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Chapter 1

In tro duction

Solving mathematical problems is an art. It is impossibleto learn how to solve every single
problem... there are in�nitely many of them...

Below are someproblems.

1. Eleven children contributed money to buy a present for their classmate. The total
amount of moneycollectedwas$30.00. Show that at least onechild gave at least $2.73.

2. (a) Prove that any two-digit number is divisible by 3 if and only if the sum of its
digits is divisible by 3.

(b) Prove that any natural number is divisible by 3 if and only if the sum of its digits
is divisible by 3.

3. Is it true or false that for any natural number n, the number n2 + n + 41 is prime?

4. In a 4 � 4 table six cells are marked with an * and all others are blank. Show that it
is possibleto crossout 2 columns and 2 rows so that the remaining cells are blank.

5. Is it true or false that for any natural number n, the number n3 + 2n is divisible by 3?

6. In chess, is it possible for a knight to start at the upper left corner and go through
every squareon the 8 � 8 chessboard exactly once? (A knight's move is 2 squaresup,
down, or to the right or left, and 1 square in a perpendicular direction. All allowed
movesfrom a certain squareare shown below:)

7. Sketch the graph of f (x) = jx + 2j + j2x � 5j.
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4 CHAPTER 1. INTR ODUCTION

8. Below is a plan of Konigsberg. Is it possibleto designa tour of the town that crosses
each of the bridges exactly once?

As said above, learning to solve problems is in part di�cult becauseproblemscan be very
di�eren t. However, there are a few basic principles that are good to know. There are a few
approachesand methods that can be useful. In this book, we'll study someof them. After
you study the material of this book you should be able to solve many problemsprett y easily.

While using intuition and working out a few examplesmay help us �nd an idea, it is also
important to write rigorous proofs. Since intuition is not always correct, we needto justify
each step in a solution. We will therefore try to avoid words such as `obviously'.

In each chapter, we provide basic de�nitions and facts to get you started. We do not
prove the facts in this book, since our main goal is to learn how to solve problems, i.e. use
thesefacts.



Chapter 2

Logic

De�nition 2.1. A prop osition is a statement that is either true of false.

For example, \3 plus 2 is 5" is a true proposition, \3 times 2 is 7" is a falseproposition,
while \ x minus 4 is 8" is not a proposition becausethe value of x has not beende�ned.

De�nition 2.2. Let p and q be propositions. Then:

� The negation of p, denoted by : p, is the proposition \not p".

� The conjunction of p and q, denoted by p ^ q, is the proposition \ p and q".

� The disjunction of p and q, denoted by p _ q, is the proposition \ p or q".

� The exclusiv e or of p and q, denoted by p � q, is the proposition \either p or q but
not both".

� The implication of p and q, denoted by p ! q, is the proposition that is falsewhen p
is true and q is falseand true otherwise.

� The biconditional of p and q, denoted by p $ q, is the proposition that is true when
p and q have the sametruth valuesand is false otherwise.

Below is the so-calledtruth table that shows the truth valuesof the compound proposi-
tions de�ned above depending on the truth valuesof p and q.

p q : p p ^ q p _ q p � q p ! q p $ q
T T F T T F T T
T F F F T T F F
F T T F T T T F
F F T F F F T T

� A compound proposition that is always true, no matter what the truth values of the
propositions that occur in it, is called a tautology .

For example,p _ : p is a tautology.

� A compound proposition that is always false is called a contradiction .

For example,p ^ : p is a contradiction.

� The propositions p and q are called logically equiv alen t if p $ q is a tautology. The
notation p , q denotesthat p and q are logically equivalent.
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6 CHAPTER 2. LOGIC

Example 2.3. Show that : (p _ q) and (: p) ^ (: q) are logically equivalent, i.e. \not (p or
q) " is the sameas \(not p) and (not q)".

Solution. Construct the truth table:

p q p _ q : (p _ q) : p : q (: p) ^ (: q)
T T T F F F F
T F T F F T F
F T T F T F F
F F F T T T T

We see that the truth valuesof : (p _ q) and (: p) ^ (: q) are always the same, therefore
the propositions are logically equivalent.

De�nition 2.4. A statement P(x) that dependson the value of a variable (x in this case)
is called a prop ositional function . Once a value has beenassignedto the variable x, the
statement P(x) becomesa proposition and has a truth value.

For example, if P(x) is the statement \ x > 3", then P(4) is true and P(2) is false.

� 8xP (x) means\for every x, P(x) is true".

� 9xP (x) means\there exists x such that P(x) is true".

� 9!xP (x) means\there exists a unique x such that P(x) is true".

The symbols 8 and 9 are called quanti�ers.
Propositional functions can be functions of two or more variables, and then we can use

two or more quanti�ers with them. It is important to realize that the order of quanti�ers
makesa di�erence. For example,below we will usethe propositional function F (x; y) which
meansthat x and y are friends (the domain of this function can be a set of people). Then
e.g. 8x9yF (x; y) meansthat everybody has at least friend, while 9y8xF (x; y) meansthat
there is a personwho is friends with everybody.

Propositions with negationscan always be written so that negationsappear only within
predicates (that is, so that no negation is outside a quanti�er or an expressioninvolving
logical connectives), for example:

� : (p ^ q) , : p _ : q

� : (p _ q) , : p ^ : q

� :8 xP (x) , 9x: P(x)

� :9 xP (x) , 8x: P(x)

Problems

1. Show that the following propositions are logically equivalent.

(a) p ! q and : q ! : p.

(b) p ! q and : p _ q.

(c) p _ (q ^ r ) and (p _ q) ^ (p _ r ).
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2. Let P(x) denote the proposition \( x < 3) _ (x > 5)". Determine the truth values of
the following propositions (where the domain of x is the set of real numbers).

(a) P(2)

(b) P(4)

(c) P(2) ^ P(4)

(d) 8xP (x)

(e) 9xP (x)

(f ) 9!xP (x)

(g) 8xP (x) _ P(� x)

3. Translate the statement

8x(C(x) _ 9y(C(y) ^ F (x; y)))

into English, where C(x) is \ x has a computer", F (x; y) is \ x and y are friends", and
the domain for both x and y is the set of all students at your university.

4. Let F (x; y) be statement \ x can fool y", where the domain for both variables is the set
of all people in the world. Use quanti�ers to expresseach of the following statements:

(a) Everybody can fool Fred.

(b) Mik e can fool everybody.

(c) Everybody can fool somebody.

(d) There is no one who can fool everybody.

(e) Everyonecan be fooled by somebody.

(f ) No one can fool both Fred and Jerry.

(g) Nancy can fool exactly two people.

(h) There is exactly one personwhom everybody can fool.

(i) No one can fool himself or herself.

(j) There is someonewho can fool exactly one personbesideshimself or herself.

5. Let P(x; y) denotethe proposition \ x < y" wherex and y are real numbers. Determine
the truth valuesof the following propositions (where the domain for both variables is
the set of real numbers).

(a) 9x9yP(x; y),

(b) 8x9yP(x; y),

(c) 9x8yP(x; y),

(d) 8x8yP(x; y),

(e) 8xP (� x; x).

6. Let Q(x; y) denote\ x+ y = 0". What arethe truth valuesof the statements 9y8xQ(x; y)
and 8x9yQ(x; y)?

7. Let Q(x; y) be the statement \ x + y = x � y", and the domain for both variables is the
set of integers. Find the truth valuesof the following statements. Explain.
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(a) Q(2; 0)

(b) 8yQ(1; y)

(c) 8x9yQ(x; y)

(d) 8y9xQ(x; y)

(e) 9y8xQ(x; y)

8. Expressthe de�nition of the limit lim
x ! a

f (x) = L using quanti�ers.

9. Expressthe de�nition of a convergent sequencea1; a2; : : : using quanti�ers.

10. Rewrite each of the following statements so that negations appear only within predi-
cates.

(a) :8 x8yP(x; y)

(b) :8 y9xP (x; y)

(c) :8 y8x(P(x; y) _ Q(x; y))

(d) : (9x9y: P(x; y) ^ 8x8yQ(x; y))

(e) :8 x(9y8zP(x; y; z) ^ 9z8yP(x; y; z))

(f ) :9 !xP (x)



Chapter 3

T yp es of pro ofs

Supposewe want to prove a proposition p.

� a direct proof just shows that p holds.

� a proof by contradiction assumesthat p is falseand derivesa contradiction, i.e. both
r and : r for someproposition r .

If we want to prove an implication \if p then q", then

� a direct proof just shows how q follows from p.

� a proof by contradiction assumesthat p ! q is false, i.e. p and : q are true, and
derivesa contradiction.

� a proof by contrap ositiv e shows that : q implies : p.

A proof of a statement of the form \ 9xP (x)" can be

� constructiv e - when you construct such an x explicitly , or

� existen tial , or nonconstructiv e - when you show the existenceof such an x without
actually constructing it.

To prove a statement of the form \ 8xP (x)" where the domain of x is a subsetof integer
numbers, it is often (but not always!) a good idea to useMathematical Induction (seechapter
4).

To prove a statement of the form \ p $ q", you can either

� prove p ! q and q ! p separately, or

� have each step of your proof of the form \if and only if ".

To dispro ve a statement meansto show that it is false. To disprove a statement of the
form 8xP (x) it is su�cien t to show that there exists at least one coun terexample (that is,
there exists at least one casewhen the statement doesnot hold).

Example 3.1. Prove that every odd integer is the di�erence of two perfect squares.

Direct pro of: An odd integer has the form 2n + 1.
2n + 1 = (n + 1)2 � n2.

Example 3.2. Prove that
p

2 is irrational.

9



10 CHAPTER 3. TYPES OF PROOFS

Pro of by contradiction: Suppose
p

2 is rational. Then there exists an irreducible
fraction

p
q

=
p

2. (Irreducible meansthat the greatestcommondivisor of p and q is 1.) Then

p2

q2 = 2

p2 = 2q2

Then p2 is even, so p is even. Let p = 2m, then p = 4m2.
We have 4m2 = 2q2

2m2 = q2

Now q is even. We get a contradiction becausewe have that on the one hand, p and q have
the greatest common divisor 1, but on the other hand p and q are both even.

Example 3.3. Prove that if a and b are integers and ab is even, then either a or b is even
(or both).

Pro of by contrap ositiv e: Supposethat neither a nor b is even, and we will prove that
ab is not even. I.e. we supposethat both a and b are odd, and we will prove that ab is odd.
Any odd numbers a and b can be written in the form a = 2n + 1 and b = 2m + 1 for
some integers n and m. Then we have ab = (2n + 1)(2m + 1) = 4nm + 2n + 2m + 1 =
2(2nm + n + m) + 1 is an odd number.

Example 3.4. Prove that for every positive integer n there exist n consecutive composite
numbers.

Constructiv e pro of: We claim that (n + 1)! + 2, (n + 1)! + 3, ... , (n + 1)! + (n + 1)
are all composite. (n + 1)! is divisible by 2, by 3, ... , and by n + 1. Therefore (n + 1)! + 2 is
divisible by 2, (n + 1)! + 3 is divisible by 3, ... , (n + 1)! + (n + 1) is divisible by n + 1.

Example 3.5. Prove that x3 + x � 1 = 0 has a real root.

Nonconstructiv e pro of: Let f (x) = x3+ x� 1. Then f (� 1) = � 3 < 0 and f (1) = 1 > 0.
Sincef (x) is a polynomial, it is continuous. By the Intermediate Value Theorem, there exists
c between� 1 and 1 such that f (c) = 0.

Example 3.6. Prove or disprove that every odd integer is prime.

Coun terexample: 9 is odd but not prime. Thus the statement is false.

Problems

1. Prove that if n is an integer and 3n + 5 is odd then n is even. Is your proof direct, by
contradiction, or by contrap ositive?

2. Prove that an integer a is even if and only if a2 is even. Did you prove the two
implications separately or simultaneously?

3. Prove or disprove that 2n + 1 is prime for all nonnegative integersn.

4. Prove that for any number n there is a prime number greater than n. Is your proof
constructive?

5. Every odd number is either of the form 4n + 1 (if it has remainder 1 when divided
by 4) or of the form 4n + 3 (if it has remainder 3). Prove that if an odd number is a
perfect square, then it has the form 4n + 1. Is your proof direct, by contradiction, or
by contrap ositive? State the converse. Prove or disprove the converse.
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6. Prove or disprove that if a and b are rational numbers, then ab is also rational.

7. Prove that the equation x101 + x51 + x + 1 = 0 has exactly one real solution. Split this
into two statements:

(a) the equation has at least one solution. Is your proof constructive or nonconstruc-
tiv e?

(b) the equation cannot havetwo distinct roots. Is your proof direct, by contradiction,
or by contrap ositive?

8. Prove that if the sum of two numbers is irrational then at least one of the numbers
is irrational. Is your proof direct, by contradiction, or by contrap ositive? State the
converse. Prove or disprove the converse.

9. Prove that the equation 4sin2 x = 1 has a real solution. Is your proof constructive?

10. Prove that the equation x + sinx = 1 has a real solution. Is your proof constructive?

11. Prove that the equation x2 + x + 1 = 0 has no rational solutions. Is your proof direct,
by contradiction, or by contrap ositive?

12. Prove that 0 is a root of the equation an xn + : : : a1x + a0 = 0 if and only if the free
term a0 = 0. Did you prove the two implications separately or simultaneously?

13. Prove that if a positive integer is divisible by 8 then it is the di�erence of two perfect
squares.Is your proof direct, by contradiction, or by contrap ositive? Is it constructive
or nonconstructive?

14. Prove or disprove that if a and b are irrational numbers, then ab is also irrational.

15. Prove that for any integersn and m, if nm + 2n + 2m is odd then both n and m are
odd. Is your proof direct, by contradiction, or by contrap ositive?
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Chapter 4

Principle of Mathematical
Induction

Theorem 4.1. (Principle of Mathematical Induction) Let Sn be a statementabout a positive
integer n. Supposethat

1. S1 is true,

2. If k � 1 and Sk is true then Sk+1 is true.

Then Sn is true for all positive integers n.

Note. Conditions 1 and 2 in the above theorem are called the basisstep and inductiv e step
respectively.

This principle is easyto understand using the following example: supposewe know how
to get to the �rst 
o or of a building (e.g. we know where an entrance is), and we also know
how to get from any 
o or to the next one (e.g. we know where an elevator or a staircaseis).
Then we'll be able to get to any 
o or in this building. Namely, we'll get to the �rst 
o or,
and then from the �rst to the second,and then from the secondto the third, and so on. The
sameis true for any statement. If we can check that S1 is true, then the secondcondition in
theorem 4.1 ensuresthat S2 follows from S1, and S3 follows from S2, and so on. Thus Sn is
true for any natural number n.

Mathematical Induction is used in all areas of mathematics. It can be used to prove
summation formulas such as in the next example, various number theory, algebraic, and
geometric statements.

Example 4.2. Prove that for any natural number n,

1 + 2 + 3 + : : : + n =
n(n + 1)

2
:

Proof. We will prove this identit y using Mathematical Induction.

Basis step: if n = 1, the formula says that 1 =
1 � (1 + 1)

2
which is true.

Inductiv e step: supposethe formula holds for n = k, i.e. that

1 + 2 + 3 + : : : + k =
k(k + 1)

2
(4.1)

13



14 CHAPTER 4. PRINCIPLE OF MATHEMA TICAL INDUCTION

is true. We have to show that the formula holds for n = k + 1, i.e. that

1 + 2 + 3 + : : : + (k + 1) =
(k + 1)((k + 1) + 1)

2

is true. Adding k + 1 to both sidesof (4.1) gives:

1 + 2 + 3 + : : : + k + (k + 1) =
k(k + 1)

2
+ (k + 1)

=
k(k + 1) + 2(k + 1)

2

=
k2 + k + 2k + 2

2

=
k2 + 3k + 2

2

=
(k + 2)(k + 1)

2

=
((k + 1) + 1)(k + 1)

2
:

Note. For any speci�c value of n, it is easy to check that the identit y holds. For example,
for the �rst four natural numbers we have:

1 =
1 � (1 + 1)

2
; 1 + 2 =

2 � (2 + 1)
2

; 1 + 2 + 3 =
3 � (3 + 1)

2
; 1 + 2 + 3 + 4 =

4 � (4 + 1)
2

:

However, remember that it is not su�cien t to check somevaluesof n. We had to prove the
statement for all natural numbers n.

Remark. We might want to prove a statement Sn for all n � 0, or for all n � 2, etc., rather
than for all n � 1. In this case,the basis step should check that the statement is valid for
the smallest value of n, say, n = 0, or n = 2 in the above cases.

Sometimesto prove Sk+1 , it is insu�cien t to assumeSk alone,but Sn for n � k is needed.
Then we usethe so-calledStrong Induction formulated below.

Theorem 4.3. (Strong Mathematical Induction) Let Sn be a statement about a positive
integer n. Supposethat

1. S1 is true,

2. If k � 1 and Sn is true for all 1 � n � k then Sk+1 is true.

Then Sn is true for all positive integers n.

Remark. As above, we might want to start with 0 or 2 or something elserather than with 1.

Example 4.4. Prove that any integer n � 2 can be written in the form n = 2a + 3b for
somenonnegative integersa and b (we will say that n is a nonnegative linear combination of
2 and 3).
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Proof. Basis step. If n = 2, we have n = 2 � 1 + 3 � 0.
Inductiv e step. Supposethat k � 2 and the statement holds for all 2 � n � k. We want to
prove it for n = k + 1.
CaseI. k = 2, so k + 1 = 3. Then k + 1 = 3 = 2 � 0 + 3 � 1.
Case I I. k � 3, then 2 � k � 1 � k, thus the statement holds for n = k � 1. We have
k � 1 = 2a+ 3b for somenonnegative integersa and b. Then k + 1 = k � 1+ 2 = 2a+ 3b+ 2 =
2(a + 1) + 3b, so k + 1 is a nonnegative linear combination of 2 and 3.

Remark. Notice that caseI abovejust checks that the statement holds for n = 3. In literature,
this calculation is often moved to the basisstep.

Problems

1. Prove that the following formulas hold for any natural n.

(a) 12 + 22 + 32 + : : : + n2 =
n(n + 1)(2n + 1)

6

(b) 13 + 23 + 33 + : : : + n3 =
�

n(n + 1)
2

� 2

(c) 1 � 1! + 2 � 2! + : : : + n � n! = (n + 1)! � 1

(d) 1 + 3 + 5 + : : : + (2n � 1) = n2

(e) 1 � 2 + 2 � 3 + 3 � 4 + : : : + n(n + 1) =
n(n + 1)(n + 2)

3

2. Prove that for any positive integer n, n < 2n .

3. Prove that if m = 2q where q is a positive integer, then 3m � 1 is divisible by 2q+2 .

4. Supposethat 2n points are given in space.Altogether n2 + 1 line segments are drawn
between these points. Prove that there is at least one set of three points which are
joined pairwise by line segments.

5. Let f F0; F1; F2; : : :g be the Fibonacci sequencede�ned by F0 = 0, F1 = 1, and
Fn +1 = Fn + Fn � 1, n � 1. Prove the following identities.

(a) F1F2 + F2F3 + : : : + F2n � 1F2n = F 2
2n

(b)
nX

i =1

F 2
i = Fn Fn +1

(c) Fn � 1Fn +1 = F 2
n + (� 1)n

(d)
�

1 1
1 0

� n

=
�

Fn +1 Fn

Fn Fn � 1

�

(e) F 2
n � 1 + F 2

n = F2n � 1

6. There are n identical carson a circular track. Among all of them, they have just enough
gas for one car to complete a lap. Show that there is a car which can complete a lap
by collecting gas from other cars on its way around.

7. Every road in Sikinia is one-way. Every pair of cities is connectedby exactly onedirect
road. Show that there exists a city which can be reached from every other city either
directly or via at most one other city.
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8. Supposethat n lines are given in the plane. They divide the plane into parts. Show
that it is possible color the plane with two colors, so that no parts with a common
boundary line are colored the sameway. Such a coloring is called a proper coloring.

9. Consider a few points in the plane and a few line segments connecting someof them
so that (1) no two line segments intersect, and (2) each point is connected with at
least two other points (so there are no isolated points and there are no \hanging" line
segments). Such line segments divide the plane into several regions. Such a picture is
called a map. Prove that a map can be properly colored with two colors if and only
if each point is connectedwith an even number of other points. (Seeproblem 8 for
de�nition of a proper coloring)

10. Let � be any real number such that � +
1
�

2 Z. Prove that � n +
1

� n 2 Z for any n 2 N.

11. Prove that 1 <
1

n + 1
+

1
n + 2

+ : : : +
1

3n + 1
< 2.

12. Considerall nonempty subsetsof the set f 1; 2; : : : ; N g, which do not contain any neigh-
boring elements. Then the sum of the squaresof the products of all numbers in these
subsetsis (N + 1)! � 1. (e.g. if N = 3, then such subsetsof f 1; 2; 3g are f 1g, f 2g, f 3g,
and f 1; 3g, and 12 + 22 + 32 + (1 � 3)2 = 23 = 4! � 1.)

13. Find the determinant of the n � n matrix An with entries aij =

8
<

:

2 if i = j
1 if ji � j j = 1
0 otherwise

:

Hint: calculate the determinants of A1, A2, A3, and A4. Notice the pattern. Prove
your formula using Mathematical Induction.

14. Find the determinant of the n � n matrix M n with entries m ij =

8
<

:

a if i = j
b if ji � j j = 1
0 otherwise

for

arbitrary a and b. Suggestion:Find a recursive equation, prove it using Mathematical
Induction, and then �nd an explicit formula for the determinant of such n � n matrix.

15. Prove that if onesquareof a 2n � 2n chessboard is removed, then the remaining board
can be covered by L-tromino es, i.e. the �gures consisting of 3 squaresas shown below.

(You can choosewhich squareyou want to remove.)

16. Let f be a one-to-onefunction from X = f 1; 2; : : : ; ng onto X . Let f k = f � f � : : : � f
| {z }

k times
denote the k-fold composition of f with itself. Show that for somepositive integer m,
f m (x) = x for all x 2 X .



Chapter 5

Diric hlet's box principle

Theorem 5.1. (Dirichlet's Box Principle) If n + 1 or more objects are put into n boxes,
then at least one box contains more than one object.

Dirichlet's Box Principle is often called the Pigeonhole Principle and is formulated as
follows.

Suppose there are n pigeonholes in the tree, and there are at least n + 1 pigeons 
ying into
thesen holes. Then there is at least one hole containing more than one pigeon.

More formally and more generally, this principle can be formulated in the following way.

If the cardinality of a set S is bigger than the cardinality of a set T , and f is a function from
S to T, then f is not one-to-one.

jSj > jT j

S
f

� ! T

e.g.
f n + 1 pearlsg � ! f n boxesg

f n + 1 pigeonsg � ! f n pigeonholesg

Theorem 5.2. (Generalized Dirichlet's Box Principle) If qn + 1 or more pearls are put into
n boxes, then at least one box contains more than q pearls.

Problems

1. Prove that among 13 persons,at least two were born in the samemonth.

2. Prove that among 50 persons,at least 5 were born in the samemonth.

3. Prove that among 120 integers, there are two whosedi�erence endswith 00.

17
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4. Nobody has more than 300,000hairs on his head. The capital of Sikinia has 300,001
inhabitants. Can you assert with certainty that there are two personswith the same
number of hairs on their heads?

5. 7 points are selectedinside a regular hexagonwhosesideshave length 1. Prove that
there are two points such that the distance betweenthem is at most 1.

6. Supposethat 5 lattice points are chosenin the plane lattice. Prove that we can choose
2 of these points such that the segment joining these2 points passesthrough another
lattice point.

7. Prove that from any 12 distinct two-digit numbers, we can select two with a two-digit
di�erence of the form aa.

8. (a) Prove that from any 52 positive integers,we can selecttwo such that their sum or
di�erence is divisible by 100.

(b) Is the above assertionalso valid for 51 positive integers?

9. Three hundred points are selectedinside a cube with edge7. Prove that we can place
a small cube with edge1 inside the big cube such that the interior of the small cube
doesnot contain any of the selectedpoints.

10. Prove that if there are n personspresent in a room, and every person knows at least
one other person, then among them there are 2 personswho have the samenumber of
acquaintances.

11. Let a1, a2, and a3 be integers. Show that the product (a1 � a2)(a1 � a3)(a2 � a3) is
even.

12. Let a1, a2, a3, and a4 be integers. Show that the product
Y

1� i<j � 4

(ai � aj ) is divisible

by 12.

13. (a) Seven points are selectedinside a 3 � 4 rectangle. Prove that there are two of
them such that the distance betweenthem is at most

p
5.

(b) Six points are selectedinside a 3 � 4 rectangle. Prove that there are two of them
such that the distance betweenthem is at most

p
5.

14. Supposethat �ft y-one small insectsare placed inside a squareof side 1. Prove that at
any moment there are at least three insects which can be covered by a single disk of
radius 1/7.

15. Prove that in any convex 2n-gon, there is a diagonal not parallel to any side.

16. Let every block of a 3 � 7 checkerboard be coloredeither black or white. Prove that in
whichever way you color the checkerboard, it contains a rectangle consisting of more
than one row and more than one column whosefour cornershave the samecolor.

17. Using 4 colors, we color a 5 � 41 block checkerboard. Prove that, whichever way we
color the blocks, there exist at least one same-color-cornerrectangle.

18. Let twenty pairwise distinct positive integers be all less than 70. Prove that among
their pairwise di�erences there are four equal numbers.

19. Prove that among n + 1 positive integers all less than or equal to 2n, there are two
which are relatively prime.
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20. Let f a1; a2; : : : ; an +1 g be numbers from the set f 1; 2; : : : ; 2ng. Prove that one of the
ai 's is divisible by another.

21. (a) Prove that among 11 distinct positive integer numbers, there are two numbers
a < b such that the di�erence b� a endswith 0 (i.e. has the units digit 0).

(b) Is the above statement true for the tens digit?

22. Prove that from 11 in�nite decimals, we can select two numbers a and b so that the
decimal representation of a � b is �nite or has in�nitely many zeros.

23. 26 points are choseninside a 20� 15 rectangle. Prove that there are at least two points
with distance lessthan or equal to 5.

24. Let n be a positive integerwhich is not divisible by 2 or 5. Provethat there is a multiple
of n consisting entirely of ones.

