Math 76 Practice Problems for Midterm II - Solutions
§67.2-10.3

DISCLAIMER. This collection of practice problems is not guaranteed to be identical, in length
or content, to the actual exam. You may expect to see problems on the test that are not exactly like
problems you have seen before.

Multiple Choice. Circle the letter of the best answer.

w/4
1. / tan’ z dx =

—7/4
() 1+ (©[2-3
()17 (d) 2+

Using the Pythagorean identity tan? z = sec? z — 1, we have

w/4 w/4
/ tan®z dr = / (sec’z — 1) da

—7/4 —7/4
w/4
=tanx —x
—7/4
= (tan (§) — ) — (tan (=F) + §)
=1-F-(-)-3=[2-3
4o — 2z + 1
2. The partial fraction decomposition of v T is
(22 +5)(z — 3)?
A B C Az + B C
(a)x2+5+x—3+(x—3)2 (c) x2+5+(x—3)2
Az + B C D Axr+ B C Dz + E
Ol G st
z22+5 -3 (zx-—3)2 x r z

In the denominator we have one irreducible quadratic factor z? + 5, so we put a linear form in
the numerator of that term. We also have a repeated linear factor (x — 3)2, so we put a constant

form in the numerator of each power of x — 3 up to the maximum (z — 3)%.

20 — 1
| e

(a) |In |z + 1] + In |z — 2 + C| () Injz+1|—Injz—2|+C
(b) 3ln|z + 1| —2In|z — 2|+ C (d) =Injz+ 1]+ Injz -2+ C
20 — 1 A B
If e = + , then A(z —2)+ B(x +1) = 2z — 1. Setting z = 2 we see that

(z4+1)(z—2) x4+1 =z-2



3B=3,s0 B=1.

Setting x = —1, we get —3A4 = —3, so A = 1. Therefore

/ 21 L S
C+)@-2" ") e+l 22"
=Injz+1]+1In|z - 2|+ C.

This is an improper integral. We have

/ Inz dr = lim Inz dzx
0

t—0+ t
e

= lim zlnx — x

L (using integration by parts)
t—0

t
= lim+(e —e)— (tlnt —1t)

t—

= lim —tInt+t¢
t—0t

= lim —tInt
t—0+

Recall from Math 75 that this is an indeterminate form of type 0 - —oo. So we use I'Hopital’s

Rule as follows:

. Int
= lim ——
t—0t 1
t
1
= lim %— lim t:@
t—0t = t—0+

. The length of the curve z = 3> —y from y = 1 to y = 3 is

3 3
(a)27r/1 V1+(By?—1)2dy (C)/1 V1i+yd+ydy

3
(b) /13\/9y4—6y2+2dy (d)/1 V/3y2 dy

We have 2’ = 3y? — 1, so (a:’)2 = 9y* — 6y% + 1. Therefore the arc length is as given above.

. The area of the surface formed by rotating the curve z = y® — y from y = 1 to y = 3 about the

T-axis is

3 3
(a) 27?/1 yv/ 1+ (3y2 —1)2 dy (c) 277/1 W —y)V1+y?—ydy

3 3
(b) / VYt —6y2 + 2 dy (d) 277/ y\/3y? dy
1 1

2



As in #5 above we have (2')? = (3y*—1)2. We are rotating about the z-axis and thus the “radius”

3
element in our formula will be y. Therefore the surface area is 27 / yv/ 1+ (3y? — 1)2 dy.
1

. A trough is filled with water. The ends of the trough are equilateral triangles with sides 8 m long
and vertex at the bottom. The hydrostatic force on one end of the trough is

9800\/5 4v3
y(y

8
(a) —8) dy () 9800 /0 (8~ y)y dy

(1) 20 s 19600
V3

7 ), y? dy (d) /0 (4V3 —y)y dy

The triangle is shown. Using the Pythagorean Theorem the height of
the triangle is 4v/3 m, so putting the origin at the bottom vertex of
the triangle we have that the depth at y is d(y) = 4v3 —y. Using

2
similar triangles we also find that w(y) = %Y So we have F =

V)

w3 2y _19600 43
9800 /0 (43 —y) ﬂg)d 7 (4V3 — y)y dy.

