
What’s a depressed p
polynomial equation?

An nth degree polynomial equation is said to 
b d d if it i i i th ( 1) tbe depressed if it is missing the (n – 1)st

term. For example:

x2 – 9 = 0  

x3 + 8x = 9

x4 10x2 + 4x + 8 0x4 – 10x2 + 4x + 8 = 0
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A depressed quadratic equation is quite 
simple to solvesimple to solve.

2 0x c x c− = ⇒ = ±

And as you will see in later, there are y ,
techniques for solving depressed cubic 
and quartic equations.   q q
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Depressing an EquationDepressing an Equation

Substituting x = y – (b/na) in the equationSubstituting  x = y (b/na)  in the equation 
1 0n nax bx c−+ + + =L

will result in a nth degree, depressed 
equation in the variable yequation in the variable y.

Once the depressed equation is solved, p q ,
the substitution  x = y – (b/na)  can then be 
used to solve for x.
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Here’s what the substitution x = y – (b/2a)Here s what the substitution x = y (b/2a) 
does to a quadratic equation.

2 0ax bx c+ + = ⇒
2( / 2 ) ( / 2 ) 0a y b a b y b a c− + − + = ⇒
M

2
2 4ac b−

M

2 4 0
4

ac bay
a

+ = ⇒
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2 24 4b ac b ac2 2
2

2

4 4 .
4 2

b ac b acy y
a a
− −

= ⇒ = ±

Since we substituted  x = y – b/2a, the 
l ti t th d ti tisolution to the quadratic equation

ax2 + bx + c = 0  is

2 4b b acy − ± −
= .

2
y

a
=
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Solve x3 + 6x2 + 3x = 10Solve  x + 6x + 3x 10
Making the substitution x = y – 6/3·1,Making the substitution  x y 6/3 1,

3 2( 2) 6( 2) 3( 2) 10y y y− + − + − = ⇒

3 9 0y y ⇒

M

2

9 0
( 9) 0

y y
y y

− = ⇒

− = ⇒( )
0,3, 3

2 2 1 5

y y
y = − ⇒

2 2,1, 5x y= − = − −
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Solve the quarticSolve the quartic
x4 +12x3 + 49x2 + 70x + 40 = 0

Making the substitution  x = y – 12/4·1,
4 3 2( 3) 12( 3) 49( 3) 70( 3) 40 0y y y y− + − + − + − + = ⇒
M

4 25 4 0y y− + = ⇒
M

2 2( 1)( 4) 0 1,1, 2,2
3 4 2 5 1

y y y
x y

− − = ⇒ =− −
3 4, 2, 5, 1x y= − = − − − −
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Not all cubic and quartic equations can beNot all cubic and quartic equations can be 
solved by solving the depressed equation 
as we did in the last two examples It’sas we did in the last two examples. It s 
usually the case that the depressed 
equation can’t be solved using theequation can t be solved using the 
techniques you learned in high school.

In the next lesson you will see how to 
solve any depressed cubic equation.
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Now you’ve seen how to use theNow you ve seen how to use the 
substitution  x = y – b/3a to convert the 
cubic equation ax3 + bx2 + cx + d = 0 intocubic equation  ax + bx + cx + d = 0  into 
a depressed cubic equation y3 + my = n.

And in the special case where n = 0, you 
could solve the depressed equation by 
simply factoring. 

Now you will see how to solve theNow you will see how to solve the 
depressed cubic y3 + my = n, independent 
of the values of m and nof the values of m and n.
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Actually what we will do is deriveActually, what we will do is derive 
Cardano’s formula for finding one solution 
to the depressed cubic equationto the depressed cubic equation. 

When Cardano wrote his proof in the 16th, p ,
he started by imagining a large cube 
having sides measuring t. Each side was g g
divided into segments measuring t – u and 
u in such a way that cubes could be y
constructed in diagonally opposite corners 
of the cube. 
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This divides the large cube into 6 parts, 
two of which are pictured heretwo of which are pictured here.
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V 1 = (t - u)3
Since the volume t3 of 
the large cube is equal V 3 = tu(t - u)

V 1 = (t - u)
V 2  = u3

to the sum of the volumes 
of its six parts, we get, V 5 = tu(t - u)

V 6 = u(t - u)2

V 4 = (t - u)u2

3 3 3 2 2( ) 2 ( ) ( ) ( )t t u u tu t u t u u u t u= − + + − + − + −

V 6 = u(t - u)

which can be expressed as 

( ) ( ) ( ) ( )

3 3 3( ) 3 ( ) .t u tu t u t u− + − = −
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3 3 3( ) 3 ( )t u tu t u t u− + − = −

This is reminiscent of the depressed cubic  
3 t t l S ty3 + my = n we want to solve. So set

y = t – u m = 3tu and n = t3 – u3y t u,  m 3tu, and  n t u . 