25. Kevin is paid every other week on Friday. Show that every year, in somemonth he is
paid three times.
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Chapter 6

Num ber theory

In this chapter we recall basic properties of integers. (Some of them have been used in
previous chapters.)

Note. All num bers discussed in this chapter are in tegers.

De�nition 6.1. If b = aq, then we say that a divides b, and write ajb, or that b is divisible

by a, and we write b
...a.

Fundamen tal prop erties

� ajb, bjc ) ajc.

� ajb, ajc ) ajb� c. More generally, ajbx + cy for any x and y.

De�nition 6.2. The largest number that divides both a and b is called the greatest
common divisor of a and b, and is denoted by gcd(a; b) or just (a; b).

� (a; a) = a, (a; 1) = 1, (a; 0) = a, (a; b) = (b;a).

De�nition 6.3. An integer greater than 1 is called prime if it has exactly two divisors, 1
and itself. An integer greater than 1 that is not prime is called comp osite .

Theorem 6.4. There are in�nitely many primes.

Theorem 6.5. (Euclid's lemma) If p is prime, pjab, then either pja or pjb.

Theorem 6.6. (Fundamental theorem of arithmetic) Every positive integer has a prime
factorization, i.e. can be written as a product of primes (and such a product is unique up to
order of the factors).

Example 6.7. 12 = 2 � 2 � 3 = 2 � 3 � 2 = 3 � 2 � 2 are the only prime factorizations of 12. The
order of the factors is di�eren t, but the set of factors is the same.

� pja, qja, p and q are distinct primes ) (pq)ja.

De�nition 6.8. Integersa and b are called relativ ely prime , or coprime, if (a; b) = 1.

Remark. The numbers a and b may be relatively prime even if they are both composite. For
example,8 = 2� 2� 2 and 15 = 3� 5 are composite but relatively prime sincethey do not share
any factors.

21
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Theorem 6.9. For any pair a, b, theit greatest common divisor (a; b) is a linear combination
of a and b, i.e. there exist integersx and y such that (a; b) = ax + by. Moreover, (a; b) is the
smallest positive integer that can be written in the form ax + by for somex and y.

Corollary 6.10. Numbers a and b are relatively prime if and only if there exist x and y such
that ax + by = 1.

De�nition 6.11. For every pair a; b 6= 0 there exist unique q and r such that

a = bq+ r; 0 � r < b:

The numbers q and r are called the quotien t and remainder upon division of a by b.

� Any integer can be written in the form 10q + r for someq and r where 0 � r � 9.

� Any integer can be written in the form 10n an + 10n � 1an � 1 + : : : + 102a2 + 10a1 + a0

where an , : : :, a0 are the digits of the integer.

� If two numbers have the sameremainder upon division by b, then they can be written
as bq1 + r and bq2 + r . Their di�erence is b(q1 � q2), and thus it is divisible by b.

� Note that when we divide by b, there are b possible remainders. Thus given b + 1
numbers, by Dirichlet's Box Principle at least 2 of them have the same remainder.
Their di�erence is divisible by b.

De�nition 6.12. Integers a and b are said to be congruen t mod m, and we write a �
b(mod m) if mj(a � b). Equivalently , a � b = mq for someq, or a = b+ mq, or a and b have
the sameremainder upon division by m.

For example,12 � 7(mod 5) becausethey have the sameremainder upon division by 5.

� Congruencescan be added, subtracted, and multiplied: if a � b(mod m) and c �
d(mod m), then a � c � b� d(mod m) and ac � bd(mod m).

� If a � b(mod m) then ac � bc(modm).

� Cancellation rule: if (c;m) = 1, ca = cb(mod m), then a � b(mod m).

Theorem 6.13. (Fermat's theorem) If p is prime, then ap � a(mod p).

Corollary 6.14. If p is prime and p 6ja, then ap� 1 � 1(mod p).

Example 6.15. Let p = 5. Then 14 = 1 � 1(mod 5), 24 = 16 � 1(mod 5), 34 = 81 �
1(mod 5), 44 = 256� 1(mod 5).

Useful form ulas

� an � bn = (a � b)(an � 1 + an � 2b+ : : : + abn � 2 + bn � 1)

� if n is odd, an + bn = (a + b)(an � 1 � an � 2b+ : : : + (� 1)n � 2abn � 2 + (� 1)n � 1bn � 1)

Problems

1. Show that 3
p

25 is irrational.
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2. Show that log2 5 is irrational.

3. (a) Prove that a natural number is divisible by 9 i� the sum of its digits is divisible
by 9.

(b) Prove that if the sum of the digits of a number is 66 then it is not a perfect square.

4. Show that 3 divides both a and b i� 3 divides a2 + b2.

5. (a) If c is a perfect square(the squareof an integer), what are the possiblevaluesof
its last (units) digit?

(b) Conclude that a number ending with 3 cannot be a perfect square.

6. (a) If c is a perfect square,what are the possiblevaluesof its remainder upon division
by 4?

(b) Conclude that a number ending with 66 cannot be a perfect square.

7. Can a number ending with 65 be a perfect square?

8. The four-digit number aabbis a perfect square. Find it.

9. Find 2100 mod 5 (that is, �nd the remainder upon division of 2100 by 5).

10. Show that A = 3105 + 4105 is divisible by 7. Find A mod 11 and A mod 13.

11. Show that if the units digit of a natural number n is 3 then 5j(n2 + 1).

12. Show that for for any natural n, 6j(n3 + 5n).

13. Show that if n is not prime, then 2n � 1 is not prime.

14. Show than 2n 6jn! for any n 2 N.

15. Find all primes p and q such that p2 � 2q2 = 1.

16. Find all the integral solutions of x + y = xy.

17. Show that x2 � 3y2 = 17 has no integral solutions.

18. Find all integral solutions of x + y = x2 � xy + y2.

19. How many pairs of positive integersare solutions to the equation 2x + 3y = 100?

20. How many pairs of positive integersare solutions to the equation 5x + 7y = 1234?

21. Does there exist a number that starts with 123 and is divisible by 4567? If so, �nd it.

22. Does there exist a number that endswith 123 and is divisible by 4567? If so, �nd it.

23. Show that 2457 + 3457 is divisible by 5.
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Chapter 7

Case study

We have seenin the previous chapter that somenumber theory problems can be solved by
consideringall possibleremaindersmod n for a variable. The problem about roads in Sikinia
(problem 7 in chapter 4) also required considering somecasesseparately. As we will seein
future chapters, the technique of consideringall possiblecasescan be usedin many di�eren t
problems of very di�eren t types.

Here is a couple of typical exampleswhere we needto consider two or more cases.

If ab = 1 (and a; b 2 R), then there are 3 possibilities:

� a = 1

� a 6= 0, b = 0

� a = � 1 and b is even

Example 7.1. Find all valuesof x for which (x2 � 5x + 5)x 2 � 9x +20 = 1.

Solution. Let a = x2 � 5x + 5 and b = x2 � 9x + 20. Then we haveab = 1.
CaseI. a = 1:

x2 � 5x + 5 = 1
x = 1 or x = 4

CaseII. a 6= 0, b = 0.
First solveb = 0:
x2 � 9x + 20 = 0
x = 4 or x = 5
For both roots a 6= 0.

CaseIII. a = � 1 and b is even.
First solvea = � 1:
x2 � 5x + 5 = � 1
x = 2 or x = 3
For both roots b is even.

Therefore, the solutions are 1, 2, 3, 4, and 5.

Recall that the absolute value of a real number x is denoted jxj and is given by

jxj =
�

x if x � 0
� x if x < 0

Here is the graph of jxj:
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x

y

y = xy = - x

To solve problems involving the absolute value, consider 2 cases: when the expression
inside the absolute value is positive or 0, and when it is negative. If there are several
absolute values,consider2 casesfor each absolute value.

Example 7.2. Solve 3jx2 � 9j � 11x + 7 = 0.

Solution. CaseI. If x2 � 9 � 0, then jx2 � 9j = x2 � 9, and the equation becomes
3(x2 � 9) � 11x + 7 = 0
3x2 � 11x � 20 = 0
Using the quadratic formula, we �nd x = 5 or x = � 4=3
x = 5 satis�es the condition x2 � 9 � 0, but x = � 4=3 does not, so we throw it away.

CaseII. If x2 � 9 < 0, then jx2 � 9j = � (x2 � 9), and the equation becomes
� 3(x2 � 9) � 11x + 7 = 0
� 3x2 � 11x + 34 = 0
the roots are 2 and � 17=3, but the second root does not satisfy the condition x2 � 9 < 0, so
we throw it away.

Thus the only roots are 5 and 2.

Problems

1. Prove that if n is an integer then

(a) n3 + 5n is divisible by 3,

(b) n2 + 2 is not divisible by 5.

2. Solve for x:

(a) xx 2 � 7x +12 = 1

(b) (xx +1 )x 2
= 1

(c) x(x 2 ) = x2

(d) x(( x +1) 2 ) = x16

(e) x(x x ) = (xx )x

(f )
p

xx +1 = x
p

x +1

(g) (x � 3)x 2 � 8x +15 = 1

3. Find all pairs (x; y) that satisfy the system
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(a)
�

x2x = y + 1
xy = 1

(b)
�

xx + y = y4

yx + y = x

4. Solve for x:

(a) x2 + j2x � 2j = 1

(b) x2 � j5x � 6j � 0

(c) j2x + 3j � jxj = 3

(d) j2x � 1j � jx + 5j = 3

(e) jx � 5j + j2x � 4j � 6

(f ) jx � 1j � jx � 3j � 5

(g) jx + 1j + 5 � x2 � 0

5. Sketch the graph of

(a) f (x) = jx2 � 4j + 2

(b) y = jx2 � 1j � jx2 � 4j

(c) f (x) = jx + jx + 2jj .

(d) y = jx2 � 4jxj + 3j

(e) jxj + jyj = 1 + jxyj

6. Sketch the region:

(a) f (x; y) j jxj + jy3j < 8g

(b) f (x; y) j jx � yj + jxj � jyj � 2g

(c) f (x; y) j 2jy � xj + jy + xj � 1g

7. Find all integral solutions of

(a) ab = 625

(b) (ab)c = 64

(i.e. list all the solutions and show that there are no other solutions).
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Chapter 8

Finding a pattern

Example 8.1. Find the n-th derivative of f (x) = 5x .

Solution. Find the �rst few derivatives (until you can see a pattern):
f 0(x) = ln 5 � 5x

f 00(x) = ln 5 � ln 5 � 5x = (ln 5)2 � 5x

f 000(x) = (ln 5)2 � ln 5 � 5x = (ln 5)3 � 5x

We notice that f (n ) (x) = (ln 5)n � 5x .
It is easy to prove this formula using Mathematical Induction.
The basis step is f 0(x) = ln 5 � 5x .
Inductive step: suppose f (k ) (x) = (ln 5)k � 5x is true. Then
f (k+1) (x) = (f (k ) (x))0 = ((ln 5)k � 5x )0 = (ln 5)k � ln 5 � 5x = (ln 5)k+1 � 5x :

Note. When you notice a pattern, it is often neededto guessa formula (which you can then
prove by Mathematical Induction or someother method).

Example 8.2. Guessa formula for the n-th term of the sequence:1, 3, 6, 10, 15, 21, : : :

Solution 1. Notice that the di�er ence between the �rst and the second terms is 2, the dif-
ference between the second and the third terms is 3, and then the di�er ences are 4, 5, 6, : : :
Thus
a1 = 1,
a2 = 1 + 2,
a3 = 1 + 2 + 3,
a4 = 1 + 2 + 3 + 4,
a5 = 1 + 2 + 3 + 4 + 5,
a6 = 1 + 2 + 3 + 4 + 5 + 6.

So it appears that an = 1 + 2 + : : : + n =
n(n + 1)

2
.

Note. Of coursefor the problemslike this one,sinceonly a few terms of a sequenceare given,
there may be several di�eren t formulas valid for these few terms. We tried to �nd a simple
one.

Problems

1. Guessa formula for the n-th term of the sequencef a1; a2; a3; : : :g whose�rst few terms
are given. Try to �nd the simplest possibleformula, but any correct formula (that is,
any formula that works for the given terms) will be accepted.
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(a) -1, 0, 1, 2, 3, 4, 5, : : :

(b) 5, 7, 9, 11, 13, 15, : : :

(c) 1, 3, 4, 6, 7, 9, 10, 12, : : :

(d)
1
2

,
1
2

,
3
8

,
1
4

,
5
32

,
3
32

,
7

128
, : : :

2. Guessa formula for the n-th term of the sequencewhose�rst few terms are given.

(a) 1, 4, 9, 16, 25, 36, 49, ...

(b) 8, 10, 12, 14, 16, 18, ...

(c) 3, 1, � 1, � 3, � 5, � 7, ...

(d) 1, 2, 1, 4, 1, 6, 1, 8, ...

(e) 0, 1, 3, 7, 15, 31, ...

3. Compute An = 1+ 3+ 5+ : : :+ (2n � 1) for somesmall valuesof n. Notice the pattern.
Write a formula for An and prove it using Mathematical Induction.

4. Find
1

1 � 2
+

1
2 � 3

+
1

3 � 4
+ : : : +

1
(n � 1)n

. Prove your formula.

5. Let f 1(x) = 2x + 1 and f n = f 1 � f n � 1. Compute f n for somesmall valuesof n. Notice
the pattern. Write a formula for f n and prove it using Mathematical Induction.

6. Let f 1(x) =
1

2 � x
and f n +1 = f 1 � f n for n � 1. Find an expressionfor f n (x) and use

Mathematical Induction to prove it.

7. What is the last digit of 107107? (Hint: �nd the last digit of 107n for small valuesof n
and notice the pattern.)

8. What is the last digit of 12345678?

9. What are the last two digits of 750?

10. Find the remainder of 54321 upon division by 11.

11. Find the n-th derivative of

(a) g(x) = sin(x),

(b) g(x) = ln(x),

(c) h(x) = 2e5x .

12. n lines in general position are given in a plane. (General position meansthat no two
lines are parallel, and no 3 lines have a commonpoint.) Into how many regionsdo they
divide the plane?

13. Supposen circles are given in a plane, such that every pair of circles has 2 intersection
points, but no 3 circles have a common point. Into how many regions do they divide
the plane?
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14. Amanda is training her rabbit to climb a 
igh t of 10 steps. The rabbit can hop up 1
or 2 stepseach time he hops. He never hops down, only up. How many di�eren t ways
can he hop up the 
igh t of 10 steps? (Don't even try to list all the ways. There are
too many of them! Better replace10 by small numbers, and guessthe pattern. Prove
your guessusing Mathematical Induction.)

Let F0 = 0, F1 = 1, F2 = 1, : : :, F99 be the �rst 100 Fibonacci numbers (recall that
Fn = Fn � 1 + Fn � 2 for n � 2). How many of them are even?

15. Find a formula for

2n � 1Y

i =1

�
1 �

(� 1)i

i

�
=

�
1 �

� 1
1

� �
1 �

1
2

� �
1 �

� 1
3

�
: : :

�
1 �

� 1
2n � 1

�

and prove it.
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Chapter 9

In varian ts

De�nition 9.1. An in varian t is something that doesn't change.

Example 9.2. The numbers 1; 2; : : : ; 10 are written on the blackboard. We pick any two
numbers, let's call them a and b, we erasethem, and write a + 1 and b � 1 instead. Is it
possibleto get ten 5's by a sequenceof such operations?

Solution. Notice that when we increasea by 1 and decreaseb by 1, the sum of the numbers
does not change. Initial ly the sum is 1 + 2 + : : : + 10 = 55, and 10 � 5 = 50, so it is not
possibleto get ten 5's.

Example 9.3. Each of the numbers a1; a2; : : : ; an is 1 or � 1, and

S = a1a2a3a4+ a2a3a4a5+ : : :+ an � 3an � 2an � 1an + an � 2an � 1an a1+ an � 1an a1a2+ an a1a2a3 = 0:

Prove that 4jn.

Solution. If wereplace ai by � ai , then S doesnot changemod 4 since four terms (containing
ai ) changetheir sign. Indeed, if all four terms are of the samesign, then their sum changes
from 4 to � 4 or from � 4 to 4, thus S changesby � 8. If one or three havethe samesign, then
their sum changesfrom 2 to � 2 or from � 2 to 2, thus S changesby � 4. Final ly, if two are
positive and two are negative, then the sum doesn't change. Initial ly, we have S = 0 which
implies S � 0(mod 4). Now, step-by-step,we can changeeach negative � 1 into a positive 1:
This does not changeS mod 4. At the end, we stil l have S � 0 (mod 4), but also S = n, so
4jn.

Here are a few things that are very often invariants in problems involving setsof numbers
and allowed operations, so you may want to try look at them. Sometimes,of course, you
have to be very creative!

� The sum or the product of all given numbers

� The number of positive or negative numbers

� The number of even or odd numbers

� The number of numbers congruent to a modulo b

� One of the above modulo a positive number (e.g. the sum modulo 2, i.e. the parit y of
the sum; the product modulo 3; the number of positive numbers modulo 4; etc.)
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In the example below, we �nd a positive decreasingfunction rather than a constant
function. The idea is that the value of that function must be non-negative. We apply a series
of steps each of which decreasesthe value of the function. Since the value cannot become
negative, sooner or later it will reach 0.

Example 9.4. 2n ambassadorsare invited to a banquet. Every ambassadorhas at most
n � 1 enemies. Prove that the ambassadorscan be seated around a round table, so that
nobody sits next to an enemy.

Solution. First, we seat the ambassadorsrandomly. Let H be the number of neighboring
hostile couples. We must �nd an algorithm which reduces this number wheneverH > 0. Let
(A; B ) be a hostile couple with B sitting to the right of A:

BA
We want to separate them so as to cause as little disturbance as possible(moreover, we

do not want to gain any new neighboring hostile couples). This wil l be achieved if we reverse
somearc B C as shownbelow. H wil l be reduced if (A; C) and (B ; D) are friendly couples.

BA

D C D B

A C
It remains to be shown that such a couple always exists. We start at A and go around

the table counterclockwise. We wil l encounter at least n friends of A. To their right, there
are at least n seats. They cannot all be occupied by enemiesof B since B has at most n � 1
enemies. Thus, there is a friend C of A with right neighbor D , a friend of B .

Problems

1. Start with the set f� 3; � 2; � 1; 1; 2; 3g. In each step you may choose any two of
these numbers and change their signs. Show that it is not possible to reach the set
f 3; 2; 1; 1; 2; 3g.

2. Start with the set f� 3; � 2; � 1; 1; 2; 3g. In each step you may multiply or divide any of
these numbers by any positive number. Show that it is not possible to reach the set
f� 2; � 1; 1; 2; 3; 4g.

3. Start with the set f 1; 1; 1; 1g. In each step, you may either multiply oneof the numbers
by 3, or subtract 2 from it. Show that it is not possibleto reach the set f 1; 2; 3; 4g.
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4. Start with the set f 1; 2; 3; 4; 5; 6g. In each step, you may add 2 to any 5 numbers or
subtract 1 from any 5 numbers. Can you reach f 1; 2; 4; 8; 16; 32g?

5. Start with the set f 1; 2; 3; 4g. In each step you may add or subtract 2 times one of the
numbers to/from another number. Say, you can replace1 by 1 + 2 � 2, or by 1 � 2 � 2,
or by 1 + 2 � 3, etc. Can you reach f 10; 20; 30; 40g?

6. Start with the set f 1; 3; 6g. In each step you may choosetwo of the numbers, let's call
them a and b, and replacethem by 0:6a� 0:8band 0:8a+ 0:6b. Can you reach f 2; 4; 5g?

7. Start with the table shown below. In onestep, you may either add 1 to all the numbers
in any row or column, or subtract 1 from all the numbers in any row or column. Prove
that it is not possibleto reach nine 1's.

0 0 0

0 1 0

0 0 0

8. Initially 1 is written in every cell of a 5 � 5 table. You may change the signs of the
numbers in any two adjacent cells. Is it possibleto make all of the numbers � 1?

9. There are several + and � signson a blackboard. You may erasetwo signsand write,
instead, + if they are equal and � if they are unequal. Prove that the last sign on the
board doesnot depend on the order of erasure.

10. Assume we have an 8 � 8 chessboard with the usual coloring. You may repaint all
squaresin any row or column. The goal is to attain just one black square. Can you
reach the goal? What if you are allowed to repaint all squaresin a 2 � 2 square?

11. Each of the numbers 1 to 106 is repeatedly replaced by its digital sum until we reach
106 one-digit numbers. For example,987654is replacedby 9 + 8 + 7 + 6 + 5 + 4 = 39,
then 39 is replacedby 3+ 9 = 12, and �nally , 12 is replacedby 1+ 2 = 3. Among these
106 one-digit numbers, will we have more 1's or 2's?

12. You can write all the digits from 1 to 9 in a row in any order you like, and then you
write plus signsbetweensomedigits (as many plus signsasyou like). For example,you
could write 7+ 35+ 19+ 4+ 2+ 8+ 6. Finally, you evaluate of the obtained expression.
Prove that there is no way to get the value of 100. Or 101. Or 102. Or 103... What is
the smallest possiblethree-digit number that can be obtained in this game?

13. Start with the positive integers1; 2; : : : ; 4n � 1. In each step you may replaceany two
integersby their di�erence. Prove that an even integer will be left after 4n � 2 steps.

14. Let n be an odd positive integer. First we write the numbers 1; 2; 3; : : : ; 2n on the
blackboard. Then we pick any two numbers, a and b, erasethem, and write, instead,
ja � bj. We do this until only one number remains. Prove that an odd number will
remain at the end.

15. The numbers from 0 to 9 are written along a circle in random order. Betweenevery 2
neighboring numbers a and b (in the clockwise order) we write 2b� a. Then we erase
the original numbers. This step is repeated. Show that it is not possibleto reach ten
5's. (For example, the numbers could be written in the following order: 1, 5, 3, 9, 0, 2,
4, 6, 8, 7. Then the new numbers would be 9, 1, 15, � 9, 4, 6, 8, 10, 6, � 5.)
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16. A circle is divided into six sectors. Then the numbers1, 0, 1, 0, 0, 0 are written into the
sectorsasshown on the picture below. You may increaseany two neighboring numbers
by 1. Is it possibleto equalizeall numbers by a sequenceof such steps?

1

0

0

00

1

17. The integers 1; 2; 3; 4; 5; 6 are arranged in any order on 6 placesnumbered 1 through
6. Now we add its place number to each integer. Prove that there are two among the
sumswhich have the sameremainder mod 6.

18. There are a white, b black, and c red chips on a table. In one step, you may choose
two chips of di�eren t colorsand replacethem by onechip of the third color. If just one
chip will remain at the end, prove that its color does not depend on the evolution of
the game,but it only dependson the numbers a, b, and c.

19. Nine 1 � 1 cells of a 10� 10 squareare infected. Two cells are called neighbors if they
have a common side. In one time unit, the cells with at least two infected neighbors
becomeinfected. Can the infection spreadto the whole square(in any amount of time)?

20. Twelve 1 � 1 cells of a 10 � 10 squareare infected. Two cells are called neighbors if
they share at least one vertex (thus an inner cell has 8 neighbors). In one time unit,
the cells with at least 4 infected neighbors becomeinfected. Can the infection spread
to the whole square(in any amount of time)?

21. In the Parliament of Sikinia, each member has at most three enemies.Prove that the
housecan be separatedinto two houses,so that each member has at most one enemy
in his own house.

22. In the table below, you may switch the signsof all numbersof a row, column, or parallel
to one of the diagonals, In particular, you may switch the sign of each corner square.
Prove that at least one � 1 will remain in the table.

� 1 1 � 1 1
1 1 1 1
1 1 � 1 � 1
1 � 1 1 1

23. There are seven 1's and eight � 1's on a blackboard. In each step, you may eraseany
two numbers, say, a and b, and write � ab instead. Show that no matter in what order
we erasethe numbers, 1 will remain in the end.

24. Start with the set f 1; 4; 32; 128; 256g. In each step, you may divide one number by 2
and multiply another number by 2. Is it possibleto reach the set f 512; 32; 16; 16; 2g?



Chapter 10

Coloring

Example 10.1. In 1961,the British theoretical physicist M. E. Fisher solved a famous and
very tough problem. He showed that an 8 � 8 chessboard can be covered by 2 � 1 dominoes
in 24 � 9012 = 12;988;816 ways. Now let us cut out two diagonally opposite corners of the
board. In how many ways can you cover the 62 squaresof the mutilated chessboard with 31
dominoes?

Solution. Zero. There is no way to cover the mutilated chessboard. Each domino coversone
black and one white square. If a covering of the board existed, it would cover 31 black and
31 white squares. But the mutilated chessboard has 30 squares of one color and 32 squaresof
the other color.

Example 10.2. A rectangular 
o or is coveredby 2� 2 and 4� 1 tiles. One tile got smashed.
There is a tile of the other kind available. Show that the 
o or cannot be covered by rear-
ranging the tiles.

Solution. Color the 
o or as shownon the picture below. A 4 � 1 tile alwayscovers either 0
or 2 black squares. A 2 � 2 tile alwayscovers one black square. Therefore it is impossibleto
exchangeone tile for a tile of the other kind.
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Besidesthe coloringsusedin the above examples,the \strip e colorings" and the "diagonal
colorings" shown below are often helpful.
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Also, you can use the strip e or diagonal pattern with more colors; or the strip e pattern
with onestrip e of onecolor followed by several strip esof another color; and soon. Of course,
sometimesyou haveto be creativeand �nd your own coloring that would work for a particular
problem!

Problems

1. Prove that a 14 � 14 board cannot be covered by 49 T-tetromino es (see pictures of
tetromino esbelow).

2. Prove that an 8� 8 chessboard cannot be coveredby 15 T-tetromino esand one square
tetromino.

3. Provethat a 10� 10board cannot becoveredby 15T-tetromino esand 10L-tetromino es.

4. Is it possible to form a rectangle with the �v e tetromino es shown below (using one
tetromino of each kind)?

T-tetromino
square

tetromino
L-tetromino

skew
tetromino

straight
tetromino

5. An 8� 8 chessboard is coveredby tetromino es. Prove that the number of T-tetromino es
is even.

6. In chess,is it possiblefor a knight to start at the upper left corner, go throught every
squareon the chessboard exactly onceand reach the lower right corner? (Seeallowed
movesin chapter 1.)

7. Prove that the �gure shown below (with center block removed) cannot be covered by
dominoes.

8. The �gure below showsa road map connecting14cities. Is there a path passingthrough
each city exactly once?
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9. Prove that a 6 � 6 board cannot be covered by 9 L-tetromino es.