8 m

A\ water
level

43 m

One note: if you put the origin somewhere else your integral will look 8 m
different, but you should still be able to wiggle it (through algebra, NGETA
substitution, or other means) into something that matches the above. L

For instance, if we put the origin at the top of the triangle (as at right),
2
then d(y) = y and w(y) = —=(4V3 — y), which simplifies to w(y) =

V3

2
8 — —y. The integral still goes from 0 to 4v/3, as it turns out.

V3

44/3 2
Therefore we get F' = 9800/ (8 — y) y dy = 9800
0 V3

now the same as the answer in the multiple choice.

43
o V3

43 m

yr

(4\f )y dy, which is

. The coordinates of the center of mass of the region enclosed by y =z, y =x—4,z =1and z = 3

are
(a) (2.5,0.5) (c) |(2,0)
(b) (1.75,0) (d) (2,0.5)
A picture of the region is shown. It is a parallelogram. By inspection, 3T <>
we can see by a kind of “skew symmetry” that the coordinates must 1" b/
be as above. But we can also compute them using the formulas: the oL .
area of a parallelogram is the base times the height, so 4 -2 = 8 (or ! '1__ : '
3 -
you can do the integral / (z— (z—4)) dz ). So the coordinates are 3“ e
1 -3 V%
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1., 1 16
=-222| =-(18-2)=— =2
g2 | =g =3
and
R U R S 5 ,
V=355 (% — (x — 4)%) dz (use caution here; take careful note of the formulal!)
1
L2, 2
=— [ 27— (2* -8z +16) dzx
i),
1 3
= — 8z — 16 dx
i),
1, 3
= —(42° — 16x)
16 1
1
= 1—6((36 —48) — (4 —16)) = 0.
_ Vi
The equation of the line tangent to the curve v t_ el .2 at the point corresponding to ¢t = 4
y=1it—In
is
() y= 22 +4-In16 (©y=Crtd—Ini6— Let
= — — In = —_— — In —_ -
a)y = 37 c)y=% 1€
1 1 9
(b)y:fx—l-ll—lnlﬁ—feQ d . 2 _1n16
2 2 ( ) y 6233 + n
dy Vi
d d 2 t-2 d 1
The slope is Y _ a evaluated at ¢ = 4. Since W _ 1—-= and a _ “reVt = e—,
de 4 dt t t dt 2 24/t
d t—2 2yt  2(t—2)Vt 2
we have W . Vi = ( )\[, which evaluated at t = 4 is —. Now the point on the
dx t e\/i te\/YE 62

2
curve corresponding to ¢ = 4 (the point of tangency) is (e?,4—1n 16), so 4—1In 16 = —262+b = 2+b.
e

2
Therefore b = 2 — In 16, and the equation of the line is y = 2 + 2 — In16.
e

T
In polar coordinates, the point (3, 5) represents the same location as the point

The only two ways to get different names for the same polar point are
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e Replace 6 by a co-terminal angle (another angle in the same direction as 6, e.g. g and
3
2

e Change r to —r and change the angle 6 to one pointing in the opposite direction.

T 3T us
Since neither —— nor — is co-terminal to 5 (b) and (d) are not correct. (c) is incorrect since

r has been changed to —r but the angle has not changed. Only (a) has r changed to —r and the
angle changed to one pointing in the opposite direction.

Fill-In.

1 1
1. /sec?’xdx: §secxtanx+§ln|secx+tan:1:|+C

We did this problem in class. To recap: use parts and solve for the integral. Please see me if you
would like to go over this important technique.

2. /sin3xdx: —cosx+%cos3$—|—0
We have
/sin31:d:n: /sin2:r:sina: dx
= /(1 — cos? ) sinx da (Let uw = cosz. Then du = —sinz dx)
——/(l—uQ) du
:—(u—%u3)+0

= —cosx+%cos3x+C'.

