

            ⟹
𝑑2𝜃

𝑑𝑡2
≈ −

𝑅𝐶𝑀𝑚𝑔

𝛪
𝜃 

1 𝑎𝑡𝑚 ≡ 1.013 × 105 𝑃𝑎 = 760 𝑚𝑚 𝐻𝑔
≅ 14.7 𝑝𝑠𝑖 

1 𝑝𝑠𝑖 ≡
1 𝑙𝑏𝑓

1 𝑖𝑛𝑐ℎ 2
 

1 𝑙𝑏 = 0.454 𝑘𝑔;   1 𝑖𝑛𝑐ℎ = 2.54 𝑐𝑚 

 