10. Prove that an 8 � 8 square cannot be covered by 11 straight tetromino es and 5 L-
tetromino es.

11. Prove that an 8 � 8 board with one corner square removed (so, 63 squaresremain)
cannot be covered by 21 straight tromino es(i.e. 3 � 1 tiles).

12. Prove that a 15� 8 board cannot be covered by 2 L-tetromino esand 28 skew tetromi-
noes.

13. Prove that a 23� 23 squarecannot be covered by 2 � 2 and 3 � 3 tiles.

14. Prove that a 10� 10 board cannot be covered by 25 straight tetromino es.

15. Prove that an a � b rectangle can be covered by 1 � n rectanglesi� nja or njb.

16. Prove that there is no way to pack �ft y-four 1 � 1 � 4 bricks into a 6 � 6 � 6 box.

17. A 7� 7 squareis coveredby sixteen 3� 1 and one1� 1 tiles. What are the permissible
positions of the 1 � 1 tile?

18. The map below shows the cities and one-way roads in Sikinia.

(a) Prove that there is no closedpath (a path is closed if it starts and quits in the
samecity) that visits every city exactly once.

(b) Is there a closedpath that visits every city exactly twice?

(c) How about a path, not necessaryclosed,that starts in the upper left corner and
visits every city exactly once?

(d) Finally, is there a path, not necessarilyclosed,that starts in the upper left corner
and visits every city exactly twice?
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19. (a) The verticesand midpoints of the facesaremarkedon a cube, and all facediagonals
are drawn. Prove that there is no path along the face diagonals that visits each
marked point exactly once.

(b) Show that if one walk along an edgeis allowed, then there is a path visiting all
the marked points. (Find such a path.)

20. Show that if 4 � 1 � 1 bricks and 2 � 2 � 2 cubes �ll (without overlap) an 8 � 8 � 8
cube, then the number of 2 � 2 � 2 cubes is even.

21. Prove that an 8 � 8 board cannot be covered by 7 T-tetromino esand 9 L-tetromino es.



Chapter 11

Areas and Volumes

Recall the following area and volume formulas:

1. Triangle

b

c
h

a Area A =
1
2

bh =

r
p
2

� p
2

� a
� � p

2
� b

� � p
2

� c
�

where p = a + b+ c

2. Trapezoid

h

b

a

Area A =
1
2

(a + b)h

3. Ball

r Volume V =
4
3

� r 3

where r is the radius

4. Pyramid and cone

A

h h

A

Volume V =
1
3

Ah

where A is the area of the base
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Problems

Find the areasof the following (shaded) regions. If a grid is given, assumeeach small
squareis 1 � 1.

1. 2 .

3. 4. Regular octagon

5. 6.

1
2

3

4

3

2

1
5

4

7. Trapezoid 8. Trapezoid

7

5

4 4

8

5
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In problems9 and 10 the curvesthat appear to be arcsof circlesare indeedarcsof circles.
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9. 10.

In problems 11-14 each circle has radius 1 and passesthrough the center of each other
circle.

11. 12.

13. 14.

15. 16. Lines are tangent to the circle
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17 An open box is formed from a squareof cardboard by cutting a 3 cm squarefrom each
corner and folding up the edgesto form sides. If the volume of the box is 60 cubic cm,
�nd the dimensionsof the box.

18 What are the dimensionsof a cube if the volume is 1728 cubic cm and has a surface
area of 888 squarecm?

Compute the volumesof the following solids:

19 Regular octahedron

1

20 Truncated prism (square2 � 2 baseand 1 � 1 top, each side edgeof length 1)

2

1
1

21 The solid inside the sphereof radius 1 and above the cube inscribed in it.



Chapter 12

Symmetry , Translations,
Rotations, and Similarit y

Somegeometry problems can be solved algebraically. Consider the following example.

Example 12.1. There are 2 polesof heights a and b as shown below. The distance between
the poles is d. Find the point on the ground equidistant from the tops of the poles.

Note. Depending on our goal, the word \�nd" here could mean either \calculate the
location of that point", e.g. \�nd the distance betweenthe point and oneof the poles", or it
could mean \�nd this point geometrically, using a ruler and a compass".

a
b

x d-x

d

B

P
L

A

Calculation. Let x be the distance between one of the poles and the point P we are looking
for. Then the distance between the other pole and the point P is d � x. We use Pythagorean
theorem to compute the distances between P and the tops of the poles A and B , and set the
two distances equal:

p
a2 + x2 =

p
b2 + (d � x)2

a2 + x2 = b2 + (d � x)2

a2 + x2 = b2 + d2 � 2dx + x2

a2 = b2 + d2 � 2dx
2dx = b2 + d2 � a2

x =
b2 + d2 � a2

2d
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Construction. Since the point P is equidistant from the tops of the poles, it lies on the
perpendicular bisector of AB . Thus all we have to do is to draw the perpendicular bisector
of AB , and then P is its intersection with the line L .

Remark. It is easy to calculate the position of the point P using the above construction.
Intro duce a coordinate system with the origin at the bottom of one of the poles, write an
equation of the line through A and B , then write an equation of the perpendicular bisector,
and �nd its x-intercept. Someproblems are easierto solve by a geometric construction and
a calculation basedon the construction than by equations.

Example 12.2. A rope of length l is strung betweenthe two pole tops and a weight is hung
from a ring on the rope, which is not long enoughfor the weight to reach the ground. How
high from the ground doesthe weight hang?

d

B

L

A

l
P

a-h

h
x d-x

b-h

h
P''P'

Solution. Using Pythagorean theorem, we get
p

(a � h)2 + x2 +
p

(b� h)2 + (d � x)2 = l :

Using similar triangles AP P 0 and B PP 00, we get
a � h

x
=

b� h
d � x

:

Thus we have a system of two equations with two unknowns. Although it is possible to
solvethis system, it is not easy. There is a nicer way to solve this problem.

First �nd the location of the weight geometrically:

d

B

L

A

l
P

b�h h

b�h
P''
b�h
B'

a�h

P'
A'

If P is the position of the weight (which we have to �nd), let P 0P00 be the horizontal
line through P. Re
ect B about P 0P00, let B 0 denote its image. Then PB = PB 0, thus
AB 0 = AP + PB 0 = AP + PB = l. Therefore to �nd B 0, we have to draw a circle of radius
l centered at A, and then B 0 is its intersection point with the right pole. Once B 0 is found,
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divide B B 0 into 2 equal intervals with P 00 the midpoint. Draw a horizontal line through P 00.
Its intersection point with AB is the point P.

Further, let A0B 0 be the horizontal line through B 0. Look at the triangle A0B 0A. Since
A0B 0 = d, A0A = a + b� 2h, and AB 0 = l , we have

d2 + (a + b� 2h)2 = l2

a + b� 2h =
p

l2 � d2

2h = a + b�
p

l2 � d2

h =
a + b�

p
l2 � d2

2

Example 12.3. Two circlesC and D, and a distance l ale given. Draw a horizontal segment
X Y of length l such that X lies on C and Y lies on D. (Assumethat such a segment exists.)

C
D

YX

l

Solution. Translate the circle C by the distance l to the right. Let's call this new circle C0.
Let Y be an intersection point of C0 and D if it exists. Draw a horizontal line through Y .
Then X is one of the intersection points of this line and the original circle C:

C
D

YX

l
C'

Note. If C0 and D do not intersect, translate C0 to the left instead of to the right.

Example 12.4. Two distinct lines p and q are given, and a point S. Draw a squareAB CD
that satis�es the following conditions:

� Point S is the center of the square.

� The vertex A of the squarelies on the line p.

� The vertex B , the counterclockwise neighbor-vertex of A, lies on the line q.
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A

B

C

D

S

q

p

Solution. Notice that the segments SA and SB must be perpendicular and of the same
length. So rotate the line p through an angle of 90 degrees in the counterclockwisedirection
around the point S. Let p0 be the new line. Let B be the intersection point of p0 and q. Once
we haveone vertex and the center, it's easy: draw the line B S, �nd D such that SD = SB .
Draw the line through S perpendicular to SB , �nd A and C.

A

B

C

D

p

q p'

S

Problems

In all the problems below, \�nd" means \construct", or \dra w". You do not have to
calculate the locations of all the points. Assumethat solutions exist.

1. Two circles and a line are given. Supposethat none of them intersect. Find a point A
on the �rst circle, a point B on the line, and a point C on the secondcircle such that
AB + B C is a minimum.

2. Show that amongall rectangleswith given perimeter, the squarehas the maximal area.

3. A circle, a line, and a distance l are given. Find a point X on the circle, and a point
Y on the line, such that the segment X Y is horizontal and has length l .

4. A farmer has2400ft of fencing and wants to fenceo� a rectangular �eld that bordersa
straight river. He needsno fencealong the river. What are the dimensionsof the �eld
that has the largest area?
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5. Two distinct lines p and q are given, and a point S. Draw a squareAB CD that satis�es
the following conditions:

� Point S is the center of the square.

� The vertex A of the squarelies on the line p.

� The vertex C, the opposite of the vertex of A, lies on the line q.

6. Two lines, p and q, and a point A are given. Draw a squareAB CD that satis�es the
following conditions:

� The vertex A is the given point.

� The vertex B , the counterclockwise neighbor-vertex of A, lies on the line p.

� The vertex C, the counterclockwise neighbor-vertex of B , lies on the line q.

7. Two circles are given. Draw a line that is tangent to both circles and such that the
circles lie on opposite sidesof the line.

8. The shadedregion in the �gure is bounded by three semi-circles. Cut this region into
four congruent parts, i.e. parts of equal sizeand shape.

9. A point A and two lines, p and q, are given. Find a point B on the line p, and a point
C on the line q, such that the perimeter of the triangle AB C is a minimum.

10. (a) Two points A and C, and a line are given. Find a point B on the line such that
AB + B C is a minimum.

(b) A circle, a line, and a point C are given. Find a point A on the circle and a point
B on the line such that AB + B C is a minimum.

11. Given a point A, and two lines p and q, �nd a point B on p and a point C on q such
that the triangle AB C is isosceleswith AB = AC , and the base B C is horizontal.
Assumethat a solution exists.

6�6

7�7

8�8

9�9

A

B

p
q

C
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12. Two circles with centers A and D are given. Find a point C on the �rst circle, and
a point B on the secondcircle, such that AB is horizontal and AB + B C + CD is a
minimum.

13. Two circles, S and T, and a point A are given. Find points B on S and C on T such
that 4 AB C is isosceleswith AB = AC , \ AB C = \ AC B = 75� , and \ B AC = 30� .
Assumethat a solution exists.

14. Two circles are given. Draw a line that is tangent to both circles and such that both
circles lie on one side of the line.

15. Two lines, p and q, and a point A are given. Find points B on p and C on q such that
4 AB C is isosceleswith AB = B C, and \ AB C = 90� . Assumethat a solution exists.

16. Four lines, p, q, r , and s, and a distance l are given. Construct a horizontal line that
intersectstheselines at points A, B , C, and D respectively, and such that AB + CD = l.

17. A length l is given, and lines p and q which intersect at an angle of 30� . The line q is
horizontal. Find points A on p and B on q such that
(1) AB is vertical (and thus \ CB A = 90� and \ CAB = 60� ), and
(2) The length of the bisector AD of \ CAB is equal to l .

18. Three lines are given. Find three points on theselines, onepoint on each line, that are
vertices of an equilateral triangle. (Hint: you can chooseany point on the �rst line as
one of the vertices.)



Chapter 13

Graphs

De�nition 13.1. A graph is an object consisting of a set of points called vertices , some
of which are connectedby lines (or arcs) called edges.

De�nition 13.2. A graph is simple if any 2 vertices are connectedby at most one edge
and there are no loops (edgesstarting and ending at the samevertex).

De�nition 13.3. If the edgesare oriented, then we have an orien ted or
directed graph. An exampleof an oriented graph is a one-way road system.

De�nition 13.4. If an edgee connectsthe vertices v1 and v2, then we say that v1 and v2

are the endp oin ts of e. Also, we say that v1 and v2 are adjacen t vertices . If two edgese1

and e2 sharea common vertex, then we say that e1 and e2 are adjacen t edges. A vertex v
has degree m if m endpoints of edgescoincide with v (a loop contributes 2 to the degreeof
a vertex).

Theorem 13.5. In any graph, the sum of the degreesof the verticesequalstwice the number
of the edges.

Corollary 13.6. In any graph, the number of vertices with odd degrees is even.

De�nition 13.7. An undirected graph in which every two vertices are connectedis called a
complete graph. K n denotesthe complete graph with n vertices. The graphs K 2, K 3, K 4,
and K 5 are shown below.
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52 CHAPTER 13. GRAPHS

De�nition 13.8. If the verticesof a graph can be separatedinto two parts X and Y sothat
for every edgein the graph, one of its endpoints belongsto X and the other belongsto Y ,
then we call this kind of graph a bipartite graph.

X

Y
De�nition 13.9. If every vertex in the set X is connectedto every vertex in the set Y , then
the graph is called a complete bipartite graph. K m;n denotesthe complete bipartite graph
with m vertices in the set X and n vertices in the set Y . The graphs K 2;4 and K 3;3 are
shown below.

De�nition 13.10. We say that a graph can be embedded into a plane if it is possible
to draw it in such a way that no two edgesintersect. For example, the graph K 4 can be
embeddedas follows:

Theorem 13.11. The graphsK 5 and K 3;3 can not be embedded into a plane.

De�nition 13.12. A path is a sequenceof edgese1; e2, : : :, en such that e1 = (x0; x1),
e2 = (x1; x2), : : :, en = (xn � 1; xn ). When there are no multiple edgesin the graph, this path
is denoted by its vertex sequencex0; x1; : : : ; xn . A path that beginsand endsat the same
vertex is called a cycle . A path is simple if it does not contain the sameedgemore than
once.

De�nition 13.13. An Euler path (resp. Euler cycle) is a simple path (resp. cycle)
containing every edgeof the graph.

Theorem 13.14. A connected graph has an Euler cycle if and only if each of its vertices
has evendegree.

De�nition 13.15. A Hamilton path (resp. Hamilton cycle) is a simple path (resp.
cycle) visiting every vertex exactly once.

De�nition 13.16. If all verticesof a graph can be visited by walking on edges,the graph is
connected .
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De�nition 13.17. A connectedgraph without cyclesis called a tree .
Here is an exampleof a tree:

Example 13.18. Prove that in any collection of six people either three of them mutually
know each other or three of them mutually do not know each other.

Solution. Let's translate this problem into a graph theory problem. Let six vertices a, b, c,
d, e, and f represent the six people. If two people know each other, then we use a red edge
to join thesetwo vertices. If two people do not know eath other, then we use a blue edge to
join these two vertices. Since there are edgesbetween every two vertices in the graph, it's
a complete graph K 6 with red and/or blue edges. Now the problem has been translated into
the following problem: We usered red/or blue colors to color the edgesin the completegraph
K 6. Prove that there must exist either 3 vertices such that the edgesjoining them are all
red, or 3 vertices such that the edgesjoining them are all blue. Now, let's pick any vertex
in K 6, say a. The 5 edgesbetween this vertex and the other 5 vertices are each either red
or blue. According to Dirichlet's Principle, at least 3 edgesof the �ve have the same color.
Let's assumethat ab, ac, ad are red (the blue caseis similar). Now consider the triangle bcd.
If one of the edgesbc, bd, cd is red, then we havea red triangle. Otherwise, if bc, bd, cd are
all blue, then the triangle bcd is a blue triangle. This provesthat there must exist a triangle
all of whoseedgesare colored by the samecolor.

Example 13.19. Is it possibleto draw a triangular map inside a pentagon sothat the degree
of each vertex is even?

Below is an exampleof a triangular map (but somevertices have an odd degree):

Solution. The answeris no. We wil l provethis by contradiction. Supposesucha map exists.
We know (see problem9 in chapter 4) that every map with all vertices of evendegree admits
a proper coloring, i.e. its regions can be colored with 2 colors so that no neighbouring regions
have the same color. Color our map in blue and red so that the (in�nite) region outside of
the pentagon is blue. All the other regions are triangles. Each edgehas a red triangle on one
side and and a blue region (either a triangle or that in�nite outside region) on the other side.
Now, count the number of edges(boundaries) in the map in two ways: each red triangle has3
sides,so the number of edgesis a multiple of 3, say, 3n. Each blue triangle has 3 sides, and
the in�nite region has 5 edges,so the number of edgesis a multiple of 3 plus 5, say, 3m + 5.
Thus we have3n = 3m + 5. But this is impossible.
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Problems

1. Explain why a graph can not have 7 vertices of degrees4, 4, 3, 3, 3, 2, 2.

2. Can a graph have 6 vertices of degrees4, 3, 3, 2, 2, and 1?

3. Prove that in any group of people, the number of people that are friends with an odd
number of people is even.

4. How many edgesdoesa graph have if it hasverticesof degrees4, 3, 3, 2, 2? Draw such
a graph.

5. Determine which of the following graphs are bipartite:

6. Which of the graphs in problem 5 have

(a) an Euler path?

(b) an Euler cycle?

(c) a Hamilton path?

(d) a Hamilton cycle?

7. There are 8 counties in Sikinia. There are no \four corners" points (lik e Arizona,
Colorado, New Mexico, and Utah). Each county counted the number of neighboring
counties. The numbers are 5, 5, 4, 4, 4, 4, 4, 3. Prove that at least one county made a
mistake.

8. Find the number of vertices and edgesin K n and K n;m .

9. Find a necessaryand su�cien t condition for a graph to have an Euler path but not an
Euler cycle.

10. For which valuesof n doesK n have

(a) an Euler path?

(b) a Hamilton path?

11. For what valuesof n and m doesK n;m have

(a) an Euler cycle?

(b) an Euler path?

(c) a Hamilton cycle?
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(d) a Hamilton path?

12. A knight's tour is a sequenceof legal moves by a knight starting at somesquareof a
chessboard and visiting each square exactly once. A knight's tour is called reentrant
if there is a legal move that takes the knight from the last squareof the tour back to
where the tour began.

(a) Draw the graph that represents the legal movesof a knight on a 3� 4 chessboard.

(b) Show that there is no reentrant tour on a 3 � 4 chessboard.

(c) Find a non-reentrant tour on a 3 � 4 chessboard.

13. Show that there is no reentrant knight's tour on a 4 � 4 chessboard.

14. Show that there is no knight's tour at all (reentrant or not) on a 4 � 4 chessboard.

15. There are 7 men and 7 women attending a dance. After the dance, they recall the
number of people they have dancedwith. The numbers are as follows: 3, 3, 3, 3, 3, 3,
3, 5, 6, 6, 6, 6, 6, 6. Prove that at least one of them made a mistake. (Assume that
men only dancedwith women, and women only dancedwith men.)

16. There are 10 men and 10 women at a dance. Every man knows exactly 2 women and
every woman knows exactly 2 men. Prove that after suitable pairing, every man can
dancewith a woman he knows.

17. There are 17 scientists who communicate with each other to discusssomeproblems.
They discussonly three topics, and each pair discussesat least oneof thesethree. Prove
that there are at least 3 scientists who are all pairwise discussingthe sametopic.

18. Nine mathematicians met at an international conference.They found that among any
3 of them there are at least 2 that have a languagein common. If every mathematician
speaksat most 3 languages,prove that at least three of the mathematicians can speak
the samelanguage.

19. Hamilton's \Round the World" puzzle: doesthe dodecahedron(shown below) have

(a) a Hamilton path?

(b) a Hamilton cycle?

20. (a) Prove that in a �nite simple graph having at least 2 vertices there are always two
vertices with the samedegree.

(b) Doesthe above hold for graphs with loops (but no multiple edges)?

(c) Doesthe above hold for graphs with multiple edges(but no loops)?
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21. A connectedbipartite graph G has 8 vertices. Recall that the vertices of a bipartite
graph can be divided into 2 groups A and B so that every edgeconnectsa vertex in
group A and a vertex in group B. Both groups for G have 4 vertices. Three of the
vertices in group A have degrees4, 2, and 2. Three of the vertices in B have degrees3,
1, and 1. What are the degreesof the remaining vertices?



Chapter 14

Working backw ards

\W orking backwards" is a very powerful tool that can be usedto solve many di�eren t prob-
lems.

Euclid's algorithm. Given numbers a and b, notice that if we divide a by b and obtain
quotient q and remainder r , then sincea = qb+ r , the greatest common divisor of a and b is
equal to the greatest common divisor of b and r . Euclid's algorithm is basedon this fact:

a = q1 � b+ r1; r1 < b; (a; b) = (b;r 1) r1 = a � q1 � b
b = q2 � r1 + r2; r2 < r1; (b;r1) = (r1; r2) r2 = b� q2 � r1

r1 = q3 � r2 + r3; r3 < r2; (r1; r2) = (r2; r3) r3 = r1 � q3 � r2

: : : # : : : : : : : : : "
rn � 2 = qn � rn � 1 + rn ; rn < rn � 1; (rn � 2; rn � 1) = (rn � 1; rn ) rn = rn � 2 � qn � rn � 1

rn � 1 = qn +1 � rn ; rem. = 0; (rn � 1; rn ) = rn

Thus (a; b) = r n .

Theorem 14.1. If d = (a; b), then there exist integer numbers x and y suchthat x�a+ y�b = d.

Example 14.2. Find the greatest common divisor d of a = 115 and b = 80, and �nd x and
y such that x � a + y � b = d.

Solution. 115= 1 � 80+ 35
80 = 2 � 35+ 10
35 = 3 � 10+ 5
10 = 2 � 5
Therefore (a; b) = 5.

Note. To �nd (a; b), we could factor 115= 5 � 23, 80 = 24 � 5, so (115; 80) = 5.

5 = 35� 3 � 10
= 35� 3(80 � 2 � 35) = 35� 3 � 80+ 6 � 35 = 7 � 35� 3 � 80
= 7(115� 1 � 80) � 3 � 80 = 7 � 115� 7 � 80� 3 � 80 = 7 � 115� 10 � 80

Thus x = 7 and y = � 10.

Example 14.3. Find a formula for the function whosegraph is shown below.
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1

1
x

y

y=f(x)

Solution. Let f (x) denotethe function that we want to �nd. Notice that f (x) is the absolute
value of the function g(x) whosegraph is

y=g(x)

Record this fact: f (x) = jg(x)j. Here is the graph of g(x) + 1:

y=g(x)+1 

Notice that g(x) + 1 is the absolutevalue of h(x) whosegraph is

y=h(x)

(So, g(x) + 1 = jh(x)j.) Final ly, the graph of h(x) is obtained from the graph of the
absolutevalue of x by shifting it downward a distance of 1 unit, so h(x) = jxj � 1. Now,
g(x) + 1 = jh(x)j = jjxj � 1j, so g(x) = jjxj � 1j � 1, and f (x) = jg(x)j = jjj xj � 1j � 1j.

Example 14.4. 4 onesand 5 zerosare written along a circle. Between two equal numbers
we write a oneand betweentwo distinct numberswe write a zero. Then the original numbers
are wiped out. This step is repeated. Show that we can never reach 9 ones.

For example,a possibleinitial distribution of onesand zerosand the �rst step are shown
below:
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1

1

0

0

1

00

1 0 0

0

1

0 0

1

0 1

0
1

0

0

01

0

1

1
0

0

1

1

0
0

1

0

0 0

Solution. Suppose the aim is attainable. Look at the �rst time we have 9 ones. One step
before we must have 9 equal numbers. Since it was the �rst time we got 9 ones, one step
before we must have9 zeros. Stil l one step before we have9 changes0� 1 � 0 � 1 � :::. With
an odd number of integers (9), this is not possible.

Problems

In problems 1-4, two numbers a and b are given. Use Euclid's algorithm to �nd their
greatest common divisor d = (a; b), and numbers x and y such that xa + yb = d.

1. a = 46, b = 32

2. a = 24, b = 10

3. a = 96, b = 54

4. a = 219, b = 51

5. Find integer numbers a and b such that 6 = 67a + 25b.

6. Find a and b such that it will take 5 divisions to reach the greatest common divisor of
a and b.

7. Find a and b such that in Euclid's algorithm r 7 = (a; b). Write out all the divisions.

In problems 8-12, �nd a formula for the function whosegraph is shown.

8. .

1+cos x 1-cos x 1+cos x1-cos x

y

x

p 2p-p
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9. .

1

y=f(x)

y

x

3

2

10. .

slope=1

x

y

Hint: try subtracting
x
2

from the given function.

11. .

1

1
x

y

slope=2

Hint: do problem 10 �rst.

12. .
y

1-1

1

2

x

slope=3
slope=-1

-2

13. Starting with 2, 0, 0, 3, we construct the sequence2, 0, 0, 3, 5, 8, 6, ..., where each
new digit is the mod 10 sum of the preceding four terms. Prove that the 4-tuple 0, 5,
0, 5 will never occur.

14. Starting with 2, 0, 0, 3, we construct the sequence2, 0, 0, 3, 5, 8, 6, ..., where each
new digit is the mod 10 sum of the preceding four terms. Will the 4-tuple 0, 4, 0, 7
ever occur?
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15. Two players play the following game.

� Turns alternate.

� At each turn, a player removes1, 2, 3, or 4 counters from a pile that had initially
27 counters.

� The gameendswhen all counters have beenremoved.

� The player who takesthe last counter loses.

Find a winning strategy for one of the players.

16. Two players play the following game.

� Turns alternate.

� At each turn, a player removes1, 2, 3, or 4 counters from a pile that had initially
27 counters.

� The gameendswhen all counters have beenremoved.

� The player who takesthe last counter wins.

Find a winning strategy for one of the players.

17. Two players play the following game.

� Turns alternate.

� At each turn, a player removeseither 1 or 2 counters from a pile that had initially
10 counters.

� The gameendswhen all counters have beenremoved.

� The player who takesthe last counter loses.

Find a winning strategy for one of the players.

18. There are two piles of candy. One pile contains 20 pieces,and the other 21. Players
take turns eating all the candy in onepile and separating the remaining candy into two
(not necessarilyequal) piles. (A pile may have 0 candiesin it.) The player who cannot
eat a candy on his/her turn loses.Which player, if either, can guarantee victory in this
game?

19. Two players play the following game.

� Turns alternate.

� At each turn, a player removes1, 2, 4, 8, 16, or 32 counters from a pile that had
initially 50 counters.