3. To evaluate the integral / V5 + x? dx, it is best to use the trigonometric substitution
= _+/5tanf .
(function of 6)

For the form \/a? + x2 it is best to use the trigonometric substitution x = atan#, where it is

understood that —g <0< To see why, notice that the integral above becomes

f
5"
/\/5+5tan20\/gse629d0:5/\/1—|—tan295ec20d0

(Notice the 1+ tan? #, which equals sec? #, under the square root; that is precisely the reason for
the substitution we made)

= 5/sec€se029 df = \/5/se039 do,
which now reduces to the integral in Fill-In #1.

)



o0
5
1 X 2
We have
005 t
/3d:czlim 3d:n
1 X t—o00 1 T
t
~ Jim -
t—o0 23}2 1
. 5 +5 5
=lim —+-=—
t—oo  2t2 2 2
2 -3 Ax + B C
5. If = th
@t 0)z-2) 241 z_2""
4
A= —
() A= =
8
b) B= -
b) B= -
1
c= -
(c) E

1
We have (Az + B)(z — 2) + C(x? + 1) = 2% — 3. Setting z = 2 we get 5C' =1, so C' = 5 Now

4
A+C =1, soA:5. Finally —2A+ B =0, soB:%

6. The polar curve r = cosf is symmetric about the ( | y-axis | origin ) .

We have cos(—#) = cos 6, so the curve is symmetric about the z-axis. However, cos(m—6) # cos#,
so the curve is not symmetric about the y-axis. Also — cos 8 # cos #, so the curve is not symmetric
about the origin.

Graph. More accuracy = more points!
T = cost

Let C be the curve .
y =sintcost

(a) Eliminate the parameter to find a Cartesian equation of C.

y* =sin?tcos?t = (1 —cos?t) cos? t = (1 —z?)z%. So we have |y* = (1 — z?)z? or y = /1 — 22

(b) Find the point(s) on the curve where the tangent is vertical.
Since the curve is periodic with period 27, we only need to consider t-values between 0 and 2.

dy _ y  —sin®t+cos’t  cos2t

de o —sint sint

d
The tangents will be vertical at those t-values for which cTy is undefined (the denominator =
x

0). So set sint = 0. The solutions are 0 and 7. The points corresponding to these t-values are
(1,0) and (—1,0) |




(c) Find the point(s) on the curve where the tangent is horizontal.

d
The tangents will be horizontal at those ¢-values for which d—y is 0 (the numerator = 0).
x

Again, we only need to look for solutions on the interval [0, 27]. So set cos2t = 0. The solutions

3r 5 7
are t = Z, Zﬂ, Zﬁ, and ZF The points corresponding to these t-values are

V2 1 V2 o1 V2 1 q V2 o1
o)\ T T\ T A Ty

(d) Find equation(s) of the tangent(s) to C' at the point (0, 0).
Set x =0 and y = 0:

s 3
0=cost=t= 5 Or & are the only solutions in the interval [0, 27]. Both of these t-values satisfy
0 = sint cost, so there are two t-values corresponding to the point (0, 0).

The slopes are as follows:

ot . y’ (E) = _LOS?(%) =1

— 277 sin 2
9(3x
o = 3£: y/ 31 = —L(gﬂ = —]_
2 2 sin =
The y-intercept is (0,0) in both cases, so the equations are y = z and y = —x.

(e) Sketch a graph of C, labeling the features found in parts (b)-(d).

t= %Tﬂ W 04 T
-2/
t=n A t=0
] =0.5 0.5
p 6.2
3n 72 N n
L= 7/ -0.4 NI =7

Work and Answer. You must show all relevant work to receive full credit.

1. Evaluate the integral / cos? zsin* z dz.

Since the powers of sinx and cosz are both even, we must use the half-angle and double-angle
identities; we have

/cos2 zsint z dx = /(cos zsinz)? sin? z dz

_/@smzx)Q @ (l—cos2:):)> dx

1
= 3 /sin2 21 — sin? 2z cos 2z dx

1 1
=3 [/ <2 (1-— cos4x)> dz — /sin2 2z cos 2z da:]
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(For the second integral, let u = sin2z and proceed. T'll skip to the end of that. See me for
details if you’re not sure how I get there.)