Substituting  u = m/3t into  n = t3 – u3, g

gives                       which simplifies to 
3

3
3

mt n− =g p
327t 3

6 3 0.
27
mt nt− − =
27
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y = t – u,              3m m = 3tu, 

n = t3 – u3

6 3 0
27
mt nt− − =

But this is a quadratic in t3.  So using only 
the positive square root we get,

3
2

2 3
4mn n+ +

⎛ ⎞ ⎛ ⎞
2 3

3 27
2 2 2 3

n n n n mt
+ +

⎛ ⎞ ⎛ ⎞= = = + + ⇒⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

L

2 3

3 .
2 2 3
n n mt ⎛ ⎞ ⎛ ⎞= + +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠2 2 3⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
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y = t – u,           
m 3tu

2 3
3 n n m⎛ ⎞ ⎛ ⎞ m = 3tu, 

n = t3 – u3

3

2 2 3
n n mt ⎛ ⎞ ⎛ ⎞= + +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

And since  u3 = t3 – n, we get

2 3
3

2 2 3
   orn n mu n⎛ ⎞ ⎛ ⎞= + + −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠2 2 3⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

2 3

3 .
2 2 3
n n mu ⎛ ⎞ ⎛ ⎞= − + +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠2 2 3⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
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y = t – u,          
2 3n n m⎛ ⎞ ⎛ ⎞

2 3n n m⎛ ⎞ ⎛ ⎞ m = 3tu, 
n = t3 – u3

3
2 2 3
n n mu ⎛ ⎞ ⎛ ⎞= − + +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
3

2 2 3
n n mt ⎛ ⎞ ⎛ ⎞= + +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠

Since  y = t – u, we now have Cardano’s 
formula for solving the depressed cubicformula for solving the depressed cubic.

3y my n+ = ⇒

2 3 2 3

y my n+ ⇒

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞3 3 .
2 2 32 3 2
n m n n mny ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + − + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
+ −
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Example: Find all solutions toExample: Find all solutions to
x3 – 9x2 + 24x – 20 = 0

• Substitute  x = y – b/3a to depress the 
ti 3 b 2 d 0equation  ax3 +bx2 + cx + d = 0.

3 29 24 20 03 2

3

9 24 20 0
sub x y

x x x
= +

− + − =
M

3

3

3 2

sub.   x y

y y

= +

− =

M

3 2y y =
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U C d ’ f l• Use Cardano’s formula
2 3 2 3

3 3 3n m n n my my n n ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

to solve the depressed equation.

3 3 3
2 3 2 32

.
2

y my n y ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ = ⇒ = + − + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

+ −

to solve the depressed equation.

3 3 2 3, 2y y m n− = = − =
2 3

33

,

1 1 0

y y

n m⎛ ⎞ ⎛ ⎞+ = − =⎜ ⎟ ⎜ ⎟

3 3

1 1 0
2 3

1 1 1 ( 1) 2y

+ = =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

= = =1 1 1 ( 1) 2y = − − = − − =
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• Use algebra to find if possible the otherUse algebra to find, if possible, the other 
solutions to the depressed equation.

y = 2 is a solution to  y3 – 3y = 2, so                        
(y – 2) is a factor of  y3 – 3y – 2.

2

3 2

3 2

2 1
2 0 3 2

2

y y
y y y y

+ +
− + − −

3 2

2

2

2
2 3
2 4

y y
y y
y y

−

−
−2 4

2
2
0

y y
y
y
−
−

0
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23 2

2

3 2 ( 2)( 2 1) 0
( 2)( 1) 0

3y y y y y
y y

− = ⇒ − + + =
⇒ − + =( 2)( 1) 0

2, 1
y y
y

⇒ +
⇒ = −

• Use the substitution y = b/3a to find theUse the substitution  y b/3a to find the 
solutions to the original equation.

2, 1 3 5, 2   y x y= − ⇒ = + =
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