� The gameendswhen all counters have beenremoved.

� The player who takesthe last counter wins.

Find a winning strategy for one of the players.

20. Starting from 1, the players take turns multiplying the current number by any whole
number from 2 to 9 (inclusive). The player who �rst names a number greater than
1000wins. Which player, if either, can guarantee victory in this game?
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21. Supposeyou are writing a calculus book. You want to �nd a few cubic polynomials
f (x) = ax3 + bx2 + cx + d (preferably with integer coe�cien ts) whosecritical numbers
are integers. (Recall that a critical number is a value of x at which the derivative is
equal to 0.) How would you �nd such polynomials? Useyour strategy to �nd a couple
of polynomials.

22. Supposeyou want to give your high school students a systemof 2 linear equationswith
2 variables. You'd like the answers to be integer numbers. You could, of course, try
random coe�cien ts, say

�
2x + 3y = 4
5x � 6y = 7

;

solve your systems, and hope that sooner or later you'll �nd a system with integer
solutions, but is there a better strategy?

23. Suppose you are teaching linear algebra, and you need to �nd matrices with integer
entries whosereducedechelon forms alsohave integer entries. How would you �nd such
matrices?

24. The integers1, 2, ..., n are placed in order, so that each value is either bigger than all
precedingvaluesor is smaller than all precedingvalues. In how many ways can this be
done?

25. I have seven coins whosetotal value is $0.57. What coins do I have? And, how many
of each coin do I have? (Coins being usedat the time when this book is written have
values1 cent, 5 cents, 10 cents, 25 cents, and 1 dollar.)
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Calculus

Recall the following important de�nitions and theorems.

De�nition 15.1. loga x = y , ay = x

Theorem 15.2. (Properties of logarithms)

1. loga (xy) = loga x + loga y

2. loga

�
x
y

�
= loga x � loga y

3. loga (xr ) = r loga x

4. loga (x) =
ln x
ln a

De�nition 15.3. A function f (x) is called even if f (� x) = f (x) for all x in the domain of
f .
A function f (x) is called odd if f (� x) = � f (x) for all x in the domain of f .

De�nition 15.4. A function f � 1 is called the in verse of f if

f � 1(y) = x , f (x) = y:

Theorem 15.5. If f � 1 is the inverse of f : R ! R then the curvesy = f (x) and y = f � 1(x)
are symmetric about the line y = x.

Theorem 15.6. (Intermediate value theorem) Suppose f (x) is continuous on [a; b]. Let N
be any number between f (a) and f (b). Then there exists c 2 [a; b] such that f (c) = N .

De�nition 15.7. The derivative of f (x) at a point a is

f 0(a) = lim
h! 0

f (a + h) � f (a)
h

:

The derivative f 0(a) is the slope of the tangent line to y = f (x) at (a; f (a)). Also, f 0(a)
is the rate of changeof f (x) with respect to x at x = a.
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y=f(x)y

x

slope=f'(a)

f(a)

a

Theorem 15.8. (Important derivatives)

(xn )0 = nxn � 1; (ex )0 = ex ; (ax )0 = (ln a)ax ;

(c)0 = 0; (ln x)0 =
1
x

; (loga x)0 =
1

(ln a)x
;

(sin x)0 = cosx; (cosx)0 = � sinx; (tan x)0 = (secx)2;

(cscx)0 = � cscx cot x; (secx)0 = secx tan x; (cot x)0 = � (cscx)2;

(arcsinx)0 =
1

p
1 � x2

(arccosx)0 = �
1

p
1 � x2

; (arctan x)0 =
1

x2 + 1

Theorem 15.9. (Chain rule) (f � g)0(x) = (f (g(x))) 0 = f 0(g(x))g0(x)

Theorem 15.10. If f (x) is de�ned on some open interval containing a point c and has a
local maximum or minimum c, then c is a critic al number of f (x) (i.e. either f 0(c) = 0 or
f 0(c) does not exist).

De�nition 15.11. Let f (x) be continuous on an interval [a; b]. Divide the interval into n
subintervals of equal length: [x0; x1], [x1; x2], : : :, [xn � 1; xn ] where x0 = a and xn = b. Let

� x =
b� a

n
be the length of each subinterval. Then the sum

Rn =
nX

i =1

f (x i )� x

is called the Riemann sum of f [x] on [a; b] using n subintervals. It can be proved that the
limit of Rn as n approachesin�nit y exists, and

Z b

a
f (x)dx = lim

n !1

nX

i =1

f (x i )� x

is called the integral of f (x) from a to b.

If f (x) � 0, then
Z b

a
f (x)dx is the area of the region under the curve y = f (x) and above

the x-axis from a to b.

If f (x) takeson both positive and negative values,then
Z b

a
f (x)dx is the sum of the areas

under the curve and above the x-axis minus the sum of the areasunder the x-axis and above
the curve.
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a b a b

y y

x x

y=f(x)
y=f(x)

+
+

Theorem 15.12. (Fundamental Theorem of Calculus)

I.
d

dx

� Z x

a
f (t)dt

�
= f (x)

II. If F 0(x) = f (x), then
Z b

a
f (x) = F (b) � F (a).

Theorem 15.13. (Substitution Rule)Z
f (g(x))g0(x)dx =

Z
f (u)du where u = g(x), du = g0(x)dx.

Theorem 15.14. (Some important series)
1X

n =1

1
n

= 1 +
1
2

+
1
3

+
1
4

+ : : : is divergent.

1X

n =0

qn = 1 + q + q2 + q3 + : : : =
1

1 � q
if jqj < 1, and divergent if jqj � 1.

1X

n =0

xn

n!
= 1 +

x
1!

+
x2

2!
+

x3

3!
+ : : : = ex for all x.

�
in particular, if x = 1, then

1X

n =0

1
n!

= 1 +
1
1!

+
1
2!

+
1
3!

+ : : : = e.
�

1X

n =0

(� 1)n x2n +1

2n + 1
= x �

x3

3
+

x5

5
�

x7

7
+ : : : = arctan x for all x.

�
in particular, if x = 1, then

1X

n =0

(� 1)n 1
2n + 1

= 1 �
1
3

+
1
5

�
1
7

+ : : : = arctan 1 =
�
4

.
�

Problems

1. Evaluate the integral
Z 2

� 4
jx + 2jdx.

2. Evaluate the integral
Z 3�

0
j sinxjdx.

3. Find a number c such that the line y = x � 1 is tangent to the parabola y = cx2.



66 CHAPTER 15. CALCULUS

4. (a) Show that the function f (x) = ln(x +
p

x2 + 1) is odd.

(b) Find the inverseof f (x).

5. Find a cubic polynomial p(x) = ax3 + bx2 + cx + d that has a local maximum at (0; 1)
and a local minimum at (1; 0).

6. Find the interval [a; b] for which the valueof the integral
Z b

a
(2+ x� x2)dx is a maximum.

7. Find all values of a for which the area of the region bounded by the line y = ax and
the parabola y = x2 is equal to 1.

8. There is a line through the origin that divides the region bounded by the parabola
y = x � x2 and the x-axis into two regionswith equal area. What is the slope of that
line?

9. Find the sum of the series
1X

n =0

1
22n +1 =

1
2

+
1
23 +

1
25 +

1
27 + : : :

Hint: e.g. factor out
1
2

, and notice that 22n = 4n .

10. Find the sum of the series

1 +
1
2

+
1
3

+
1
4

+
1
6

+
1
8

+
1
9

+
1
12

+
1
16

+
1
18

+ : : :

where the terms are the reciprocals of the positive integers whoseonly prime factors
are 2s and 3s.

11. The parabola y = x2 + 2 has two tangent lines that passthrough the origin. Find their
equations.

12. Supposeyou have a large supply of books, all the samesize,and you stack them at the
edgeof a table, with each book extending farther beyond the edgeof the table than
the one beneath it. Show that it is possible to do this so that the top book extends
entirely beyond the table. In fact, show that the top book can extend any distance at
all beyond the edgeof the table if the stack is high enough. Try the following method
of stacking: The top book extendshalf its length beyond the secondbook. The second
book extends a quarter of its length beyond the third. The third extends one-sixth of
its length beyond the fourth, and soon. (You could try it yourself with a deck of cards,
or with tapesor CDs.) Consider centers of mass.
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13. Find the n-th derivative of f (x) =
1

x2 + x
.

Hint: use the partial fraction decomposition. Recall that sincex2 + x = x(x + 1), the

partial fraction decomposition has the form
A
x

+
B

x + 1
.

14. Find the n-th derivative of the function f (x) =
xn

1 � x
.

15. The parabola y = x2 and the line y = mx + 1 are given. They have two intersection
points, A and B . Find the point C on the parabola that maximizesthe areaof 4 AB C.

16. The �gure below shows a curve C with the property that, for every point P on the
middle curve y = 2x2, the areasA and B are equal. Find an equation for C.

A
B

y=2x

y=x

C

2

2

17. Find all valuesof a such that x2 + ax + 1 � cosx for all real x.

18. For which positive numbers a is it true that ax � 1 + x for all x?

19. The �gure below shows a circle with radius 1 inscribed in the parabola y = x2. Find
the center of the circle.

y

x

y=x2

1

20. The �gure below shows a region consisting of all points inside a squarethat are closer
to the center than to the sidesof the square. Find the area of the region.
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21. Sketch the region S = f (x; y) j jxj � 1; jyj � 2; x2 + y2 � 9g and �nd its area.

22. Find a positive continuous function f such that the area under the graph of f from 0
to t is A(t) = t3 for all t > 0.

23. The �gure below shows a horizontal line y = c intersecting the curve y = 8x � 27x3.
Find the number c such that the areasof the shadedregionsare equal.

24. Evaluate lim
n !1

�
1

p
n

p
n + 1

+
1

p
n

p
n + 2

+ : : : +
1

p
n

p
n + n

�
.

Hint: interpret the sumasa Riemann sumof a function. Then the limit asn approaches
in�nit y is the value of an integral.

25. Show that any ellipsoid (given by
x2

a2 +
y2

b2 +
z2

c2 = 1) has a section that is a circle.

Hint: any section of the ellipsoid that passesthrough the origin is an ellipse.

26. Evaluate
Z

1
x7 � x

dx.

The straightforward approach would be to start with partial fractions, but that would
be too brutal. We could reducethe power of the denominator as follows:Z

1
x7 � x

dx =
Z

x
x8 � x2 dx, let u = x2, then du = 2xdx, or

du
2

= xdx, and we have
Z

x
x8 � x2 dx =

1
2

Z
1

u4 � u
du.

u4 � u is better than x7 � x, but can you �nd an even better substitution?

27. Let a1, a2, : : :, a30 be real numbers. Show that a1 cosx + a2 cos(2x) + : : :+ a30 cos(30x)
cannot take on only positive values.
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28. If a0, a1, a2, : : :, ak are real numbers and a0 + a1 + a2 + : : : + ak = 0, show that

lim
n !1

(a0
p

n + a1
p

n + 1 + a2
p

n + 2 + : : : ak

p
n + k) = 0:

Hint: Try the special casesk = 1 and k = 2 �rst, and then generalize.

29. Show that, for x > 0,
x

x2 + 1
< arctan x < x:

30. The �gure below shows a point P on the parabola y = x2 and the point Q where the
perpendicular bisector of OP intersects the y-axis. As P approaches the origin along
the parabola, what happensto Q? Does it have a limiting position? If so, �nd it.

Q

P

O

y=x2

x

y

31. Recall that the area of a circle with radius r is A = � r 2 and the circumferenceof the
circle is L = 2� r . Notice that (� r 2)0 = 2� r . Similarly, the volumeof a ball with radius r

is V =
4
3

� r 3, the surfacearea is S = 4� r 2, and
�

4
3

� r 3
� 0

= 4� r 2. Is this a coincidence?

Actually , it isn't. Explain these facts. What is the ratio of the 4-dimensional volume
and the usual 3-dimensional volume of its boundary (the analog of the surface area)
for a 4-dimensionalball with radius 4?

32. Find the volume of a 4-dimensionalunit ball.

33. Evaluate
Z 1

0
( 3
p

1 � x7 � 7
p

1 � x3)dx.

34. Show that e is irrational.

35. Let f (x) = a1 sinx + a2 sin(2x) + a3 sin(3x) + : : : + an sin(nx), wherea1; : : : ; an are real
numbers and n is a positive integer. If it is given that jf (x)j � j sin(x)j for all x, show
that ja1 + 2a2 + : : : + nan j � 1.

36. Let T(x) denotethe temperature at the point x on Earth at some�xed time. Assuming
that T is a continuous function of x, show that at any �xed time there are at least two
diametrically opposite points on the equator that have the sametemperature.

37. Find a curve that passesthrough the point (3; 2) and has the property that if the
tangent line is drawn at any point P on the curve, then the part of the tangent line
that lies in the �rst quadrant is bisectedby P.
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Chapter 16

Various problems

Most problems in this section can be solved in a few di�eren t ways.

Problems

1. Show that there is no reentrant knight's tour on a 5 � 5 chessboard.

2. Prove that for any integer number n, n7 � n is divisible by 7.

3. A sequencef an g is de�ned recursively by the equations

a0 = a1 = 1 n(n � 1)an = (n � 1)(n � 2)an � 1 � (n � 3)an � 2:

Find the sum of the series
1X

n =0

an .

4. Evaluate the integral:
Z 3

� 2
jj xj � 1j dx

5. Solve the inequality: j6 � jxj � xj + x � 3.

6. � Find an example of a polygon and a point in its interior, so that no side of the
polygon is completely visible from that point.

� Find an example of a polygon and a point in its exterior, so that no side of the
polygon is completely visible from that point.

7. A 6 � 6 rectangle is tiled by 2 � 1 dominoes. Prove that it has at least one fault-line,
that is, a straight line cutting the rectangle without cutting any domino.

8. The plane is colored with two colors. Prove that there exist three points of the same
color, which are vertices of a regular triangle.

9. The plane is colored with n colors where n is any natural number. Prove that there
exist four points of the samecolor, which are vertices of a rectangle. (Hint: recall the
\same-color-corner-rectangle"problem.)

10. Each block of a 25� 25 board has either 1 or � 1 written on it. Let ai be the product
of all numbers in the i th row and bj be the product of all numbers in the j th column.
Prove that a1 + : : : + a25 + b1 + : : : + b25 6= 0.

71
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11. The Art Gallery Problem. An art gallery has the shape of an n-gon (not necessarily
a convex one). Prove that [n=3] (the integer part of n=3) watchmen can survey the
building, no matter how complicated its shape.
Note 1. The boundary of the n-gon are the only walls, there are no walls inside it.
Note 2. We assumethat each watchman can turn around and watch in all directions.

For example:

pentagon
[5/3]=1

7-gon
[7/3]=2

1watchman cansurvey the building 2 watchmen can survey the building

12. Which natural numbersare sumsof consecutivesmaller natural numbers? For example,
30 = 9 + 10+ 11 and 31 = 15+ 16, but 32 has no such representation. Find a simple
condition and prove it.



Chapter 17

Solutions and answers to
selected problems

17.1 In tro duction

1 Assume that each of the eleven children contributed at most $2.72. Then the total
amount cannot exceed2:72 � 11 = 29:92 dollars. But the total amount is $30.00.
Therefore our assumption is false, thus at least one child contributed at least $2.73.
This kind of proof is called a proof by contradiction (seechapter 3). Such problems
can also be solved using the GeneralizedDirichlet's Principle (seechapter 5).

2 (a) Any two-digit number N can be written in the form N = 10a + b where b is the
units digit of the number and a is its tens digit. (For example,27 = 10� 2 + 7.)
Supposethat N is divisible by 3. Then N = 3k for someinteger k. Thus
10a + b = 3k
9a + a + b = 3k
a + b = 3k � 9a
a + b = 3(k � 3a)
Sincek � 3a is an integer, a + b is divisible by 3.
Conversely, supposethat a+ b is divisible by 3. Then a+ b = 3m for someinteger
m. Thus
9a + a + b = 9a + 3m
10a + b = 3(3a + m)
N = 3(3a + m)
Since3a + m is an integer, N is divisible by 3.

(b) Any natural number N can be written in the form

N = 10n an + 10n � 1an � 1 + : : : 10a1 + a0

where a0 is the units digit of the number, a1 is the tens digit, and so on (this is
called the base10 expansionof the number N , seechapter 6). Now,

N = 99: : : 9| {z }
n � 1

an + an + 99: : : 9| {z }
n � 2

an � 1 + an � 1 + : : : + 9a1 + a1 + a0

= 99: : : 9| {z }
n � 1

an + 99: : : 9| {z }
n � 2

an � 1 + : : : + 9a1 + (an + an � 1 + : : : + a1 + a0):
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Sinceall multiples of 9 are divisible by 3, an argument similar to the one in part
(a) shows that N is divisible by 3 if and only if

an + an � 1 + : : : a1 + a1

is (also, seechapter 6 for divisibilit y properties).

3 False. For example, for n = 41, n2 + n + 41 = 412 + 41+ 41 = 41� 43 is not prime.

Note. You may be tempted to check a few small values of n. You will discover then
that for 1 � n � 39, the number n2 + n + 41 is indeed prime. However, the above
exampleshows that this is not the casefor all natural valuesof n. Thus checking a few
examplesis not su�cien t!

4 Choosea row with the biggest number of stars in it. Note that this row contains at
least two stars sinceif each row contained at most onestar then there would be at most
4 stars total. But there are 6 stars. (This argument is using Dirichlet's box principle,
seechapter 5.) So we have the following three cases:
CaseI. This row contains 4 stars. Then crossis out, and there will only be two stars
left. If they are in di�eren t columns, then crossout any other row, and the two columns
containing the remaining two stars. If the remaining two stars are in one column then
crossout one more row, the column containing the stars, and any other column.
CaseI I. This row contains 3 stars. Then crossit out, and there will only be three stars
left. We can eliminate three stars e.g. by crossingout the row containing one of them,
and two columns containing the last two stars. (As above, if the last two stars are in
one column then crossout the column containing the stars, and any other column.)
CaseI I I. This row contains 2 stars. Cross it out, and there will only be four stars in
three rows left. Therefore at least one of these rows contains two stars. Cross it out,
and there will only be two stars left. As above, it is clear that we can eliminate two
stars by crossingout two columns.

5 True. There are several ways to prove this. One is by induction (seechapter 4), another
one is considering all possibleremaindersof n modulo 3 (seechapters 6 and 7). Here
is a third way: n3 + 2n = n3 � n + 3n = n(n2 � 1) + 3n = n(n � 1)(n + 1) + 3n. Since
n(n � 1)(n + 1) is the product of three consecutive numbers, one of them is divisible
by 3 (seechapter 6), and 3n is clearly divisible by 3. Thus the sum is divisible by 3.

6 Yes. There are even many such tours. Below are two of them (squaresare numbered
in the order the knight can visit them). Notice that in the secondone, it is possible
to go from squarenumber 64 back to squarenumber 1. Such a tour is called reentrant
(seechapter 13).

1 40 13 26 3 42 15 28

24 37 2 41 14 27 4 43

39 12 25 60 53 62 29 16

36 23 38 63 56 59 44 5

11 50 57 54 61 52 17 30

22 35 64 51 58 55 6 45

49 10 33 20 47 8 31 18

34 21 48 9 32 19 46 7

1 14 17 42 3 38 19 40

16 43 2 63 18 41 4 37

13 64 15 58 53 56 39 20

44 27 12 55 62 59 36 5

11 30 61 52 57 54 21 50

26 45 28 31 60 51 6 35

29 10 47 24 33 8 49 22

46 25 32 9 48 23 34 7
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7 Sincejx + 2j =
�

x + 2 if x + 2 � 0; i.e. if x � � 2
� x � 2 if x + 2 < 0; i.e. if x < � 2

and

j2x � 5j =
�

2x � 5 if 2x � 5 � 0; i.e. if x � 2:5
� 2x + 5 if 2x � 5 < 0; i.e. if x < 2:5

, we have

f (x) = jx + 2j + j2x � 5j =

8
<

:

x + 2 + 2x � 5 = 3x � 3 if x � 2:5
x + 2 � 2x + 5 = � x + 7 if � 2 � x < 2:5
� x � 2 � 2x + 5 = � 3x + 3 if x < � 2

So we draw the graph of each linear function for the corresponding interval:

x

y

-2 2.5

4.5

9

8 No. Consider the four regions of the town, namely the two river banks and the two
islands. Each of them is connectedwith other regionsby either 3 or 5 bridges. Suppose
that if there is a tour of the town that crossesevery bridge exactly once. Notice that
for each intermediate region on such a tour we must come to the region by a bridge
and leave the region by a bridge. Soevery time the tour visits a region, two bridgesare
crossed. This meansthat for every region except the one where we start and the one
whereweend there must be an evennumber of bridgesconnectingthat region to others.
But we have 4 regions with an odd number of bridges. Thus we get a contradiction.
This solution can be explained in an easierand \smoother" way if we use the graph
terminology discussedin chapter 13.

17.2 Logic

1 (a) Construct the truth table:

p q p ! q : q : p : q ! : p
T T T F F T
T F F T F F
F T T F T T
F F T T T T

The columns for p ! q and : q ! : p are the same,thus the propositions are logically
equivalent.

3 Every student at my university has a computer or has a friend who has a computer.

5 (a) True. Example: x = 1, y = 2, 1 < 2.

(b) True. For any x, if we take y = x + 1 then x < y.
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(c) False. There is no such x that for any y, x < y, becausefor any x we can take
y = x, then x 6< y.

(d) False. Counterexample: x = 2, y = 1, 2 6< 1.

7 (a) Q(2; 0)
True because2 + 0 = 2 � 0 is true.

(b) 8yQ(1; y)
Falsebecause\for every y, 1+ y = 1� y is false: for example, if y = 1, then 2 6= 0.

(c) 8x9yQ(x; y)
True becausefor any x we can take y = 0, then x + 0 = x � 0 is true.

(d) 8y9xQ(x; y)
Falsebecausefor example if y = 1, there is no x such that x + 1 = x � 1.

(e) 9y8xQ(x; y)
True becauseif y = 0, then for any x we have x + 0 = x � 0.

Note. Statements (c) and (e) are not equivalent a priori! (c) says that for any x we can
�nd a y such that Q(x; y) is true. It is possiblethat we will �nd di�eren t values of y
for di�eren t valuesof x. While (e) says that there is a value of y that works for any x.

9 The de�nition is as follows: the sequencea1; a2; : : : convergesto a number L if for any
positive " there exists an index N such that for any n � N , jan � L j < " . We rewrite
this de�nition using quanti�ers: 9L8"((" > 0) ! (9N 8n((n � N ) ! (jan � L j < " ))))
(where L and " are real numbers, and n and N are natural numbers). This can also be
expressedas: 9L 2 R 8" > 0 9N 2 N 8n � N jan � L j < " .

17.3 T yp es of pro ofs

1 We will prove the statement by contrap ositive: Supposen is odd. Then n = 2k + 1 for
someinteger k. Then 3n + 5 = 3(2k + 1) + 5 = 6k + 8 = 2(3k + 4) is even. Thus we
have proved that if n is odd then 3n + 5 is even. Therefore if 3n + 5 is odd then n is
even.

3 The statement is false. n = 3 is a counterexample, since23 + 1 = 9 is not prime.

5 If an odd number N is a perfect square,then N = m2 where m is odd. Then m can be
written in the form m = 2k+ 1. Then N = m2 = (2k+ 1)2 = 4k2+ 4k+ 1 = 4(k2+ k)+ 1,
so N is of the form 4n + 1.

This proof is direct.

The converseis \if an odd number has the form 4n + 1, then it is a perfect square".
This is falsebecausefor example 5 = 4 � 1 + 1 but 5 is not a perfect square. Thus 5 is
a counterexample.

7 (a) Let f (x) = x101 + x51 + x + 1. Then f (� 1) = � 2 < 0 and f (1) = 4 > 0. Since
f (x) is a continuous function, by the intermediate value theorem f (x) has a root.
This proof is nonconstructive becausewe did not construct a root, only proved its
existence.

(b) Supposef (x) hastwo distinct roots. By the meanvalue theoremthere is a number
c between these roots such that f 0(c) = 0. But f 0(x) = 101x100 + 51x50 + 1 > 0
everywhere. We get a contradiction.
This is a proof by contradiction.
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9 The value x =
�
6

is a root of the equation. This is a constructive proof since we

provided an explicit example.

11 The roots of the equation x2 + x + 1 = 0 can be found using the quadratic formula:

x =
� 1 �

p
� 3

2
. Both roots are complex numbers. Since a quadratic equation has

exactly roots (counting multiplicit y), there are no other roots. In particular, there are
no rational (or any real) solutions. This proof is direct.

13 An integer divisible by 8 has the form 8n.
8n = (4n2 + 4n + 1) � (4n2 � 4n + 1) = (2n + 1)2 � (2n � 1)2.

This proof is direct and constructive: wegavean explicit exampleof two perfect squares
whosedi�erence is equal to 8n.

17.4 Principle of Mathematical Induction

1 (a) We will prove this identit y by Mathematical Induction.

Basis step: for n = 1 we have 12 =
1 � 2 � 3

6
which is true.

Inductiv e step: supposethe identit y holds for n = k, i.e.

12 + 22 + 32 + : : : + k2 =
k(k + 1)(2k + 1)

6
:

Adding (k + 1)2 to both sidesgives

12 + 22 + 32 + : : : + k2 + (k + 1)2 =
k(k + 1)(2k + 1)

6
+ (k + 1)2 =

k(k + 1)(2k + 1) + 6(k + 1)2

6
=

(k + 1)(k(2k + 1) + 6(k + 1))
6

=

(k + 1)(2k2 + k + 6k + 1)
6

=
(k + 1)(2k2 + 7k + 1)

6
=

(k + 1)(k + 2)(2k + 3)
6

=
(k + 1)(k + 2)(2(k + 1) + 1)

6
.

Thus the identit y holds for n = k + 1.

(c) Proof by Mathematical Induction.
Basis step: for n = 1 we have 1 � 1! = 2! � 1, or 1 = 2 � 1 which is true.
Inductiv e step: supposethe identit y holds for n = k, i.e.

1 � 1! + 2 � 2! + : : : + k � k! = (k + 1)! � 1:

Add (k + 1) � (k + 1)! to both sides:
1 � 1! + 2 � 2! + : : : + k � k! + (k + 1) � (k + 1)! = (k + 1)! � 1 + (k + 1) � (k + 1)! =
(k + 1)!(1 + k + 1) � 1 = (k + 2)! � 1.
Thus the identit y holds for n = k + 1.