1 1. 1
= 16<x—4sm4x>—48s1n 20+ C

2. Evaluate the integral / tan? z sec* z da.

This one is actually much nicer than Work and Answer #1; since the power of secx is even we
can use the Pythagorean identity. We have

/ tan® z sec* z do = / tan? z sec? z sec® z dx
tan® z(tan?  + 1) sec? z dx (Let w = tanx)

u*(u? + 1) du

1 Il
| — — —

ut + u? du

1
tan53:+§tan3:c+0

3. Evaluate the integral / tan® x sec® z dz.
This one is also nice because the power of tanx is odd. We have
/tan3 rsec r dr = /tan2 zsec - secxtanz da
= /(sec2 z —1)sec? z - sec tan x dz (Let u = secx)

= /(u2 — 1)u? du

:/u4—u2du

1
= fsec5ac—§sec?’x—|—0

5

4. Evaluate the integral / tan? x sec z dz.

This one could get ugly because the power of secx is odd and the power of tanz is even. We
have

/tanQ:):secx dx = /(sech —1)secx dx
= /sec3 x —secx dx. Using Fill-In #1:

1 1
= isecxtan:r%- iln\seca:—i-tanﬂ —In|secx + tanz| + C

1
=3 (secztanz — In|secx + tanx|) + C




5. Evaluate the integral / cos 2x sin 3z dzx.
We have, using one of the product identities,

1
/c0s2xsin3x dx:2/sina:+sin5$ dx
1 1
=3 <—cosx—5cos5x> +C

_|-1 + Leosse) 40
= 9 COS T 5COS$

6. Evaluate the integral / V4 — 922 dx.
1
Here we must first see that /\/4—9362 dx = /\/4— (3z)? dx = 3/\/4—u2 du (where
m

u = 3x), and then use the trigonometric substitution u = 2sin 6, —3 <0< 7"

2
[Alternatively, if you feel confident you can substitute directly from the x’s with x = 3 sin 6; then
2
dr = 3 cos @ df, and you’ll get the same thing.|

In either case we end up with
;/\/4—4Sin29‘2C089d9:g/\/l—sinQQCOSGdH
4
:3/\/605290059d9

:g/COSGCOSQdQ (since —— <6 <

:;1/(:0529(10

o
po |

4 1
=—.- /1 2
3 2/ + cos 260 df
2 1 .
—3<9+281n20)+0

:g(ﬁ—i-sinecosﬁ)—i-C

3
Now use —g <0< g to get @ = sin~! (g) =gin~! (;) and trigonometry similar to what was
VA—u? V4 — 922

done in class for §7.3 to get cosf = 5 > . We have
2 V4 — 9x2
_ 2 (gt (22 g3 VA9 L g
3 2 2 2
2 V4 — 9x2
=13 (sin_1 (3233) + rVA = 97 1 e ) +C




7. Evaluate the integral / V4 + 922 du.

2 2
Similar to above we use the substitution z = 3 tan #; then dx = 3 sec? 0 df with —g <6< E,

2
and we get
2 4
3/\/4—|—4sin29-86620d9: 3/\/1+tan208e029d9
4
= 3/VS€C2986C29d9
4/ 30d9  (si Tco<D
3 | sec since —¢ 5
4 /1 1 . . .
=3(3 secf tan 0 + 3 In|sech +tanf| | + C (Using Fill-In #1 again)
3 V4 + 922
Again using trigonometry we get tanf = ; and sec = % We have
2 (V4 2 V4 2
_2 +9x‘37x+ln + 9z +3ﬁ L C
3 2 2 2 2
2 [ 3xv4 + 922 3z + V4 + 922
= g f—l-ln f +C