3 Proof by induction on q.
If q = 1, then m = 2, and it is true that 3m � 1 = 32 � 1 = 8 is divisible by 2q+2 = 23 = 8.
Assumethat the statement holds for q = k, i.e. 32q

� 1 is divisible by 2q+2 . We want
to prove that the statement holds for q = k + 1, i.e. 32q+1

� 1 is divisible by 2q+3 .
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We have: 32q+1

� 1 = 32q �2 � 1 =
�

32q
� 2

� 1 =
�

32q

� 1
� �

32q

+ 1
�

. By the induction

hypothesis, 32q
� 1 is divisible by 2q+2 . Clearly, 32q

+ 1 is an even number, thus it is

divisible by 2. Then the product
�

32q
� 1

� �
32q

+ 1
�

is divisible by 2q+2 � 2 = 2q+3 .

5 (a) Proof by induction.
Basisstep. If n = 1, the identit y says that F1F2 = F 2

2 , i.e. 1� 1 = 12 which is true.
Inductiv e step. Assumethe identit y holds for n = k, i.e.

F1F2 + F2F3 + : : : + F2k � 1F2k = F 2
2k : (17.1)

We want to prove that it holds for n = k + 1, i.e.

F1F2 + F2F3 + : : : + F2(k+1) � 1F2(k+1) = F 2
2(k+1) ;

or, equivalently ,

F1F2 + F2F3 + : : : + F2k+1 F2k+2 = F 2
2k+2 :

Using (17.1) we have:
F1F2 + F2F3 + : : : + F2k+1 F2k+2 = F1F2 + F2F3 + : : : + F2k � 1F2k + F2k F2k+1 +
F2k+1 F2k+2 = F 2

2k + F2k F2k+1 + F2k+1 F2k+2 = F2k (F2k + F2k+1 ) + F2k+1 F2k+2 =
F2k F2k+2 + F2k+1 F2k+2 = (F2k + F2k+1 )F2k+2 = F 2

2k+2 .

(c) Basisstep. For n = 1 the identit y is F0F2 = F 2
1 + (� 1)1. SinceF0 = 0, F1 = F2 =

1, we have 0 � 2 = 1 + (� 1) which is true.
Inductiv e step. Assumethe identit y holds for n = k, i.e.

Fk � 1Fk+1 = F 2
k + (� 1)k :

We want to show that it then holds for n = k + 1, i.e.

F(k+1) � 1F(k+1)+1 = F 2
k+1 + (� 1)k+1 ;

or, equivalently ,
Fk Fk+2 = F 2

k+1 + (� 1)k+1 :

We have
Fk Fk+2 = Fk (Fk + Fk+1 )

= F 2
k + Fk Fk+1

= Fk � 1Fk+1 � (� 1)k + Fk Fk+1

= Fk+1 (Fk � 1 + Fk ) + (� 1) � (� 1)k

= F 2
k+1 + (� 1)k+1 :

(d) Recall that multiplication of 2 � 2 matrices is de�ned by
�

a b
c d

� �
e f
g h

�
=

�
ae+ bg af + bh
ce+ dg cf + dh

�
:

(e) Basis step. If n = 1, then the identit y says that F 2
0 + F 2

1 = F 2
1 , or 02 + 12 = 12

which is true.
Inductiv e step. Assumethat it holds for all 1 � n � k. We want to prove that it
holds for n = k + 1, i.e.

F 2
(k+1) � 1 + F 2

k+1 = F2(k+1) � 1;
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or, equivalently ,
F 2

k + F 2
k+1 = F2k+1 :

It may be easierhere to work from the right hand side.
F2k+1 = F2k + F2k � 1 = F2k � 1 + F2k � 2 + F2k � 1 = 2F2k � 1 + F2k � 2 = 2F2k � 1 +
F2k � 1 � F2k � 3 = 3F2k � 1 � F2k � 3 = 3(F 2

k � 1 + F 2
k ) � (F 2

(k � 1) � 1 + F 2
k � 1) = 3F 2

k � 1 +
3F 2

k � F 2
k � 2 � F 2

k � 1 = 2F 2
k � 1 + 3F 2

k � F 2
k � 2 = 2F 2

k � 1 + 3F 2
k � (Fk � Fk � 1)2 = 2F 2

k � 1 +
3F 2

k � F 2
k + 2Fk Fk � 1 � F 2

k � 1 = F 2
k � 1 + 2F 2

k + 2Fk Fk � 1 = Fk � 1(Fk � 1 + Fk )+ Fk (Fk +
Fk � 1) + F 2

k = Fk � 1Fk+1 + Fk Fk+1 + F 2
k = (Fk � 1 + Fk )Fk+1 + F 2

k = F 2
k + F 2

k+1 .
Note: the idea of the above inductiv e step is the following: expressF2k+1 in terms
of Fi 's with i odd and lessthan 2k + 1, e.g. in terms of F2k � 1 and F2k � 3, then use
the inductiv e hypothesisto rewrite F2k � 1 and F2k � 3 as sumsof squares(since we
assumethat the formula holds for smaller indices), and then rewrite the obtained
expressionin terms of Fk and Fk+1 (becausethe formula we want to prove involves
theseterms).

7 Basis step. For n = 1 city there is nothing to prove becausethere is no \an y other
city". (The step n = 2, in which casewe have 2 cities and one road betweenthem, so
one city can be reached from the other, is also acceptablein this situation.)

Inductiv e step. Assumethe statement is true for n = k, that is, for any systemof roads
between k cities, there is a city (let us call it city A) that can be reached from any
other city either directly or via at most one other city. Let us call those cities from
which there are direct roads to A group B , and the rest of the cities group C. Then
from every city in group C there is a road to at least one city in group B :

A

group B 

group C 

Now we add a (k + 1)-st city, let us call it N. Consider the following 3 cases:

CaseI. The road betweenA and N goesfrom N to A.

group B 

group C 

A N

Then we put N into the group B , and A is still \a solution city".
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CaseI I. There is at lest one road from N to group B .

group B 

group C 

A N

Then we put N into the group C, and A is still a solution city.

CaseI I I. None of the above: the road betweenA and N goesfrom A to N , and all the
roads betweengroup B and N lead to N .

group B 

group C 

A N

Then N is a new solution city, and A will join group B .

9 First of all, if at least onevertex hasodd degree,than there is an odd number of regions
around it, and it is obvious that they can not be properly colored with two colors.

We will show that if the degreeof each vertex is even, then the map can be properly
colored with two colors. The induction will be on the number of boundary lines, and
we will use the Strong Mathematical Induction.

Basis step. For n = 0 boundaries, the whole plane is one big region. We can color it
with any color we like.

Inductiv e step. Suppose any map with less than or equal to k boundaries can be
properly coloredwith two colors. We wish to show that any map with k + 1 boundaries
can be properly colored. Supposewe are given such a map. Remove temporarily all
the boundariesof any one region.
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We get a map with lessthan k boundaries,and the degreeof each vertex is still even. By
the inductiv e assumption this new map can be properly colored. Consider a coloring,

:;:;:;:;:;:;:;:;:;:;:;:;:;:

:;:;:;:;:;:;:;:;:;:;:;:;:;:
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:;:;:;:;:;:;:;:;:;:;:;:;:;:
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:;:;:;:;:;:;:;:;:;:;:;:;:;:

:;:;:;:;:;:;:;:;:;:;:;:;:;:
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:;:;:;:;:;:;:;:;:;:;:;:;:;:

:;:;:;:;:;:;:;:;:;:;:;:;:;:
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:;:;:;:;:;:;:;:;:;:;:;:;:;:

:;:;:;:;:;:;:;:;:;:;:;:;:;:

:;:;:;:;:;:;:;:;:;:;:;:;:;:

:;:;:;:;:;:;:;:;:;:;:;:;:;:

:;:;:;:;:;:;:;:;:;:;:;:;:;:

:;:;:;:;:;:;:;:;:;:;:;:;:;:
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<;<;<;<;<;<;<;<;<;<;<;<;<;<

<;<;<;<;<;<;<;<;<;<;<;<;<;<

<;<;<;<;<;<;<;<;<;<;<;<;<;<

<;<;<;<;<;<;<;<;<;<;<;<;<;<

<;<;<;<;<;<;<;<;<;<;<;<;<;<

<;<;<;<;<;<;<;<;<;<;<;<;<;<

<;<;<;<;<;<;<;<;<;<;<;<;<;<

<;<;<;<;<;<;<;<;<;<;<;<;<;<

<;<;<;<;<;<;<;<;<;<;<;<;<;<

<;<;<;<;<;<;<;<;<;<;<;<;<;<

<;<;<;<;<;<;<;<;<;<;<;<;<;<

<;<;<;<;<;<;<;<;<;<;<;<;<;<

<;<;<;<;<;<;<;<;<;<;<;<;<;<

<;<;<;<;<;<;<;<;<;<;<;<;<;<

<;<;<;<;<;<;<;<;<;<;<;<;<;<

<;<;<;<;<;<;<;<;<;<;<;<;<;<

<;<;<;<;<;<;<;<;<;<;<;<;<;<

<;<;<;<;<;<;<;<;<;<;<;<;<;<

<;<;<;<;<;<;<;<;<;<;<;<;<;<

<;<;<;<;<;<;<;<;<;<;<;<;<;<

<;<;<;<;<;<;<;<;<;<;<;<;<;<

<;<;<;<;<;<;<;<;<;<;<;<;<;<

<;<;<;<;<;<;<;<;<;<;<;<;<;<

=;=;=

=;=;=

=;=;=

=;=;=

=;=;=

=;=;=

=;=;=

=;=;=

=;=;=

=;=;=

=;=;=

=;=;=

=;=;=

=;=;=

>;>;>

>;>;>

>;>;>

>;>;>

>;>;>

>;>;>

>;>;>

>;>;>

>;>;>

>;>;>

>;>;>

>;>;>

>;>;>

>;>;>

?;?;?

?;?;?

?;?;?

?;?;?

?;?;?

?;?;?

?;?;?

@;@;@

@;@;@

@;@;@

@;@;@

@;@;@

@;@;@

@;@;@

A;A;A;A;A

A;A;A;A;A

A;A;A;A;A

A;A;A;A;A

A;A;A;A;A

A;A;A;A;A

A;A;A;A;A

B;B;B;B;B

B;B;B;B;B

B;B;B;B;B

B;B;B;B;B

B;B;B;B;B

B;B;B;B;B

B;B;B;B;B

C;C;C;C;C;C;C;C

C;C;C;C;C;C;C;C

C;C;C;C;C;C;C;C

C;C;C;C;C;C;C;C

C;C;C;C;C;C;C;C

C;C;C;C;C;C;C;C

C;C;C;C;C;C;C;C

C;C;C;C;C;C;C;C

C;C;C;C;C;C;C;C

C;C;C;C;C;C;C;C

D;D;D;D;D;D;D;D

D;D;D;D;D;D;D;D

D;D;D;D;D;D;D;D

D;D;D;D;D;D;D;D

D;D;D;D;D;D;D;D

D;D;D;D;D;D;D;D

D;D;D;D;D;D;D;D

D;D;D;D;D;D;D;D

D;D;D;D;D;D;D;D

D;D;D;D;D;D;D;D E;E;E;E

E;E;E;E

E;E;E;E

E;E;E;E

E;E;E;E

E;E;E;E

E;E;E;E

F;F;F;F

F;F;F;F

F;F;F;F

F;F;F;F

F;F;F;F

F;F;F;F

F;F;F;F

G;G;G;G;G

G;G;G;G;G

G;G;G;G;G

G;G;G;G;G

G;G;G;G;G

G;G;G;G;G

G;G;G;G;G

G;G;G;G;G

G;G;G;G;G

G;G;G;G;G

G;G;G;G;G

H;H;H;H;H

H;H;H;H;H

H;H;H;H;H

H;H;H;H;H

H;H;H;H;H

H;H;H;H;H

H;H;H;H;H

H;H;H;H;H

H;H;H;H;H

H;H;H;H;H

H;H;H;H;H

I;I;I;I

I;I;I;I

I;I;I;I

I;I;I;I

I;I;I;I

I;I;I;I

J;J;J;J

J;J;J;J

J;J;J;J

J;J;J;J

J;J;J;J

J;J;J;J

K;K;K;K;K

K;K;K;K;K

K;K;K;K;K

K;K;K;K;K

K;K;K;K;K

L;L;L;L

L;L;L;L

L;L;L;L

L;L;L;L

L;L;L;L

M;M;M;M;M

M;M;M;M;M

M;M;M;M;M

M;M;M;M;M

M;M;M;M;M

M;M;M;M;M

N;N;N;N;N

N;N;N;N;N

N;N;N;N;N

N;N;N;N;N

N;N;N;N;N

N;N;N;N;N

O;O

O;O

O;O

O;O

O;O

O;O

P;P

P;P

P;P

P;P

P;P

P;P

Q;Q;Q;Q;Q

Q;Q;Q;Q;Q

Q;Q;Q;Q;Q

Q;Q;Q;Q;Q

Q;Q;Q;Q;Q

Q;Q;Q;Q;Q

Q;Q;Q;Q;Q

Q;Q;Q;Q;Q

Q;Q;Q;Q;Q

Q;Q;Q;Q;Q

R;R;R;R;R

R;R;R;R;R

R;R;R;R;R

R;R;R;R;R

R;R;R;R;R

R;R;R;R;R

R;R;R;R;R

R;R;R;R;R

R;R;R;R;R

R;R;R;R;R

put the boundariesof our region back, and changethe color inside it. We get a proper
coloring for our original map with k + 1 boundaries:

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

S;S;S;S;S;S;S;S;S;S;S;S;S;S

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

T;T;T;T;T;T;T;T;T;T;T;T;T;T

U;U;U

U;U;U

U;U;U

U;U;U

U;U;U

U;U;U

U;U;U

U;U;U

U;U;U

U;U;U

U;U;U

U;U;U

U;U;U

U;U;U

V;V;V

V;V;V

V;V;V

V;V;V

V;V;V

V;V;V

V;V;V

V;V;V

V;V;V

V;V;V

V;V;V

V;V;V

V;V;V

V;V;V

W;W;W

W;W;W

W;W;W

W;W;W

W;W;W

W;W;W

W;W;W

X;X;X

X;X;X

X;X;X

X;X;X

X;X;X

X;X;X

X;X;X

Y;Y;Y;Y;Y

Y;Y;Y;Y;Y

Y;Y;Y;Y;Y

Y;Y;Y;Y;Y

Y;Y;Y;Y;Y

Y;Y;Y;Y;Y

Y;Y;Y;Y;Y

Z;Z;Z;Z;Z

Z;Z;Z;Z;Z

Z;Z;Z;Z;Z

Z;Z;Z;Z;Z

Z;Z;Z;Z;Z

Z;Z;Z;Z;Z

Z;Z;Z;Z;Z

[;[;[;[;[;[;[;[

[;[;[;[;[;[;[;[

[;[;[;[;[;[;[;[

[;[;[;[;[;[;[;[

[;[;[;[;[;[;[;[

[;[;[;[;[;[;[;[

[;[;[;[;[;[;[;[

[;[;[;[;[;[;[;[

[;[;[;[;[;[;[;[

[;[;[;[;[;[;[;[

\;\;\;\;\;\;\;\

\;\;\;\;\;\;\;\

\;\;\;\;\;\;\;\

\;\;\;\;\;\;\;\

\;\;\;\;\;\;\;\

\;\;\;\;\;\;\;\

\;\;\;\;\;\;\;\

\;\;\;\;\;\;\;\

\;\;\;\;\;\;\;\

\;\;\;\;\;\;\;\ ];];];]

];];];]

];];];]

];];];]

];];];]

];];];]

];];];]

^;^;^;^

^;^;^;^

^;^;^;^

^;^;^;^

^;^;^;^

^;^;^;^

^;^;^;^

_;_;_;_;_

_;_;_;_;_

_;_;_;_;_

_;_;_;_;_

_;_;_;_;_

_;_;_;_;_

_;_;_;_;_

_;_;_;_;_

_;_;_;_;_

_;_;_;_;_

_;_;_;_;_

`;`;`;`;`

`;`;`;`;`

`;`;`;`;`

`;`;`;`;`

`;`;`;`;`

`;`;`;`;`

`;`;`;`;`

`;`;`;`;`

`;`;`;`;`

`;`;`;`;`

`;`;`;`;`

a;a;a;a

a;a;a;a

a;a;a;a

a;a;a;a

a;a;a;a

a;a;a;a

b;b;b;b

b;b;b;b

b;b;b;b

b;b;b;b

b;b;b;b

b;b;b;b

c;c;c;c;c

c;c;c;c;c

c;c;c;c;c

c;c;c;c;c

d;d;d;d

d;d;d;d

d;d;d;d

d;d;d;d

e;e;e;e;e

e;e;e;e;e

e;e;e;e;e

e;e;e;e;e

e;e;e;e;e

f;f;f;f;f

f;f;f;f;f

f;f;f;f;f

f;f;f;f;f

f;f;f;f;f

g;g

g;g

g;g

g;g

g;g

g;g

h;h

h;h

h;h

h;h

h;h

h;h

i;i;i;i;i

i;i;i;i;i

i;i;i;i;i

i;i;i;i;i

i;i;i;i;i

i;i;i;i;i

i;i;i;i;i

i;i;i;i;i

i;i;i;i;i

i;i;i;i;i

j;j;j;j;j

j;j;j;j;j

j;j;j;j;j

j;j;j;j;j

j;j;j;j;j

j;j;j;j;j

j;j;j;j;j

j;j;j;j;j

j;j;j;j;j

j;j;j;j;j

11 First we will try to estimate the sum by estimating each term. We seethat

1
3n + 1

� each term �
1

n + 1
;

and we have 2n + 1 terms, therefore we have

2n + 1
3n + 1

� sum �
2n + 1
n + 1

:

The left inequality doesn't help us, but from the right one we have

sum �
2n + 1
n + 1

<
2n + 2
n + 1

= 2;
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thus we do not needMath induction for this part. To show that the sum is bigger than
1, we will useMath induction.

Basis step. Check for n = 1: 1 <
1
2

+
1
3

+
1
4

. We calculate
1
2

+
1
3

+
1
4

=
13
12

, and we

seethat this is bigger than 1.

Inductiv e step. Assumethe inequality holds for n = k, i.e.

1 <
1

k + 1
+

1
k + 2

+ : : : +
1

3k + 1
: (17.2)

We want to prove that it holds for n = k + 1:

1 <
1

(k + 1) + 1
+

1
(k + 1) + 2

+ : : : +
1

3(k + 1) + 1
;

or
1 <

1
k + 2

+
1

k + 3
+ : : : +

1
3k + 1

+
1

3k + 2
+

1
3k + 3

+
1

3k + 4
: (17.3)

Compare (17.2) and (17.3), and notice that we lost the term
1

k + 1
but gained 3 terms

1
3k + 2

+
1

3k + 3
+

1
3k + 4

. If we can show that we gained more than we lost, then the

new sum (for k + 1) is bigger than 1. Thus we want to show that

1
3k + 2

+
1

3k + 3
+

1
3k + 4

>
1

k + 1
:

The following inequalities are equivalent:

1
3k + 2

+
1

3k + 3
+

1
3k + 4

>
3

3k + 3

1
3k + 2

+
1

3k + 4
>

2
3k + 3

6k + 6
(3k + 2)(3k + 4)

>
2

3k + 3

3k + 3
(3k + 2)(3k + 4)

>
1

3k + 3

(3k + 3)2 > (3k + 2)(3k + 4)

9k2 + 18k + 9 > 9k2 + 18k + 8;

and the last one is obviously true.

13 Calculating the determinant for �rst few valuesof n gives:

det A1 = det[2] = 2

det A2 = det
�

2 1
1 2

�
= 3

det A3 = det

2

4
2 1 0
1 2 1
0 1 2

3

5 = 4
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det A4 = det

2

6
6
4

2 1 0 0
1 2 1 0
0 1 2 1
0 0 1 2

3

7
7
5 = 5

Basedon the above calculation, we guessthat det An = n + 1.

We will prove this statement using Strong Mathematical Induction.

The basisstep (for n = 1) is already shown above.

Inductiv e step: supposethat for somek � 1, the formula det An = n + 1 holds for all
n � k. We want to prove that det Ak+1 = (k + 1) + 1.

Expanding Ak+1 acrossthe �rst row and then expandingthe secondof the two obtained
matrices down the �rst column gives

det Ak+1 = det

2

6
6
6
6
6
6
4

2 1
1 2 1 0

1 2
:::

0 2 1
1 2

3

7
7
7
7
7
7
5

(k+1) � (k+1)

=

2det

2

6
6
6
6
6
6
4

2 1
1 2 1 0

1 2
:::

0 2 1
1 2

3

7
7
7
7
7
7
5

k � k

� 1det

2

6
6
6
6
6
6
4

1 1
0 2 1 0

1 2
:::

0 2 1
1 2

3

7
7
7
7
7
7
5

k � k

=

2det Ak � 1det

2

6
6
6
6
6
6
4

2 1
1 2 1 0

1 2
:::

0 2 1
1 2

3

7
7
7
7
7
7
5

(k � 1) � (k � 1)

=

2det Ak � det Ak � 1 = 2(k + 1) � (k � 1 + 1) = 2k + 2 � k = k + 2.

15 We will prove a stronger statement: no matter which squareis removed, we can cover
the rest of the board by L-tromino es.

Basisstep. A 2� 2 board with onesquareremoved has the shape of an L-tromino, and
thus can be covered by one L-tromino.

Inductiv e step. Assumethat a 2k � 2k board with any squareremovedcanbe coveredby
L-tromino es. Now supposewe are given a 2k+1 � 2k+1 board with onesquareremoved.
Divide this board into four 2k � 2k boards. One of them has one squareremoved, and
the three others are whole boards. Temporarily remove corner squaresfrom thosethree
whole boards as shown on the picture below.
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By the induction assumption,every of thesefour boardscanbe coveredby L-tromino es.
Now placeonemore L-tromino in the center to cover the 3 squaresthat we temporarily
removed. We are done.

17.5 Diric hlet's Box Principle

1 Think of months as\b oxes" and people'sbirth datesas\ob jects". Sincethere are more
people (13) than months (12), By Dirichlet's Box Principle, at least two birth dates
(\ob jects") are in the samemonth (\b ox").

3 There are 100 possible remainders modulo 100: 0, 1, 2, . . . , 99. Since we have 120
(more than 100) numbers, by Dirichlet's Box Principle there are at least two numbers
with the sameremainder. Their di�erence has remainder 0, and thus is divisible by
100. Therefore it endswith two zeros.

5 Divide the hexagoninto 6 regionsas shown in the �gure below. Sincewe have 7 (more
than 6) points, by Dirichlet's Box Principle there is a region with at least two points
in it (or on its boundary). The distance betweenthose two points is at most 1 because
each region is an equilateral triangle with all sidesof length 1.

6 Hint: show that we can choose2 of the given points whosemidpoint is a lattice point.

7 When we divide a number by 11, there are 11 possible remainders. Since we have
12 numbers (and thus more numbers than possible remainders), by Dirichlet's Box
Principle, at least two numbers have the same remainder. Their di�erence is then
divisible by 11. Every two-digit number that is divisible by 11, has the form aa (such
numbers are 11, 22, 33, ..., 99).

9 Divide the cube into 343 small cubes with edge1 each. Each point is inside at most
one small cube (if a point is on the boundary of a small cube, then it is not inside
any small cube). Since there are more small cubes than points, there is a small cube
(actually, there are at least 43 of them) that doesn't contain any points inside it.

11 When we divide a number by 2, there are 2 possible remainders (namely, 0 and 1).
Since we have 3 numbers, there are at least two numbers with the same remainder.
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Their di�erence is divisible by 2, thus is of the form 2 times an integer. The other two
di�erences are integers, thus the whole product (x1 � x2)(x1 � x3)(x2 � x3) is of the
form 2 times an integer.

13 (a) Divide the rectangleinto six 1� 2 rectangles.Sincethere are7 points, by Dirichlet's
principle at least two of them are in the same1� 2 rectangle. The distancebetween
them is at most

p
5 (which is the length of the diagonal of a 1 � 2 rectangle).

(b) Hint: divide the rectangle into 5 regions with the property that the distance
betweenany two points in one region is at most

p
5. This is harder than part (a),

but is possible!

15 \Mak e" a box for each side. There will be 2n boxes. We will \put" a diagonal into a
box if it is parallel to the corresponding side.

box 1: box 2n:
diagonalsparallel to side 1 . . . diagonalsparallel to side 2n

We will �gure out the maximal possiblenumber of diagonals that can be parallel to
one side (and thus parallel among themselves), i.e. the maximal possible number of
diagonalsin each box, and we will �gure out how many diagonalswe have in a 2n-gon.
We will show that 2n times the maximal number of diagonals in each box is lessthan
the number of diagonalsin a 2n-gon, thus there is not enoughspacefor all the diagonals
in our boxes. Therefore, there is a diagonal that is not in any box, and thus not parallel
to any side.

Let p be the maximal possiblenumber of diagonalsparallel to the sameside. We will
�nd a condition on p. Notice that the verticesof thesep diagonalsand the 2 verticesof
the side they are all parallel to, are distinct (becauseif 2 line segments have a common
vertex, they can not be parallel). Let us draw the 2n-gon so that all thesep diagonals
and the parallel side are vertical, with the side on the left. Then we must also have at
least one vertex on the right (becausethe rightmost line segment must be inside the
2n-gon):

 p   diagonals 

Thus the number of vertices in this �gure is at least 2p + 2 + 1. We have 2n � 2p + 3.
Since 2n is an even number and 2p + 3 is odd, we must have 2n � 2p + 4. Then
2n � 4 � 2p, and n � 2 � p. So there may be at most n � 2 diagonalsin the samebox.
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Now, there are
2n(2n � 3)

2
= n(2n� 3) diagonalsin a 2n-gonbecausefor every diagonal,

there are 2n ways to choosethe �rst vertex. Oncethe �rst vertex hasbeenchosen,there
are 2n � 3 ways to choosethe secondvertex (becausethe �rst vertex and its immediate
neighbours can not be chosenas the secondvertex). But this way we counted each
diagonal twice:

1

2

2

1

So we divide by 2.

Thus we have 2n boxes, at most n � 2 diagonalsmay be in the samebox, therefore at
most 2n(n � 2) = 2n2 � 4n diagonalsmay be in the boxes. But we have n(2n � 3) =
2n2 � 3n diagonals. Since2n2 � 3n > 2n2 � 4n, there is a diagonal which is not in any
box, and thus not parallel to any side.

17 Sincewe have 5 rows and only 4 colors, every column has somecolor repeated. Since
there are 41 columns, there is a color that is repeated (at least twice) in at least 11
columns. So each of these11 columns contains at least 2 blocks of that color. Choose
any 2. There are 10 ways to choose2 blocks out of 5:

Sincethere areat least11columnswith that color repeated,there areat least2 columns
that have the same2 blocks of that color. Then we have a same-color-corner-rectangle:
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19 Divide the numbers f 1; 2; : : : ; 2ng into n pairs of consecutive integers: f 1; 2g, f 3; 4g,
: : : ; f 2n � 1; 2ng. Sincewe have n + 1 integers, at least two of them are consecutive.
Their greatestcommondivisor is 1 becauseif a number p divides both k and k + 1 then
p divides their di�erence (k + 1) � k = 1, so p = 1. Thus our two consecutive numbers
are relatively prime.

21 (a) Sincethere are only 10 di�eren t digits, by Dirichlet's principle, among11 integers
there are at least two with the samelast digit. Their di�erence endswith 0.

(b) No. Example: 11, 110, 209, 308, 407, 506, 605, 704, 803, 902, 1001,1100. These
numbers are of the form 100k + (11 � k) for 0 � k � 11. The di�erence of two
such numbers is (100k + 11� k) � (100n + 11� n) = 100(k � n) � (k � n) (assume
k > n). Since0 < k � n < 12, the tens digit of the di�erence is 8 or 9.

23 Divide the rectangle into twenty-�v e 4 � 3 rectangles. Since there are 25 such small
rectanglesand 26 points, by Dirichlet's principle there is a small rectanglecontaining at
least 2 points. The distance betweenthesepoints is lessthan or equal to the diagonal
of the 4 � 3 rectangle which is

p
42 + 32 = 5.

17.6 Num ber theory

1 Suppose 3
p

25 is rational. Then it can be wtitten as an irreducible quotient:
3
p

25 =
m
n

, m; n 2 Z, (m; n) = 1.

25 =
m3

n3

25n3 = m3

Now there are several ways to get a contradiction.

Way 1: From the last equation, 5jm, so m = 5a for someinteger a.
25n3 = (5a)3

25n3 = 125a3

n3 = 5a3

Now 5jn. Thus both m and n are divisible by 5, which contradicts the condition
(m; n) = 1.
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Way 2: If n = 1, then 25 = m3 which is impossible.
If n > 1, then njm which contradicts (m; n) = 1.

Way 3: We have 5 � 5 � n3 = m3. Both n and m cab be written as products of primes.
Since n and m are cubed, the number of 5's on the left is 2 plus a multiple of 3, and
the number of 5's on the right is a multiple of 3. This contradicts the fundamental
theorem of arithmetic.

3 (a) A number N = an an � 1 : : : a1a0 (with digits an , an � 1, : : :, a1, a0) can be written
as

N = an � 10n + an � 1 � 10n � 1 + : : : + a1 � 10+ a0 =
nX

k=0

ak � 10k :

The sum of its digits is

S = an + an � 1 + : : : + a1 + a0 =
nX

k=0

ak :

We have 10 � 1 (mod 9)
10k � 1 (mod 9)
ak � 10k � ak (mod 9)

nX

k=0

ak � 10k �
nX

k=0

ak (mod 9)

N � S (mod 9)
Thus n is divisible by 9 if and only if S is divisible by 9.

(b) If the sum of the digits of a number is 66, then the number is divisible by 3 but
not divisible by 9. But if a pefect squareis divisible by 3 then it must be divisible
by 9. Therefore a number with the digital sum 66 cannot be a perfect square.

5 (a) First notice that if k is the last digit of m, then the last digit of m2 is that of k2

becausem = 10n + k for somen, and m2 = (10n + k)2 = 100n2 + 20nk + k2 =
(10n2 + 2nk) � 10+ k2. So we consider all possible last digits and compute their
squares: 02 = 0, 12 = 1, 22 = 4, 32 = 9, 42 ends with 6, 52 ends with 5, 62 ends
with 6, 72 endswith 9, 82 endswith 4, and 92 endswith 1. Thus the last digit of
a perfect squarecan be 0, 1, 4, 5, 6, or 9.

(b) Since3 is not listed above, a number ending with 3 cannot be a perfect square.

7 No. Assume n = a2 is a perfect square that ends with 65, then it is divisible by 5.
Then a is divisible by 5, and therefore n is divisible by 25. Any number divisible by 25
endswith 00, 25, 50, or 75. Thus it cannot end with 65. We get a contradiction.

9 Since2100 � (22)50 � 450 � (� 1)50 � 1 (mod 5), the remainder is 1.
There are many other ways to obtain this answer, e.g. 2100 � (24)25 � 1625 � 125 �
1 (mod 5).

11 If the units digit of n is 3 then n can be written in the form n = 10k+ 3 for someinteger
k. Then n2+1 = (10k+3) 2+1 = 100k2+60k+9+1 = 100k2+60k+10 = 5(20k2+12k+2)
is divisible by 5.

13 If n is composite, then n = ab for some1 < a; b < n. Then

2n � 1 = (2a)b � 1b = (2a � 1)((2a)b� 1 + : : : + 2a + 1):
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Both multiples are bigger than 1: 2a � 1 > 21 � 1 = 1, and (2a)b� 1 + : : : + 2a + 1 > 1,
so 2n � 1 is composite.

If n is neither prime nor composite (1, 0, or negative), 2n � 1 is neither prime nor
composite (namely, 1, 0, or noninteger).

15 Rewrite the equation as p2 � 1 = 2q2, and then factor the left hand side:

(p � 1)(p + 1) = 2q2:

There are di�eren t ways to proceedfrom here.

Solution 1.

Since q is prime, the only ways to factor the right hand side are 1 � 2q2, 2 � q2, q � 2q.
Sincep � 1 < p + 1, we get the following three cases:

Case1. p � 1 = 1, p + 1 = 2q2. The �rst equation gives p = 2, and then the second
equation becomes3 = 2q2 which has no integer solutions. Therefore this caseis not
possible.

Case2. p � 1 = 2, p + 1 = q2. Then p = 3 and 4 = q2, so q = 2. We get a solution:

p = 3; q = 2:

Case3. p � 1 = q, p + 1 = 2q. Substituting p � 1 for q into the secondequation gives
p + 1 = 2(p � 1), or p + 1 = 2p � 2, or p = 3. Then again q = 2. We get the same
solution as above.

Solution 2.

Case1. p = 2. Then (p � 1)(p + 1) = 3, but 3 = 2q2 has no integral solutions. Thus
this caseis not possible.

Case2. p is odd. Then p � 1 and p + 1 are even. Since the prime factorization of the
right-hand side is 2� q� q, it must alsobe the prime factorization of (p� 1)(p+ 1). Since
p+ 1 � 4 (it must be at least 3 and it is even), it can be factored as 2 times an integer.
Therefore p � 1 can't be factored, so it's a prime. Thus p � 1 = 2. Then p = 3, and
solving for q givesq = 2.

17 Consider the equation modulo 3. The number x can be congruent to 0, 1, or 2 modulo
3. Then x2 is congruent to either 0 or 1 modulo 3 (because02 = 0, 12 = 1, and
22 = 4 � 1(mod 3)). The number 3y2 is congruent to 0 modulo 3 since3y2 is divisible
by 3. Thus the left hand side is congruent to either 0 or 1 modulo 3. But the right
hand side is congruent to 2 modulo 3. This is impossible,so the the equation has no
integral solutions.

19 Notice �rst of all that y must be even because3y = 100� 2x and the right hand side
is even. Second,y must be positive. Third, y cannot exceed32 becauseif y � 34
then 3y � 102 and then x would have to be negative. But if y satis�es all the above
conditions, namely, y is even and 2 � y � 32, then 3y is even and 6 � 3y � 96, so
100� 3y is even and 4 � 100� 3y � 94, so there exists a positive integer x such that
2x = 100� 3y. Thus for any even y such that 2 � y � 32 we have a unique solution pair
(x; y). There are 16 even numbers satisfying 2 � y � 32, thus 16 pairs are solutions to
the given equation.
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23 Computing the �rst few powers of 2 and 3 modulo 5 gives

21 = 2, 22 = 4, 23 = 8 � 3 (mod 5), 24 = 16 � 1 (mod 5);

31 = 3, 32 = 9 � 4 (mod 5), 33 = 27 � 2 (mod 5), 34 = 81 � 1 (mod 5).

Therefore 2457 + 3457 � 2456+1 + 3456+1 � 2456 � 2 + 3456 � 3 � 24�114 � 2 + 34�114 � 3 �
(24)114 � 2 + (34)114 � 3 � 1 � 2 + 1 � 3 � 0 (mod 5).

17.7 Case study

1 (a) Consider the following cases:
CaseI: n � 0 (mod 3). Then n3 + 5n � 03 + 5 � 0 � 0 (mod 3).
CaseI I: n � 1 (mod 3). Then n3 + 5n � 13 + 5 � 1 � 6 � 0 (mod 3).
CaseI I I: n � 2 (mod 3). Then n3 + 5n � 23 + 5 � 2 � 18 � 0 (mod 3).
We seethat in all casesn3 + 5n � 0 (mod 3).

2 (a) CaseI: x = 1.
CaseI I: x 6= 0, x2 � 7x + 12 = 0 gives2 roots: x = 3 and x = 5.
CaseI I I: x = � 1, x2 � 7x + 12 is even. Since x2 � 7x + 12 is indeed even when
x = � 1, this is also a solution.
Answer: 1, 3, 5, � 1.

(c) First check x = 0. This is not a root because00 is unde�ned. If x 6= 0, we can
divide both sidesof the equation by x2. We get xx 2 � 2 = 1. Consider 3 cases:
Case I: x = 1, this is a root since (as is easy to check) it satis�es the original
equation.
CaseI I: x 6= 0, x2 � 2 = 0 givesx = �

p
2. Both satisfy the original equation.

CaseI I I: x = � 1, x2 � 2 is even. This has no solutions becauseif x = � 1 then
x2 � 2 = � 1 which is not even.
Answer: 1,

p
2, �

p
2.

(e) First rewrite the equation as x
x +1

2 = x
p

x +1 . Check x = 0. This is a root
since 0

1
2 = 01. If x 6= 0 then we can divide both sides by x

p
x +1 . We get

x
x +1

2 �
p

x +1 = 1.
CaseI: x = 1.

CaseI I: x 6= 0,
x + 1

2
�

p
x + 1 = 0. Solve the secondequation:

x + 1
2

=
p

x + 1

x + 1 = 2
p

x + 1
(x + 1)2 = 4(x + 1)
(x + 1)2 � 4(x + 1) = 0
(x + 1)(x + 1 � 4) = 0
(x + 1)(x � 3) = 0
x = � 1, x = 3. Both roots are nonzero.

CaseI I I: x = � 1,
x + 1

2
�

p
x + 1 is even. Since

� 1 + 1
2

�
p

� 1 + 1 = 0 and thus

is even, � 1 satis�es this casetoo.
Answer: 0, 1, � 1, 3.



17.7. CASE STUDY 91

(g) CaseI: x � 3 = 1, then x = 4.
CaseI I: x2 � 8x + 15 = 0, x � 3 6= 0. The �rst equation holds when x = 3 or
x = 5, but sincex � 3 6= 0, we have only one solution in this case:x = 5.
CaseI I I: x � 3 = � 1, x2 � 8x + 15 is even. However, the only solution of the �rst
equation is x = 2, and for this value x2 � 8x + 15 is not even. Therefore there are
no solutions in this case.
Answer: x = 4, x = 5.

3 (a) First consider the secondequation. There are 3 cases:
CaseI: x = 1. Then the �rst equation gives 12 = y + 1, so y = 0. Check again
that (1; 0) satist�es both equations.
CaseI I: x 6= 0, y = 0. The �rst equation then becomesx2x = 1. Consider 3 cases
here:

CaseI: x=1 givesthe samesolution as the one we found above.
CaseI I: x 6= 0, 2x = 0 has no solutions.
CaseI I I: x = � 1, 2x is ok, and then check again that (� 1; 0) satis�es

both equations.
CaseI I I: x = � 1, y even. The �rst equation then becomes(� 1)� 2 = y + 1, so
y = 0. This gives(� 1; 0) again.
Answer: (1; 0) and (� 1; 0).

4 (a) CaseI: 2x � 2 � 0. Then j2x � 2j = 2x � 2, and the equation becomes
x2 + 2x � 2 = 1
x2 + 2x � 3 = 0
(x � 1)(x + 3) = 0
x = 1, x = � 3
Sinceonly x = 1 satis�es the condition 2x � 2 � 0, we have only this one root in
this case.
CaseI I: 2x � 2 < 0. Then j2x � 2j = � (2x � 2), and the equation becomes
x2 � (2x � 2) = 1
x2 � 2x + 1 = 0
(x � 1)2 = 0
x = 1
However, x = 1 does not satisfy the condition 2x � 2 < 0, so there is no root in
this case.
Answer: x = 1

(c) Here we have to consider two casesfor each of the expressionsinside an absolute
value: 2x + 3 and x. Thus we have four casestotal:
CaseI. 2x + 3 � 0, x � 0. Then j2x + 3j = 2x + 3 and jxj = x, so the equation
becomes
2x + 3 � x = 3
x = 0
This root satis�es both of the above conditions.
CaseI I. 2x + 3 � 0, x < 0. Then j2x + 3j = 2x + 3 and jxj = � x, so the equation
becomes
2x + 3 + x = 3
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3x = 0
x = 0
This root doesnot satisfy the condition x < 0.
CaseI I I. 2x + 3 < 0, x � 0. Then j2x + 3j = � (2x + 3) and jxj = x, sothe equation
becomes
� (2x + 3) � x = 3
� 3x = 6
x = � 2
This root doesnot satisfy the condition x � 0.
(Note: actually, we could notice that if x � 0 then 2x + 3 cannot be negative, so
no real number would satisfy both of theseconditions. So we could disregard this
casefrom the very beginning.)
CaseIV. 2x + 3 < 0, x < 0. Then j2x + 3j = � (2x + 3) and jxj = � x, so the
equation becomes
� (2x + 3) + x = 3
� x = 6
x = � 6
This root satis�es both of the above conditions.
Answer: 0 and � 6.

(e) Similarly to part (c), we have 4 cases:
CaseI. x � 5 � 0, 2x � 4 � 0. Then jx � 5j = x � 5 and j2x � 4j = 2x � 4, so the
inequality becomes
x � 5 + 2x � 4 � 6
3x � 15
x � 5
The above conditions are equivalent to: x � 5, x � 2. The only value of x that is
lessthan or equal to 5 and greater than or equal to 5 at the sametime is x = 5,
and it satis�es x � 2.
Thus in this casewe have one solution: x = 5.
CaseI I. x � 5 � 0, 2x � 4 < 0. Theseconditions are equivalent to: x � 5, x < 2.
There are no valuesof x that satisfy both of these,so we disregard this case.
CaseI I I. x � 5 < 0, 2x � 4 � 0. Then jx � 5j = � (x � 5) and j2x � 4j = 2x � 4,
so the inequality becomes
� (x � 5) + 2x � 4 � 6
� x + 5 + 2x � 4 � 6
x � 5
The above conditions are equivalent to x < 5 and x � 2. Sincethe intersection of
the intervals (�1 ; 5], (�1 ; 5), and [2; + 1 ) is the interval [2; 5), the solution set
in this caseis [2; 5).
CaseIV. x � 5 < 0, 2x � 4 < 0. Then jx � 5j = � (x � 5) and j2x � 4j = � (2x � 4),
so the inequality becomes
� (x � 5) � (2x � 4) � 6
� x + 5 � 2x + 4 � 6
� 3x � � 3
x � 1
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The above conditions are equivalent to x < 5 and x < 2. Sincethe intersection of
the intervals [1; + 1 ), (�1 ; 5), and (�1 ; 2) is the interval [1; 2), the solution set
in this caseis [1; 2).

Answer: the union of the solution sets in all cases,i.e. [1; 5].

(g) CaseI: x + 1 � 0

jx + 1j = x + 1, so the inequality becomes

x + 1 + 5 � x2 � 0

x + 6 � x2 � 0

x2 � x � 6 � 0

(x � 3)(x + 2) � 0

� 2 � x � 3

The condition x + 1 � 0 implies x � � 1, so the solution set in this caseis [� 1; 3].

CaseI I: x + 1 < 0

jx + 1j = � (x + 1), so the inequality becomes

� (x + 1) + 5 � x2 � 0

� x + 4 � x2 � 0

x2 + x � 4 � 0
 

x �
� 1 +

p
17

2

!  

x �
� 1 �

p
17

2

!

� 0

� 1 �
p

17
2

� x �
� 1 +

p
17

2

The condition x + 1 < 0 implies x < � 1, so the solution set in this caseis"
� 1 �

p
17

2
; � 1

#

.

Answer:

"
� 1 �

p
17

2
; 3

#

.

5 (a) CaseI: x2 � 4 � 0, i.e. x � 2 or x � � 2. Then jx2 � 4j = x2 � 4, and the function
becomesf (x) = x2 � 4 + 2 = x2 � 2.

CaseI I: x2 � 4 < 0, i.e. � 2 < x < 2. Then jx2 � 4j = � (x2 � 4), and the function
becomesf (x) = � x2 + 4 + 2 = � x2 + 6.

Thus f (x) =
�

x2 � 2 if x � 2 or x � � 2
� x2 + 6 if � 2 < x < 2

:

The graph of this functions is shown below.
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x

y

(c) First sketch the graph of y = x + jx + 2j.

CaseI: x + 2 � 0, or x � � 2.

Then y = x + x + 2 = 2x + 2, so we draw the line y = 2x + 2 on the interval
[� 2; 1 ).

CaseI I: x + 2 < 0, or x < � 2.

Then y = x � (x + 2) = x � x � 2 = � 2, so we draw the horizontal line y = � 2 on
the interval (�1 ; � 2).

Thus we have the graph of y = x + jx + 2j:

Now we take the absolute value of the whole expression,and obtain the graph of
y = jx + jx + 2jj :
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(e) CaseI: x � 0, y � 0 (�rst quadrant). In this casethe equation becomes
x + y = 1 + xy
xy � x � y + 1 = 0
(x � 1)(y � 1) = 0
x = 1 or y = 1
CaseI I: x � 0, y < 0 (fourth quadrant).
x � y = 1 � xy
xy + x � y � 1 = 0
(x � 1)(y + 1) = 0
x = 1 or y = � 1
CaseI I I: x < 0, y � 0 (secondquadrant).
� x + y = 1 � xy
xy � x + y � 1 = 0
(x + 1)(y � 1) = 0
x = � 1 or y = 1
CaseIV: x < 0, y < 0 (third quadrant).
� x � y = 1 + xy
xy + x + y + 1 = 0
(x + 1)(y + 1) = 0
x = � 1 or y = � 1
Here is the graph:

x

y

-1

-1

1

1

Case III Case I

Case IICase IV

6 (a) CaseI: x � 0, y � 0, then x + y3 < 8, or x < 8 � y3.
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CaseI I: x � 0, y < 0, then x � y3 < 8, or x < 8 + y3.
CaseI I I: x < 0, y � 0, then � x + y3 < 8, or x > y3 � 8.
CaseIV: x < 0, y < 0, then � x � y3 < 8, or x > � 8 � y3.
Now we draw the corresponding region in each quadrant, and we get the following
�gure:

8

2

Note: sincethe inequality is strict, the boundary if the region is excluded.

(c) Consider 4 cases:y � x positive or negative, and x + y positive or negative. In
each case,get rid of the absolute value, and solve for y.

x

y

Case II Case III

Case I

Case IV

CaseI. y � x � 0, x + y � 0.
2y � 2x + y + x � 1
3y � 1 + x

y �
1
3

+
1
3

x

CaseI I. y � x � 0, x + y < 0.
2y � 2x � y � x � 1
y � 1 + 3x

CaseI I I. y � x < 0, x + y � 0.
� 2y + 2x + y + x � 1
� y � 1 � 3x
y � 3x � 1

CaseIV. y � x < 0, x + y < 0.
� 2y + 2x � y � x � 1
� 3y � 1 � x

y � �
1
3

+
1
3

x
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Now sketch the region in each case:

x

y

y=-1/3+1/3x

y=-1+3x

y=1+3x

y=1/3+1/3x

7 (a) First of all, b > 0 becauseotherwise ab = 1 or � 1 or is not an integer.
So ab = a � a � : : : � a| {z }

b times

. Since625= 5 � 5 � 5 � 5, b cannot be 3 or larger than 4. So we

have 3 possiblecases:
CaseI: b = 1, then a = 625.
CaseI I: b = 2, then a2 = 625 has 2 solutions: a = 25 and a = � 25.
CaseI I I: b = 4, then a4 = 625 has 2 solutions: a = 5 and a = � 5.
Thus we have 5 pairs: (625; 1), (25; 2), (� 25; 2), (5; 4), and (� 5; 4).

17.8 Finding a pattern

1 (a) an = n � 2

(b) an = 2n + 3

(c) an =

8
><

>:

3n � 1
2

if n is odd
3n
2

if n is even

Also, an =
�

3n
2

�

(d) an =
n
2n

3 A1 = 1
A2 = 1 + 3 = 4
A3 = 1 + 3 + 5 = 9
A4 = 1 + 3 + 5 + 7 = 16

We guessthat An = n2.

Proof by Mathematical Induction:

Basis step: for n = 1 we have A1 = 12 = 1 which is true.

Inductiv e step: supposethat the formula hold for n = k, i.e. Ak = 1+ 3+ : : :+ (2k� 1) =
k2. Then Ak+1 = 1+ 3+ : : :+ (2k � 1)+ (2k+ 1) = Ak + (2k+ 1) = k2 + 2k+ 1 = (k+ 1)2,
thus the formula holds for n = k + 1.
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5 Find a formula for f n (x) for the �rst few valuesof n:
f 1(x) = 2x + 1
f 2(x) = 2(2x + 1) + 1 = 4x + 3
f 3(x) = 2(4x + 3) + 1 = 8x + 7
f 4(x) = 2(8x + 7) + 1 = 16x + 15
It appears that f n = 2n x + 2n � 1, so we will try to prove this by Mathematical
Induction.
Basis step: if n = 1, then our formula givesf 1 = 2x + 1 which is true.
Inductiv e step: suppose the formula holds for n = k, i.e. f k = 2k x + 2k � 1. Then
f k+1 = f 1 � f k = 2(2k x + 2k � 1) + 1 = 2k+1 x + 2k+1 � 2 + 1 = 2k+1 x + 2k+1 � 1.
Thus the formula holds for n = k + 1.

7 First of all, notice that the last digit of a positive number is its remainder upon division
by 10.

Solution 1.
Find the last digit of 107n for somesmall valuesof n:
1071 � 7 (mod 10)
1072 = 107� 107� 7 � 7 � 49 � 9 (mod 10)
1073 = 1072 � 107� 9 � 7 � 63 � 3 (mod 10)
1074 = 1073 � 107� 3 � 7 � 21 � 1 (mod 10)
1075 = 1074 � 107� 1 � 7 � 7 (mod 10)
1076 = 1075 � 107� 7 � 7 � 49 � 9 (mod 10)
We seethat the last digits start repeating. As we keepmultiplying our number by 7,
the 4-tuple of last digits 7, 9, 3, and 1 will keeprepeating. More precisely,

107n �

8
>><

>>:

7 (mod 10) if n � 1 (mod 4)
9 (mod 10) if n � 2 (mod 4)
3 (mod 10) if n � 3 (mod 4)
1 (mod 10) if n � 0 (mod 4)

:

This formula can be proved by Strong Mathematical Induction.
Basis step: if n = 1, then 107n � 7 (mod 10) is true.
Inductiv e step: Supposethe formula holds for all 1 � n � k. We want to prove that it
holds for n = k + 1.
CaseI. If k + 1 = 2, then k + 1 � 2 (mod 4), and 1072 � 9 (mod 10) is true.
CaseI I. If k + 1 = 3, then k + 1 � 3 (mod 4), and 1073 � 3 (mod 10) is true.
CaseI I I. If k + 1 = 4, then k + 1 � 0 (mod 4), and 1074 � 1 (mod 10) is true.
CaseIV. If k + 1 � 5, then k � 3 = (k + 1) � 4 � 1, and we assumedthat the formula
above was true for k � 3.
Sincek + 1 � k � 3 (mod 4), the formula suggeststhat 107k+1 � 107k � 3 (mod 10), so
this is what we have to prove in this case.
Well, it is true that 107k+1 � 107k � 3 � 1074 � 107k � 3 (mod 10) since we know that
1074 � 1 (mod 10). Thus the formula holds for n = k + 1.
Now, since107 � 3 (mod 4), the last digit of 107107 � 3 (mod 10), so the last digit of
107107 is 3.

Solution 2. Since 1074 � 1 (mod 10) and 1073 � 3 (mod 10) (as we saw above),
107107 � 107104 � 1073 � (1074)26 � 1073 � 126 � 1073 � 1 � 3 � 3 (mod 10).

9 The last two digits of a positive number are determined by its remainder upon division
by 100.

Solution 1.
Find the last two digits of 7n for somesmall valuesof n:
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71 = 7
72 = 49
73 = 343� 43 (mod 100)
74 = 73 � 7 � 43� 7 � 301� 1 (mod 100)
75 = 74 � 7 � 1 � 7 � 7 (mod 100)
76 = 75 � 7 � 7 � 7 � 49 (mod 100)
We seethat the last two digits 01, 07, 49, 43 will repeat. So

7n �

8
>><

>>:

7 (mod 100) if n � 1 (mod 4)
49 (mod 100) if n � 2 (mod 4)
43 (mod 100) if n � 3 (mod 4)
1 (mod 100) if n � 0 (mod 4)

:

As in problem 7, this can be proved by Strong Mathematical Induction. Since 50 �
2 (mod 4), the last two digits of 750 are 49.

Solution 2.
Since74 � 1(mod 100), we have 750 � 748 � 72 � (74)12 � 49 � 112 � 49 � 49 (mod 100).