8. Evaluate the integral / V922 — 4 dx.

2 2
Once more, with feeling! This time it’s x = 3 secl with 0 < 0 < g; then dx = 3 sectan 6 do,

and we get
2 4
3 / Vdsec2 — 4 -sechtanf db = 3 / Vsec2 0 — 1secftanf db
4
= 3/vtan208e09tan0 do
4
:3/tan295609 do (since 0 < 0 < g)
4 1
=33 (secOtanf — In|secd + tanb|) + C
. N . 3z 922 —4
(using Work and Answer #4). Again using trigonometry we get sec § = ) and tan 6 = —

‘We have

5 T

2 [ 3z 9x2 — 4
3

3 922 — 4
;oY) e

) e

3z ++9z2 — 4
2

2(395\/93:2—4 |
= - ——— —1In
3 1

10



et +e*

9. Find the length of the curve f(z) = — fromz=0tox=1.
A
f/([]f) _ € 26 7 0
/ 2 1 2z —2z
1+ (f'(x)) :1+1(e 2+e ")
1
= Z(€2x+2+6_2x)

Therefore the length is

b
L= / Z(ew + e )2 dx
1

0
—1/ e“ +e Tdr
2 Jo

— 161‘ et
2 0
1 1 1 1
=—(e—--(1-1))=|=(e-=
(=em0m0) -l (=2)
. . ew + e—:p
10. Find the area of the surface formed by rotating the curve f(z) = — fromx=0tox =1

about the z-axis.

1
From Work and Answer #9, we have /1 + (f/(x))? = 5(696 + e~ %). Therefore we have

11!
SA:27T"/ (e +e ) (e"+e ") dx
22/,

—_

(e® +e )2 da

(e* + 24 e72%) dx

S~ o~

(G G I R R Y
[
o
_|_
[\]
|
[
@)

7 N N
= =
(V)

\)

1 1 1
G5

| 62+2 1
12\ 2 2¢—2

11. Find the hydrostatic force on the wall shown. The fluid is New Blue Goo (density 1500 kg/m?).

There are several ways to do this problem. Please note that there is no principle of “similar
trapezoids” like there is with similar triangles. We can, however, use similar triangles if we add
a “top” to our trapezoid as shown.
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I have chosen to make the top of the triangle my
origin. The first thing we need to do is figure
out what | 7 |is. Using similar triangles, we have

?714+5 ?

= , SO = 5. Now using similar
6 3 New Blue Goo level
: : Yy 3y o

triangles again we have w(y) = =5 (I'm

skipping some steps here). We also have d(y) =

y — 6 (again using the top of the “triangle” as

the origin).

Therefore the hydrostatic force is

10 1500 - 9.8 - 10
F:1500-9.8/ S;J(y—ﬁ)dy:W/ y(y —6) dy
6 6

10 1 10
=900 - 9.8/ y? — 6y dy =900 - 9.8 (3y3 — 3y2)
6

1 21
=900-9.8 <<0300 — 300> — <36 — 108))

1000 1000
=900-9.8 <3 —300—-72+ 108) =1900-9.8 <3 — 264) N

6

= d
12. For the curve 1+tant , find Y in terms of ¢.
Yy = cos 2t dx

d d d —2sin 2t
W _ —2sin 2t and a _ sec?t, so Gy _ Tesmat —4sintcos®t
dt dt dx sec?

13. Find the point(s) on the polar curve 7 = e’ where the tangent is

(a) horizontal
(b) vertical.
. . z = e’ cos b
(a) The parametric equations for the curve are bging - So we have
y = e’ sin

y = e’ cos® + e’ sinf = 69(C0S9 + sin @) <.

0

Since e” is never 0, we have cosf + sinf = 0 or tanf = —1, which is true for angles 6 of the

3
form ZW + k7, where k is any integer. So the set of points for which the tangent is horizontal
3 3
is { (eiﬁrk”, Zﬂ + k’ﬂ') | k is any integer}
set

(b) Similarly, 2’ = €’ cos# — €’ sinf = €’ (cos § — sin§) = 0

which gives cosf — sinf = 0 or tanf = 1, which is true when 6 is of the form il +

kw, where k is any integer. So the set of points for which the tangent is horizontal is

{<e%+k:7r, % + lm) | k is any integer}
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