11 (a) If f (x) = sin(x), then the �rst few derivativesare:
f 0(x) = cos(x)
f 00(x) = � sin(x)
f 000(x) = � cos(x)
f (4) (x) = sin(x)
f (5) (x) = cos(x)
We got cos(x) again, so the derivatives cos(x), � sin(x), � cos(x), sin(x) will re-
peat. Therefore

f (n ) (x) =

8
>><

>>:

cos(x) if n � 1 (mod 4)
� sin(x) if n � 2 (mod 4)
� cos(x) if n � 3 (mod 4)
sin(x) if n � 0 (mod 4)

:

This formula canbe provedby Strong Mathematical Induction (the proof is similar
to that in problem 7).

(c) If h(x) = 2e5x , then the �rst few derivativesare:
h0(x) = 2 � 5e5x

h00(x) = 2 � 5 � 5e5x

h000(x) = 2 � 5 � 5 � 5e5x

We guessthat h(n ) (x) = 2� 5n e5x , and prove this formula by Mathematical Induc-
tion.
Basis step: h0(x) = 2 � 5e5x is true.
Inductiv e step: suppose h(k ) (x) = 2 � 5k e5x , then h(k+1) (x) = 2 � 5k � 5e5x =
2 � 5k+1 e5x .

13 First �nd the number of regionsfor somesmall n:
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6
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n = 4 n = 5
14 regions 22 regions

The sequenceis 2, 4, 8, 14, 22, . . . . The di�erences betweenconsecutive terms are 2,
4, 6, 8, . . . . We guessthat the di�erences are increasingconsecutive even numbers, so

an = 2 + 2 + 4 + 6 + ::: + 2(n � 1) = 2 + 2(1 + 2 + 3 + ::: + (n � 1)) = 2 + 2
(n � 1)n

2
=

2 + (n � 1)n = n2 � n + 2.

Now we will prove this formula by Mathematical Induction.

Basis step: If n = 1, the formula gives2, and it is true that there are 2 regions.

Inductiv estep: Supposethe formula is true for k circles. Weadd a (k+ 1)-th circle. This
new circle intersects the old k circles in 2k points. Thus the intersection points divide
the new circle into 2k arcs. Therefore, the number of regionsincreasesby 2k (each arc
divides an old region into 2). Then, if k circlesdivided the plane into k2 � k + 2 regions,
k+ 1 circleswill divide it into k2 � k+ 2+ 2k = k2+ 2k+ 1� k� 1+ 2 = (k+ 1)2 � (k+ 1)+ 2
regions,and thus the formula holds for k + 1.

14 We compute the �rst few Fibonacci numbers: 0, 1, 1, 2, 3, 5, 8, 13, 21, and notice that
every third of them is even. More precisely, Fn is even if and only if n � 0 (mod 3).
Therefore exactly third of F1, F2, : : :, F99 is even which gives 33 numbers, and F0 is
even, thus we have 34 even numbers total.

Note. The pattern described above can be proved by Strong Mathematical Induction.

Basis step. If n = 0, F0 = 0 is even.

Inductiv e step. Supposethe statement \ Fn is even if and only if n � 0 (mod 3)" holds
for 0 � n � k. We will prove that the statement holds for n = k + 1.

CaseI. k + 1 = 1. Then k + 1 6� 0 (mod 3), and F1 is odd.
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CaseI I. k + 1 = 2. Then k + 1 6� 0 (mod 3), and F2 is odd.

CaseI I I. k + 1 � 3. Then we considerall possiblecasesof k + 1 modulo 3.

CaseI I IA. k + 1 � 0 (mod 3). Then by the inductiv e hypothesisFk is odd and Fk � 1 is
odd (since k � 2 (mod 3) and k � 1 � 1 (mod 3)), so Fk+1 = Fk + Fk � 1 is even.

CaseI I IB. k + 1 � 1 (mod 3). Then by the inductiv e hypothesis Fk is even and Fk � 1

is odd (since k � 0 (mod 3) and k � 1 � 2 (mod 3)), so Fk+1 = Fk + Fk � 1 is odd.

CaseI I IC. k + 1 � 2 (mod 3). Then by the inductiv e hypothesisFk is odd and Fk � 1 is
even (since k � 1 (mod 3) and k � 1 � 0 (mod 3)), so Fk+1 = Fk + Fk � 1 is odd.

15 Let An =
2n � 1Y

i =1

�
1 �

(� 1)i

i

�
, then

A1 = 1 �
� 1
1

= 2

A2 =
�

1 �
� 1
1

� �
1 �

1
2

� �
1 �

� 1
3

�
= 2 �

1
2

�
4
3

=
4
3

A3 =
�

1 �
� 1
1

� �
1 �

1
2

� �
1 �

� 1
3

� �
1 �

1
4

� �
1 �

� 1
5

�
= 2 �

1
2

�
4
3

�
3
4

�
6
5

=
6
5

Guess:An =
2n

2n � 1
.

Proof by Mathematical Induction:

Basis step. If n = 1, we have A1 = 2 =
2
1

as shown above.

Inductiv e step. SupposeAk =
2k

2k � 1
.

We want to prove that Ak+1 =
2(k + 1)

2(k + 1) � 1
=

2k + 2
2k + 1

.

Using the inductiv e hypothesis,we have:

Ak+1 =
�

1 �
� 1
1

� �
1 �

1
2

� �
1 �

� 1
3

�
: : :

�
1 �

� 1
2(k + 1) � 1

�
=

�
1 �

� 1
1

� �
1 �

1
2

� �
1 �

� 1
3

�
: : :

�
1 �

� 1
2k � 1

� �
1 �

1
2k

� �
1 �

� 1
2k + 1

�
=

Ak

�
1 �

1
2k

� �
1 �

� 1
2k + 1

�
=

2k
2k � 1

�
2k � 1

2k
�

2k + 2
2k + 1

=
2k + 2
2k + 1

.

17.9 In varian ts

1 Proof 1.
When we changethe signsof 2 numbers, the possibilities are:
pos, pos ! neg, neg
pos, neg ! neg, pos
neg, neg ! pos, pos.
We seethat the number of positive numbers either does not change or changesby 2.
Thus the parit y of the number of positive numbersis an invariant. We start with the set
containing 3 positive numbers. It is not possibleto reach 6 positive numbers because
3 is odd but 6 is even.
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Proof 2.
When 2 numbersare multiplied by � 1, the product of all the numbersdoesnot change.
Initially the product is � 36. It is not possibleto make it 36.

3 An odd number times 3 is an odd number, and an even number times 3 is an even
number. So multiplication by 3 does not change the parit y of the number. Also, an
odd number minus 2 is an odd number, and an even number minus 2 is an even number.
Soneither of theseoperations changesthe parit y of the number. The initial set consists
of four odd numbers. Thus the four numbers will always be odd. It is not possibleto
reach 2 odd and 2 even numbers.

5 When we replacea by a + 2b or a � 2b, we do not change its parit y (if a is even, then
a � 2b is even, and if a is odd, then a � 2b is odd). Thus the parit y of each number will
always be the same. Initially we had 2 even and 2 odd numbers. It is not possibleto
make all of the numbers even.

7 When we add 1 to all numbers in any row or column, we increase the sum of all
9 numbers by 3. When we subtract 1 from all numbers in any row or column, we
decreasethe sum by 3. Therefore the sum does not change mod 3. The sum of the
original numbers is 1. The sum of nine 1's is 9. Since1 6� 9 (mod 3), it is not possible
to reach nine 1's.

9 The parit y of the number of � signsdoesnot change:

� if two +'s are replacedby +, then the number of � 's doesnot change,

� if two � 's are replacedby +, then the number of � 's is decreasedby 2,

� if + and � are replacedby � , then the number of � 's doesnot change.

Therefore if we had an even number of � signsthen a + will remain in the end, and if
we had an odd number of � signs then a � will remain in the end.

11 We have seenthat any number is conguent to the sum of its digits mod 9. Thus when
we replace a number by the sum of its digits, its remainder mod 9 does not change.
Thus the question is equivalent to whether there are more numbers congruent to 1 or
congruent to 2 mod 9 (among 1, 2, : : :, 106). Remaindersmod 9 are 1, 2, 3, : : :, 8, 0,
and they repeat. The last number is 106 � 1 (mod 9), thus there will be more 1's.

13 When we replacea and b (let a > b) by a � b, the sum of all the numbers changesby

� a � b+ (a � b) = � 2b � 0 (mod 2):

So the parit y of the sum doesnot change. Initially the sum is

1 + 2 + : : : + (4n � 1) =
(4n � 1)4n

2
= (4n � 1)2n

which is even. Thus the sum of the numbers is always even. Therefore an even number
will remain in the end.

15 Proof 1.
The sum of the numbers does not change since a, b, c, d, : : : are replaced by 2b� a,
2c� b, 2d � c, : : :. The sum of the original numbers is 45. But the sum of ten 5's is 50.
Therefore it is not possibleto reach ten 5's.
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Proof 2.
Since2b� a � a (mod 2), 2c� b � b (mod 2), etc., and we start with 5 even and 5 odd
numbers, we'll always have 5 even and 5 odd numbers. Therefore it is not possibleto
reach ten 5's.

17 Let the integers be a1, a2, a3, a4, a5, and a6. The sets f a1; a2; a3; a4; a5; a6g and
f 0; 1; 2; 3; 4; 5g are equal. Thus the sum of all the ai 's is

a1 + a2 + a3 + a4 + a5 + a6 = 1 + 2 + : : : + 6 = 21:

We add its place number to each integer and get

a1 + 1; a2 + 2; a3 + 3; a4 + 4; a5 + 5; a6 + 6:

Then the sum of thesesumsis

(a1 + 1) + (a2 + 2) + (a3 + 3) + (a4 + 4) + (a5 + 5) + (a6 + 6)
= (a1 + a2 + a3 + a4 + a5 + a6) + (1 + 2 + 3 + 4 + 5 + 6) = 21+ 21 = 42:

If all the sumsa1 + 1, a2 + 2, a3 + 3, a4 + 4, a5 + 5, and a6 + 6 have di�eren t remainders
mod 6, then the remaindersare a permutation of the set f 0; 1; 2; 3; 4; 5g whosesum is

0 + 1 + 2 + 3 + 4 + 5 = 15 � 3 (mod 6):

Since42 6� 3 (mod 6), we get a contradiction.

19 Consider squareswith 2, 3, or 4 infected neigbors. Notice that when the infection
spreadsto such a square,the perimeter of the contaminated area cannot increase(but
it may decrease).Namely (look at the picture below), when a squarewith 2 infected
neigbors becomesinfected, the perimeter of the contaminated area does not change.
When a squarewith 3 infected neigbors becomesinfected, the perimeter decreasesby
2. When a squarewith 4 infected neigbors becomesinfected, the perimeter decreases
by 4. Initially the perimeter is at most 4 � 9 = 36. It cannot become40.

21 First we divide the Parliament into two housesrandomly. We will say that a Parliament
member is unsatis�ed with his placement if he has two or more enemiesin his house.
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If there are unsatis�ed members, we'll chooseany one of them and move him to the
other house. Now there is at most one enemy in his house. By this move we reduced
the number of hostile pairs (becausethe member moved was in two hostile pairs and
now he is in at most one hostile pair, and no pairs not containing that member were
a�ected by his move). If any unsatis�ed members remained, then again we'll choose
one of them and move him, thus reducing the number of hostile pairs again. And so
on. Since it is not possiblefor the number of hostile pairs to becomenegative, sooner
or later there will be no unsatis�ed members.

23 After experimenting with a coupleof examples,we notice that the parit y of the number
of 1's is always the same. Here is a proof.

If we replace two 1's by � 1 then the number of 1's decreasesby 2, so its parit y is the
sameas before.

If we replace two � 1's by � 1 then the number of 1's does not change,so its parit y is
the sameas before.

If we replace1 and � 1 by 1 then the number of 1's doesnot change,so its parit y is the
sameas before.

We started with an odd number (seven) of 1's, therefore an odd number of 1's should
remain at the end. Thus 1 will remain.

24 When we divide onenumber by 2 and multiply another number by 2, we do not change
the product of all �v enumbers. Thus the product is an invariant. However, the product
of the numbers in the set f 512; 32; 16; 16; 2g is not equal to the product of the numbers
in the initial set f 1; 4; 32; 128; 256g.

(This can be shown in di�eren t ways, e.g.:)

1 � 4 � 32 � 128� 256= 20 � 22 � 25 � 27 � 28 = 20+2+5+7+8 = 222,

512� 32� 16� 16� 2 = 29 � 25 � 24 � 24 � 21 = 29+5+4+4+1 = 223;

(or
1 � 4 � 32� 128� 256
512� 32� 16 � 16 � 2

=
1 � 4 � 32 � 128� 256
2 � 16� 16� 32� 512

=
1
2

�
4
16

�
32
16

�
128
32

�
256
512

=
1
2

�
1
4

� 2 � 4 �
1
2

=
1
2

6= 1.)

Therefore it is not possibleto reach the set f 512; 32; 16; 16; 2g.

17.10 Coloring

1 A 14 � 14 board has 196 squares. Sinceeach T-tetromino e covers 4 squares,we must

use
196
4

= 49 T-tetromino es. Color the board using the standard chessboard coloring.

Then it has 98 black squaresand 98 white squares.Eeach T-tetromino covers either 3
black and 1 white or 1 black and 3 white squares.Supposethere are n T-tetromino es
covering 3 black squares.Then there are 49� n T-tetromino escovering 1 black square.
Then all 49 tetromino escover 3n + (49 � n) = 2n + 49 black squares.They must cover
98, so 2n + 49 = 98, or 2n = 49. This equation has no integer solutions since49 is not
divisible by 2.
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3 Proof 1. Consider the chessboard coloring. Every T-tetromino covers an odd num-
ber (namely, either 3 or 1) of black squares. Then 15 (which is an odd number) of
them must cover an odd number of black squares. Every L-tetromino covers exactly
2 black squares,therefore 10 of them must cover 20. Then 15 T-tetromino es and 10
L-tetromino esmust cover an odd number (odd +20) of black squares. But the board
hasan even number (namely, 50) of black squares.Therefore a covering is not possible.

Proof 2. Suppose such a covering is possible. As in proof 1, consider the chessboard
coloring, and notice that every T-tetromino coverseither 3 or 1 black squares,and every
L-tetromino covers2 black squares.Supposethat n T-tetrominos cover 3 black squares.
Then 15� n T-tetrominos cover 1 black square. The board has 50 black squares.Thus
3n+ 15� n+ 20= 50. This gives2n = 15which hasno integersolutions. Contradiction.

5 Consider the traditional coloring of the chessboard. A T-tetromino covers either 1 or
3 (i.e. an odd number of) black squares.Every other tetromino covers 2 (i.e. an even
number of) black squares. If the number of T-tetromino eswere odd, then they would
cover an odd number of black squares,and the other tetromino escover an even number
of black squares.Thus all tetromino estogether cover an odd number of black squares
(becausethe sum of an odd number of odd numbers is odd). But the chessboard has
32 black squares,and 32 is even. Contradiction.

7 There are 36 squares,and each domino covers 2, so we need 18 dominoes. Color the
�gure as a chessboard. It has 20 black and 16 white squares.Sinceeach domino covers
oneblack and onewhite square,18 dominoesmust cover 18 black and 18 white squares
while we have 20 and 16. So it is not possibleto cover the �gure with dominoes.

9 Cover the board as shown below.

There are 18 black squares.The rest of the argument is the sameasin problem 1. Each
L-tetromino coverseither 1 or 3 black squares.Let n tetromino escover 3 black squares,
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then 9� n tetromino escover 1 black square,and all 9 together cover 3n+ (9� n) = 2n+ 9.
Therefore 2n + 9 = 18, or 2n = 9, but this equation has no integer solutions.

11 Supposethe top right corner has beenremoved.

Proof 1. Color the board diagonally using 3 colors as shown below.

The board contains 21white, 22black, and 20blue squares.Sinceeach straight tromino
must cover 1 white, 1 black, and 1 blue square,the board cannot be coveredby straight
tromino es.

Proof 2. Color the board using horizontal strip esof 3 colors, say, from top to bottom:
white, blue, black. Then there are 23 white squares(3 rows minus oneremovedsquare),
24 blue squares(3 full rows), and 16 black squares(2 full rows). Each tromino can
either cover 3 squaresof one color, or 1 squareof each color. Let a be the number of
tromino escovering 3 white squares,b the number of tromino escovering 3 blue squares,
c the number of tromino es covering 3 black squares,and d the number of tromino es
covering one squareof each color. Then, for the total number of squaresof each color,
we have: 3a + d = 23, 3b+ d = 24, and 3c+ d = 16. Subtracting e.g. the �rst equation
from the secondwe have 3b� 3a = 1, or 3(b� 1) = 1. Sincethe left-hand sideis divisible
by 3 and the right-hand side is not, the system doesnot have integer solutions.

13 Suppose such a covering exists. Color the board using the strip e coloring using two
colors, say, white and black, starting with black (as shown in the �rst picture after
example10.2. Then there are 12 black columns and 11 white columns, so there are 23
more black squaresthan white ones. Each 2� 2 tile covers2 black and 2 white squares,
so if there are n of such tiles they cover 2n black and 2n white squares.Each 3� 3 tile
covers either 6 or 3 black squaresand, respectively, either 3 or 6 white squares.Let m
be the number of 3 � 3 tiles that cover 6 black and 3 white squares,and let k be the
number of 3 � 3 tiles that cover 3 black and 6 white squares.Then the total number of
black squarescovered by 3 � 3 tiles is 6m + 3k, and the total number of white squares
covered by 3 � 3 tiles is 3m + 6k. Thus the total number of black squarescovered by
all tiles is 2n + 6m + 3k, and the total number of white squarescovered by all tiles
is 2n + 3m + 6k. Since there are 23 more black squaresthan white squares,we have
(2n + 6m + 3k) � (2n + 3m + 6k) = 23, or 3m � 3k = 23, wheren, m, and k are integers.
However, we seethat the left-hand side is divisible by 3, but the right-hand side is not.
Therefore this equation has no integer solutions. Contradiction.

15 Let a be the number of rows and let b be the number of columns. If nja then a = nk for
someinteger k, and each column contains nk squares.Thus we can cover each column
by k \v ertical" 1 � n tiles. Similarly, if njb then b = nk for someinteger k, and each
row contains nk squares.Thus we can cover each row by k \horizon tal" 1 � n tiles.
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Now supposethat n 6j a and n 6j b but an a � b board can be covered by 1 � n tiles.
Color the board diagonally using n colors. Each tile must cover exactly one squareof
each color. Therefore each color must appear the samenumber of times. (We will show
below that this is not possible,thus obtaining a contradiction.)

If a > n, then in the �rst n rows each color appearsexactly b times (becauseeach color
apears exactly once in each column of length n). Therefore if we throw these �rst n
rows away, each color must still appear the samenumber of times. Similarly, we can
throw away the next set of n consecutive rows, and soon, until lessthan n rows remain.
Similarly for the columns. So now we reducedour board to, say, a c � d board where
c < n and d < n, and each color must appear the samenumber of times. Without loss
of generality we can assumethat c � d. This c � d piece is colored diagonally, and we
can renumber our colors so that they appear in the increasing order as shown in the
picture below.

1 2

2

3

3

3

d

d

d

d d+1

d+1

d+1

d

c

Since d < n, the number of colors is at least d + 1, so the �rst d + 1 diagonals are
of di�eren t colors. Since only c � 2 � d � 2 < d < n diagonals remain, colors d and
d + 1 will not repeat. Therefore in this piece there are c squaresof color d but only
c � 1 squaresof color d + 1. Thus the colors are not distributed evenly. We get a
contradiction.

17 Color the board diagonally with 3 colors. You'll get 16 squaresof onecolor, 16 squares
of another color, and 17 squaresof the third color (white, blue, and black respectively
on the picture below). Sinceeach 3 � 1 tile covers one squareof each color, the 1 � 1
tile must cover oneof the 17 squaresof the third color. Now, notice that we could color
the board diagonally in the other direction. The 1 � 1 tile must cover one of the 17
squaresfor the secondcoloring (black again). Therefore it must be in the intersection
of the two sets. The intersection consistsof 9 squares(4 corners,4 midpoints of edges,
and the center). In each case,it is easyto �nd a covering by sixteen 3� 1 and one1� 1
tiles. Thus the set of permissiblepositions of the 1 � 1 tile consistsof those 9 squares.

19 (a) Notice that every pieceof a face diagonal connectsa vertex and a face midpoint.
Thus if we only use face diagonals, vertices and midpoints must alternate. But
there are 8 vertices and 6 midpoints, so there is no way to make them alternate
(there are too many vertices).
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Note. Wecould color all the markedpoints: let verticesbeblack, and let midpoints
bewhite... then black and white points must alternate, but there are8 black points
and 6 white points, so that's impossible.

(b) If one edge is allowed, then we could have two vertices in the beginning, after
which we would be left with 6 midpoints and 6 vertices, and we can make them
alternate. Again, let vertices be black and midpoints white, then a path could be
e.g. bbwbwbwbwbwbwb.

Here is an example. (But there are many other such paths.)

20 \Color" the small (i.e. 1 � 1 � 1) cubes of the 8 � 8 � 8 cube as follows. Color each
other row as in the picture below, and each other row all white.

k�k

k�k

k�k

l�l

l�l

l�l

m�m

m�m

m�m

n�n

n�n

n�n

o�o

o�o

o�o

p�p

p�p

p�p

q�q

q�q

q�q

r�r

r�r

r�r

s�s

s�s

s�s

t�t

t�t

t�t

u�u

u�u

u�u

v�v

v�v

v�v

w�w

w�w

w�w

x�x

x�x

x�x

y�y

y�y

y�y

z�z

z�z

z�z

{�{

{�{

{�{

|�|

|�|

|�|

}�}

}�}

}�}

~�~

~�~

~�~

•�•

•�•

•�•

€�€

€�€

€�€

•�•

•�•

•�•

‚�‚

‚�‚

‚�‚

Then the 8 � 8 � 8 cube contains 64 (which is even) black cubes. Each 4 � 1 � 1 brick
�lls either 0 or 2, so, an even number of black cubes. Thus the 2 � 2 � 2 cubes must
cover an even number of remaining black cubes. Each 2 � 2 � 2 cube �lls exactly one
black cube, therefore the number of 2 � 2 � 2 cubesmust be even.

21 Color the board using the traditional chessboard coloring. Then there are 32 black
squaresand 32 white squares. Each T-tetromino covers either 1 or 3 black squares,
therefore seven T-tetromino es must cover an odd number of black squares. Each L-
tetromino covers 2 black squares,therefore nine L-tetromino esmust cover 18 (i.e. and
odd number of) black squares. Thus all sixteen tiles together must cover an (odd +
even=) odd number of black squares.However, the board has an even number (32) of
black squares,therefore a covering is not possible.
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17.11 Areas and Volumes

1 Solution 1. Divide the region into smaller regions whose areas are easy to �nd, for
example:

B C

D E

A

The areasof theseregionsare: A = 1, B = 1, C =
1
2

, D = 1, E =
3
2

Then the total area is the sum of theseareas: 1 + 1 +
1
2

+ 1 +
3
2

= 5

Solution 2. Considerthe 2� 4 rectanglecontaining the region. Its areais 8. The areaof

the complement is F + G + H = 1+
1
2

+
3
2

= 3, thus the area of the region is 8� 3 = 5.

G

H

F

3 Consider the 2 � 4 rectangle containing the triangle. Its area is 8. The area of the
complement is A + B + C = 1 + 2 + 2 = 5, thus the area of the trianle is 8 � 5 = 3.

A B

C

5 Divide the region into two triangles. One of them is a right triangle and hasareaA = 1.
By the Pythagorean theorem its hypothenuseis

p
12 + 22 =

p
5.

1
2

3

4

A

B
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Therefore the areaof the secondtrianle is B =

r
p
2

� p
2

� a
� � p

2
� b

� � p
2

� c
�

wherea,

b, and c are its sidesand p is its perimeter: a = 3, b = 4, c =
p

5, p = 7+
p

5. Thus we

have B =

vu
u
t 7 +

p
5

2

 
7 +

p
5

2
� 3

!  
7 +

p
5

2
� 4

!  
7 +

p
5

2
�

p
5

!

=

s
7 +

p
5

2
�

1 +
p

5
2

�

p
5 � 1
2

�
7 �

p
5

2
=

s
(7 +

p
5)(1 +

p
5)(

p
5 � 1)(7 �

p
5)

16
=

r
(49 � 5)(5 � 1)

16
=

r
44� 4

16
=

p
11

Therefore the total area is A + B = 1 +
p

11.

7 Draw two heights of the trap ezoid:

5

4 4h

1 5 1

7
Sincethe two triangles are congruent, we calculate that the heights divide the baseinto
segments of length 1, 5, and 1. Then the height is h =

p
42 � 12 =

p
15, thus the area

of the trap ezoid is A =
1
2

(5 + 7)
p

15 = 6
p

15.

9 Consider the 2 � 2 squarecontaining the region. Its area is 4. The complement of the
region in the square consists of four quarters of a circle with radius 1, therefore the
total areaof the complement is the sameas the areaof the circle, i.e. � . Thus the area
of the region is 4 � � .

11 Consider the following sectors:
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Each of the above sectorsis one-third of a full circle of radius 1, thus hasarea
�
3

. Their

total area is
2�
3

, and they cover our region, but they overlap. We must subtract the

area of the overlap from
2�
3

to obtain the area of the region. The overlap consistsof

two equilateral triangles with side 1:

Using the Pathegoreantheorem it is easy to �nd that the height of such a triangle isp
3

2
, and thus the area is

p
3

4
. The total area of two triangles is then

p
3

2
, and the area

of the original region is
2�
3

�

p
3

2
.

13 Divide the region into ten regions (four equilateral triangles and 6 thin piecesaround
them) as follows:

The areaof each triangle (seeproblem 11) is

p
3

4
. The areaof each thin pieceis

�
6

�

p
3

4
(the area of one-sixth of the circle minus the area of the triangle). Thus the total area

of the region is 4 �

p
3

4
� 6

 
�
6

�

p
3

4

!

=
10

p
3

4
� � = 2:5

p
3 � � .

15 Consideroneof the four leavesin the �gure. It is the overlap of two sectors,onequarter

of a circle (of radius
1
2

) each. The area of a quarter of a circle is
�
16

, therefore the area

of the overlap is 2 �
�
16

�
1
4

=
�
8

�
1
4

.

The total area of the region is 4
�

�
8

�
1
4

�
=

�
2

� 1.
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17 Clearly, the baseof the box is a square. Let the basebe a cm � a cm. Sincethe height
of the box is 3, its volume is 3a2. We are given that the volume is 60 cubic cm, so we
have 3a2 = 60, so a2 = 20, and a =

p
20 = 2

p
5. Thus the box has dimensions2

p
5 cm

� 2
p

5 cm � 3 cm.

19 Consider the top half of the octahedron.

1

1
1

It is a pyramid with a square1 � 1 base(whosearea is 1). Its diagonal has length
p

2,

therefore the distance from the center of the octahedron to any vertex is

p
2

2
. Thus

the height of the pyramid is

p
2

2
, and then its volume is

1
3

� 1 �

p
2

2
=

p
2

6
. Since the

octahedron consistsof two such pyramids, its total volume is 2 �

p
2

6
=

p
2

3
.

1

17.12 Symmetry , Translations, Rotations, and Similar-
it y

1 Case1: the circles lie on the opposite sidesof the line.

A

B

S

TC

Let S and T be the centers of the given circles, and let r 1 and r2 be their radii. Draw
a line through the centers of the circles (let's call it L ). Let A be the intersection point
(closest to the given line) of L and the �rst circle, let B be the intersection point of L
and the given line, and let C be the intersection point (closest to the given line) of L
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and the secondcircle. This choice of A, B , and C minimizes SA + AB + B C + CT
becausethe shortest path from S to T is the straight line. SinceSA = r 1 and CT = r2

are �xed, this choice of A, B , and C minimizes AB + B C.

Case2: the circles lie on the sameside of the line.

A
S

T'

T

B
C

C'

Re
ect the secondcircle about the given line, and draw a straight line through the
center of the �rst circle and the center of the new one. Let the intersection points
A, B , and C0 be as above. Re
ect the point C0 about the given line, get a point C
on the second(old) circle. This choice of A, B , and C minimizes AB + B C because
AB + B C = AB + B C0, and we have seenabove that this choice of points minimized
AB + B C0.

3 Move the line a distance l horizontally (to the right or to the left depending on where
the circle is). Let X be an intersection point of the new line and the circle. Move X
back, get the point Y on the old line. Then X Y is horizontal and has length l . (Note:
if the new line and the circle do not intersect, then there is no solution.)

XY

l

5 Rotate the line p through an angle of 180 degreesaround S. Let's call the new line
p0. Let C be the intersetion point of p0 and q. (Note: if p0 and q do not intersect,
then there is no solution.) Rotate C back - get a point A on the old line p. Thus we
have that A, S, and C lie on the sameline, and SA = SC. Now to �nd the remaining
vertices of the square,rotate A through 90 degreesaround S (in both directions).
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S

C

A

B

D

p

q

p'

7 Let the centers of the circlesbe S and T, their radii r and r 0, and the distancebetween
their centers d. Draw a line through the centers of the circles. We know that it must
crossthe common tangent line that we are looking for. Let's �nd the location of the
intersection point I . Let the distance between the center of the �rst circle and the
intersetion point be x, then the distance between the center of the secondcircle and
the intersection point is d � x.

r

x
d-x

S
T

I r'

From similar triangles we seethat
x
r

=
d � x

r 0 .

Solving this equation for x givesx =
r 0d

r + r 0.

Once we have this intersection point, we draw semicircleswith diameters x and d � x,
and �nd the intersection points A and B of these semicircleswith the given circles.
These are the points where the tangent line touches the circles, so we draw a line
through thesepoints.

x

A

B

S I T

(We know that an angle inscribed in a semicircleis 90 degrees,so both SA and AI are
perpendicular, and TB and B I are perpendicular, thus AB is the common tangent.)

9 Re
ect the point A about p, get a point A0. Re
ect A about q, get a point A00. We
want to �nd B and C on p and q respectively so that to minimize the perimeter of the
triangle AB C. SinceAB + B C + CA = A0B + B C + CA00, the problem is equivalent
to minimizing A0B + B C + CA00. But this is minimimized when A0, B , C, and A00line
on one line (becausethe shortest path from A0 to A00 is the straight line). Thus we
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connect A0 and A00, and let B and C be the intersection points of A0A00and the lines
p and q respectively.

A

A' A''
B C

p q

11 Draw a vertical line l through A. Re
ect the line p about l , get p0. Let C be the
intersection point of p0 and q. Now re
ect the point C about l , get a point B on p.
SinceB and C are symmetric about the vertical line l , we have that B C is horizontal
and AB = AC .

ƒ�ƒ

„�„

…�…

†�†

A

B

p
q

C

13 Rotate the circle S through an angleof 30� around A (toward circle T). Call the image
S0. Let C be an intersection point of S0 and T. Rotate the point C back - get a point
B on the original circle S. Then AB = AC and \ B AC = 30� . The other anglesare
as required because\ AB C = \ AC B since4 AB C is isosceles,and the sum of all the
anglesin a triangle is 180� .

15 Draw a solution. Notice that AC =
p

2AB and \ B AC = 45� . This means that if
we rotate the point B through 45� around A, let's call the image B 0, then C lies on
the line AB 0 and AC =

p
2AB 0. Thus to �nd such points, we have to rotate the line

p through 45� around A, let's call the image p0, and then draw a line p00 parallel to
p0 and such that the distance from A to p00 is

p
2 times the distance from A to p0.

(To do this, pick any point X 0 on p0, draw the line AX 0, �nd X 00 on AX 0 such that
AX 00=

p
2AX 0, and draw the line p00 through X 00and parallel to p0.) Let C be the

intersection point of p00and q. Draw the line AC . Let B 0 be the intersection point of
p0 and AC . Rotate B 0 through 45� around A to get a point B on the original line p.
Now we have \ B AC = 45� and AC =

p
2AB 0 =

p
2AB .

17 Solution 1. Since\ CAB = 60� and AD bisects\ CAB , \ DAB = 30� . Then \ AD B =
60� . Thus the problem is equivalent to �nding points A and D such that \ AD B = 60�

and jAD j = l . To do this, translate the line q a distance l in the direction of the ray r
such that the anglebetweenr and q is 60� (seepicture below). Call the new line q0. Let
A be the intersection point of p and q0. Translate A back - get point D on the original
line q. Now draw a vertical line v through A. Let B be the intersection point of v and
q. By our construction, jAD j = l , AB is vertical, \ AD B = 60� , thus \ DAB = 30� ,
and thus AD bisects \ CAB .
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D
C 30

p q'

r

l

A

B q

v

60

Solution 2. Since\ DAB = 30� ,
jAB j
jAD j

= cos30� =

p
3

2
. Then jAB j =

p
3

2
jAD j =

p
3

2
l .

Thus we have to translate q a distance

p
3

2
l upward (this is doable with a ruler and a

compass),and let A be the intersection point of the new line q0 and p. (Note: the new
line q0 here is, of course,the sameas in solution 1.) Then draw a vertical line through
A to �nd B .

Solution 3. As in solution 2, jAB j =

p
3

2
l . Now, since\ AC B = 30� ,

jAB j
jCB j

= tan 30� =

1
p

3
. Then jCB j =

p
3jAB j =

3
2

l . Thus we just have to �nd B on q such that

jCB j =
3
2

l , and then draw a vertical line through B to �nd A.

Solution 4. Sincewe need\ CAD = 30� = \ DCA, 4 CAD must be isosceles.Thus we
need jCD j = jAD j = l . Therefore, we have to �nd D on q such that jCD j = l , then
draw the line AD such that \ AD C = 120� , and, �nally , draw the vertical line AB .

Solution 5. Chooseany point A0 on p. Draw a vertical line v0 through A0, and let B 0 be
the intersection point of v0 and q. Draw the bisector A0D 0 of \ CA0B 0. The length of
A0D 0 is probably not equal to l . Sowe have to adjust our construction (proportionally)
to make this distanceequal to l . Namely, let A0D 0 = l0. Sincewe needAD = l, 4 CAB

we are looking for is similar to 4 CA0B 0 with coe�cien t of similarit y
l
l0. Thus, we �nd

A on p such that jCAj =
l
l0jCA0j (again, this is doable with a ruler and a compass;

pleaseask me if you are not sure how to do this). Then draw a vertical line through
A to �nd B as before, and, �nally , draw the bisector AD . From similar triangles, we

have
jAD j

jA0D 0j
=

jCAj
jCA0j

=
l
l0. Then jAD j =

l
l0jA0D 0j =

l
l0l

0 = l as desired.

D
C 30

p

qD' B'

A'

A

B

v'

v

Note. Solution 4 works only because4 AC D must be isosceleswhich usesthe fact that
the given angle is 30� and AB must be vertical. Solutions 2 and 3 may work for some
other anglesand directions of AB , but they still use the fact that all the anglesare
nice. Solutions 1 and 5 would work for any angle and any direction of AB .

Note. The idea of solution 5 is very useful for many problems.
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17.13 Graphs

1 By corollary 13.6, in any graph, the number of vertices of odd degreeis even. Here
there are 3 vertices of degree3, so there is no such graph.

3 Let verticesrepresent people,and edgesrepresent friendship (two verticesare connected
if and only if the corresponding peopleare friends). Then the degreeof each vertex is
the number of friends of the corresponding person. Since in any graph the number of
vertices of odd degreeis even, we have that the number of peoplewith an odd number
of friends is even.

5 We can start with any vertex and assumeit's in set X . Then consider any vertex
connectedwith the �rst one, and if the graph is bipartite, this vertex must be in the
other set, say, Y . Then considerany vertex connectedwith the �rst or secondone,and
so on. If we ever run into a situation when two vertices in one set are connected,the
graph is not bipartite. If not, we'll have a division of the set of vertices into two sets
X and Y such that there are no edgeswithin oneset, and hensethe graph is bipartite.

X X X X X
Y Y Y Y

X XX

X X X

X X XY Y

Y

X

X

X

X X

X

Y

Y Y

Y Y

Y Y

XX

X

contradiction, so not bipartite

bipartite

Similarly: 

bipartitenot bipartitebipartite

Y

7 If this werepossible,considerthe following graph with 8 vertices: each vertex represents
a county, and two vertices are connectedif and only if the corresponding counties are
neighbors. Then the degreeof each vertex is the number of the neighbors of that
county. Thus we would have a graph with 8 vertices of degrees5, 5, 4, 4, 4, 4, 4,
3. But in any graph, the sum of the degreesof all the vertices is even. The sum
5 + 5 + 4 + 4 + 4 + 4 + 4 + 3 = 33 is odd. Contradiction.

9 A graph hasan Euler path but not an Euler cycle i� it is connectedand hastwo vertices
of odd degree.

11 First of all, recall that K n;m has 2 groups of vertices, n vertices in group A, m vertices
in group B, and every vertex in group A is connectedto every vertex in group B.
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(a) We know that there exists an Euler cycle if and only if the degreeof each vertex
is even. The graph K n;m has n vertices of degreem and m vertices of degreen.
Sinceall the degreesmust be even, both m and n must be even.

(b) By problem 9, an Euler path exists if and only if the graph has at most 2 vertices
of odd degree.So consider the following cases:

(1) No vertices of odd degree,i.e. all the degreesare even. Then both m and n
are even.

(2) 2 vertices of odd degree,both in group A of n vertices. Sinceall the vertices
in this group have the same(odd) degree,and we can have at most 2 vertices of
odd degree,there are only 2 vertices in this group, thus n = 2. Sincetheir degree
is odd, m is odd. Thus we have n = 2 and m is odd.

(3) 2 vertices of odd degree,both in group B of m vertices. This caseis similar to
case(2), only n and m are switched. Thus m = 2 and n is odd.

(4) 2 vertices of odd degree,one in group A and the other in group B. Then both
m and n are odd, thus all the degreesare odd, but we can have at most 2 odd
degrees,so n = m = 1.

(d) A Hamilton cycle is a cycle that visits every vertex exactly once. If a Hamilton
cycle starts at a vertex in group A, then its secondvertex belongsto group B, the
next onebelongsto group A, the fourth onebelongsto group B, and soon, i.e. A
and B will alternate. It must eventually comeback to the original vertex, therefore
the number of verticesin group A must be equal to the number of verticesin group
B. Thus m = n.

(c) A path doesnot return to the starting point, thus in addition to the casem = n
(in this casea path has the form ABAB...AB), we have m = n � 1 (then we can
�nd a path of the form ABAB...ABA), and m = n + 1 (then we can �nd a path
of the form (BABA...BAB).

13 First draw the graph representing all possiblemovesof a knight:

A reentrant tour is a Hamilton cycle. Thus we have to show that this graph has no
Hamilton cycle. Notice that there are 4 vertices of degree2, and in order to visit a
vertex of degree2 we have to useboth its edges.Consider the upper left corner vertex
and the lower right corner vertex. We must useboth edgesat each of them. But then
we get a cycle. There is no way of adding anything to this cycle (becauseif we add
more edges,we'll have to go through some vertex more than once). But this cycle
missesmany vertices. Thus there is no Hamilton cycle.
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15 If nobody madea mistake, we would be able to draw a bipartite graph with 14 vertices,
7 verticesrepresenting men and 7 verticesrepresenting women,and such that 2 vertices
are connectedif and only if the corresponding peopleshareda dance. Then the sum of
the degreesof the 7 verticesrepresenting men should be equal to the sum of the degrees
of the 7 vertices representing women (both sumsbeing equal to the number of edges).
But it is not possibleto divide the given 14 numbers into 2 groups such that the sums
are equal becauseone group must contain the 5, and the other group must consist of
3's and 6's. The sum of the numbers in the �rst group is congruent to 2 mod 3, and the
sum of the numbers in the secondgroup is congruent to 0 mod 3, so the sums cannot
be equal.

17 Let scientists be represented by vertices. Connect all vertices. We get the complete
graph K 17. Color the edgesusing three colors, say, blue, red, and green,according to
the topic discussedby the scientists these vertices represent. We have to prove that
there are three vertices connected (pairwise) by 3 edgesof the same color. Choose
any vertex, say, vertex A. It is connectedwith 16 other vertices. Among the 16 edges
connectingvertex A with other verticesat least 6 are of the samecolor, say, blue. Look
at those 6 vertices. If at least two of them are connectedby a blue edgethen we have
a blue triangle. If not, look at the K 6 graph for those 6 vertices. All its edgesare red
and green. By example 13.18, it contains at least one triangle with all 3 sidesof the
samecolor, either red or green.

19 (a) Yes. Seethe picture below.

(b) Yes. In the above picture, we can connect the two endsof the path.

21 Let the degreesof the remaining vertices be a (in group A) and b (in group B). The
sum of degreesof vertices in the �rst group must be equal to the sum of degreesof
vertices in the secondgroup. Thus 4+ 2+ 2+ a = 3+ 1+ 1+ b, or 3+ a = b. Sincethe
graph is connected,the degreeof each vertex is at least 1. Thus a � 1. Now, it is easy
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to seethat for every pair a, b satisfying 3 + a = b and a � 1, there exists a graph with
vertices of such degrees.(Becausewe can have multiple edgesbetween the vertices of
degreesa and b.) Draw a few such graphs!

17.14 Working backw ards

1 46 = 1 � 32+ 14
32 = 2 � 14+ 4
14 = 3 � 4 + 2
4 = 2 � 2

Thus d = (46; 32) = 2.

2 = 14� 3 � 4
= 14� 3(32 � 2 � 14) = 7 � 14 � 3 � 32
= 7(46� 1 � 32) � 3 � 32 = 7 � 46� 10 � 32

Thus x = 7 and y = � 10.

3 96 = 1 � 54+ 42
54 = 1 � 42+ 12
42 = 3 � 12+ 6
12 = 2 � 6

Thus d = (96; 54) = 6.

6 = 42� 3 � 12
= 42� 3(54� 1 � 42) = 4 � 42� 3 � 54
= 4(96� 1 � 54) � 3 � 54 = 4 � 96� 7 � 54; so x = 4 and y = � 7:

5 UseEuclid's algorithm to �nd 1 = 67� 3 � 25� 8. Then 6 = 67� 18� 25� 48, thus a = 18
and b = � 48 work.

Note. Of course,this is not the only pair of such integers.

7 We want to �nd a and b such that

a = q1 � b+ r1

b = q2 � r1 + r2

r1 = q3 � r2 + r3

r2 = q4 � r3 + r4

r3 = q5 � r4 + r5

r4 = q6 � r5 + r6

r5 = q7 � r6 + r7

r6 = q8 � r7

Chooseany numbers for r 7 and all the quotients qi , and work backwards to �nd all the
numbers r i , b, and a. For example,

a = q1 � b+ r1 ::: 220= 1 � 127+ 93
b = q2 � r1 + r2 ::: 127= 1 � 93+ 34
r1 = q3 � r2 + r3 ::: 93 = 2 � 34+ 25
r2 = q4 � r3 + r4 " 34 = 1 � 25+ 9
r3 = q5 � r4 + r5 25 = 2 � 9 + 7 25 = 2 � 9 + 7
r4 = q6 � r5 + r6 9 = 1 � 7 + 2 9 = 1 � 7 + 2
r5 = q7 � r6 + r7 7 = 3 � 2 + 1 7 = 3 � 2 + 1
r6 = q8 � r7 2 = 2 � 1 2 = 2 � 1
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9 .

1

y=f(x)

y

x

3

2

Re
ect the given graph about the x-axis (i.e. multiply the function by � 1) and shift 3
units upward (i.e. add 3).

y

x

y=-f(x)

2

-3

y

x

1

3

1

y=-f(x)+3

Then � f (x) + 3 = jg(x)j where

1

y

x

-3

y=g(x)

Shifting the graph of g(x) 3 units upward will give the graph of j3xj, therefore

g(x) + 3 = j3xj
g(x) = j3xj � 3
� f (x) + 3 = jj3xj � 3j
f (x) = 3 � jj3xj � 3j

11 Let's denotethe function whosegraph is given by f (x). Let g(x) = f (x) �
x
2

(using the

hint given in problem 10). It's easiestto sketch the graph of g(x) if we write piece-wise
linear formulas for f (x) and g(x) �rst:
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f (x) =

8
<

:

0 if x < 0
x if 0 � x < 1
2x � 1 if x � 1

; so g(x) =

8
<

:

� x=2 if x < 0
x=2 if 0 � x < 1
3x=2 � 1 if x � 1

:

Then the graphs are as follows:

1

1
x

slope=2

1

1

y=f(x)
y=g(x)

slope=-1/2
slope=3/2

x

yy

slope=1/2

We seethat g(x) = jh(x)j where the graph of h(x) is:

1

1

slope=3/2

x

y

slope=1/2

y=h(x)

Now we will move the graph of h(x) so that the vertex is at the origin, let's call the
new function k(x):

slope=3/2

x

1

1

y

slope=1/2

y=k(x)

Sinc y = h(x) can be obtained from y = k(x) by shifting it 1 unit to the right and
1
2

unit upward, h(x) = k(x � 1) +
1
2

.

Subtracting x from k(x) gives l(x) = k(x) � x:
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x

1

1

y

slope=-1/2

y=l(x)

slope=1/2

We seethat l (x) =
�
�
�
x
2

�
�
� .

The equation l(x) = k(x) � x implies k(x) = l(x) + x =
�
�
�
x
2

�
�
� + x.

Then h(x) = k(x � 1) +
1
2

=

�
�
�
�
x � 1

2

�
�
�
� + (x � 1) +

1
2

=

�
�
�
�
x � 1

2

�
�
�
� + x �

1
2

.

Further, g(x) = jh(x)j =

�
�
�
�

�
�
�
�
x � 1

2

�
�
�
� + x �

1
2

�
�
�
�.

Finally, g(x) = f (x) �
x
2

implies f (x) = g(x) +
x
2

=

�
�
�
�

�
�
�
�
x � 1

2

�
�
�
� + x �

1
2

�
�
�
� +

x
2

.

13 Solution 1.

Supposethe 4-tuple 0, 5, 0, 5 doesoccur. Then before it we must have the digit 0, and
before that 5, and before that another 0... In fact, all the digits in our sequencemust
be 0's and 5's.

Proof: Solving an � an � 4 + an � 3 + an � 2 + an � 1 (mod 10) for an � 4 gives

an � 4 � an � an � 3 � an � 2 � an � 1 (mod 10).

This implies an � 4 � an � an � 3 � an � 2 � an � 1 (mod 5).

Thus if four consecutive digits are divisible by 5, then all the digits in the sequenceare
divisible by 5.

But the starting sequence2, 0, 0, 3 contains 2 and 3 which are not divisible by 5.
Contradiction.

Solution 2.

If the 4-tuple 0, 5, 0, 5 doesoccur, look at the very �rst time it occurs. Then working
backwards, determine a few digits before these4:

2; 0; 0; 3; : : : : : : ; 0; 5; 0; 5; : : :
2; 0; 0; 3; : : : : : : ; 0; 0; 5; 0; 5; : : :
2; 0; 0; 3; : : : : : : ; 5; 0; 0; 5; 0; 5; : : :
2; 0; 0; 3; : : : : : : ; 0; 5; 0; 0; 5; 0; 5; : : :
2; 0; 0; 3; : : : : : : ; 5; 0; 5; 0; 0; 5; 0; 5; : : :
2; 0; 0; 3; : : : : : : ; 0; 5; 0; 5; 0; 0; 5; 0; 5; : : :

We seethat we have this 4-tuple in the sequenceagain, hencethe one we started with
was not the �rst occurence.Contradiction.

15 We want to force our opponent to take the last counter. Thus we have to leave 1
counter on our last turn. To ensurethat we'll be able to do that, we'll leave 6 counters
on our next to last turn (then if our opponent takes 1, we take 4 and leave 1; if our
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opponent takes2, we take 3; if they take 3, we take 2; if they take 4, we take 1). On
the turn before the next to last we'll leave 11... and so on. Thus we have to go �rst,
take 1 counter and leave 26. Then no matter how our opponent plays we'll be able to
leave 21, 16, 11, 6, 1.

17 On our last turn we want to leave one counter. Then our opponent will have to take
it, and they will lose. Notice that no matter how our opponent plays, we can always
play in such a way that the number of counters our opponent takesplus the number of
counters we take is equal to 3 (namely, if they take 1, we can take 2; if they take 2, we
can take 1). Thus on our next to last turn we'll leave 4 (then no matter how they play,
we'll be able to leave 1). On the turn before that we want to leave 7. This meansthat
we should let our opponent go �rst. Then, if they take x, we take 3 � x, and leave 7.
Then we leave 4, then we leave 1, and we win.

19 We will work backwards. We want to take the last counter. How many counters should
we leave on our next to last turn so that our opponent cannot take the last counter?
We can't leave 1 becausethey will take it. We can't leave 2 either, since they can
take 2. But we can leave 3. Then they can take either 1 or 2, that will leave 2 or 1
(respectively), and we will take them. So, we must leave 3 counters.
How many should we leave on the turn before that so that our opponent cannot take
all or leave 3? We can't leave 4 (they may take all of them). We can't leave 5 (they
may take 2 and leave 3). How about 6? Let's seewhat choicesour opponent has then.
If they take 1 and leave 5, that's good - we'll take 2 then. If they take 2 and leave 4,
also good for us - we'll take 1. They can also take 4 and leave 2. That's good too, we
will then take the last 2. So, we must leave 6.
The turn beforethat: we don't want to give our opponent an opportunit y to leave 0 or
3 or 6. 7 is bad (they may take 1 and leave 6), 8 is bad (they may take 2 and leave 6).
How about 9? Our opponent may take 1 (and leave 8) or take 2 (and leave 7) or take
4 (and leave 5) or take 8 (and leave 1). In each case,we'll be able to leave 6 or 3 or 0.
So, we must leave 9.
Now notice that the numbers 3, 6, 9 are multiples 3. Does this mean that leaving
multiples of 3 is a winning strategy? Let's see...Supposewe leave a multiple of 3. Our
opponent will take a power of 2. Sincea power of 2 is not divisible by 3, they will leave
a number not divisible by 3. Then we can take the remainder, and leave a multiple of
3 again. Thus we have to go �rst, take 2 counters, and leave 48 (or take 8 and leave 42,
or take 32 and leave 18). Then, each time we'll be able to leave a multiple of 3. Thus
sooner or later we'll leave 0, and we'll win.

21 The derivative of a cubic polynomial is a quadratic polynomial. We want this quadratic
polynomial to have integer roots. Instead of trying random coe�cien ts a, b, c, and d,
let's choosethe roots of the quadratic polynomial (the derivative of f ), and then �nd
f :

Choosethe roots, e.g. r 1 = 3 and r2 = 5.

(x � 3)(x � 5) = x2 � 8x + 15.

Now f (x) can be any antiderivative of this polynomial, say,
1
3

x3 � 4x2 + 15x � 3.

However, we want it to have integer coe�cien ts, so let's mulitply this function by 3:

f (x) = x3 � 12x2 + 45x � 9. (Then f 0(x) = 3x2 � 24x + 45 = 3(x2 � 8x + 15) =
3(x � 3)(x � 5) has integer roots.)

Here is another choice of roots and the constant d:
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r1 = � 3, r2 = 4, (x + 3)(x � 4) = x2 � x � 12, an antiderivative is
1
3

x3 �
1
2

x2 � 12x �
1
6

,

multiply by 6:

f (x) = 2x3 � 3x2 � 72x � 1. (Then f 0(x) = 6x2 � 6x � 72= 6(x2 � x � 12) = 6(x+ 3)(x � 4)
has integer roots.)

23 Start with a matrix in reduced echelon form with integer entries, and perform a few
operations (i.e. work backwards in the reducing algorithm) to modify some (or all)
coe�cien ts.

For example:
2

4
1 0 3
0 1 � 2
0 0 0

3

5  

2

4
1 0 3
0 1 � 2
0 � 2 4

3

5  

2

4
1 1 1
0 3 6
0 � 2 4

3

5  

2

4
1 1 1

� 2 1 4
0 � 2 4

3

5  

2

4
1 1 1

� 2 1 4
3 1 7

3

5  

2

4
4 4 4

� 2 1 4
3 1 7

3

5

25 We will use the following names of coins: penny (1 cent), nickel (5 cents), dime (10
cents), quarter (25 cents).

Basedon the amount we seethat coins of somevalue must be present. For example,
at least two penniesmust be used to make 57 cents. Instead of adding the values of
coins, we will subtract the value of known coins from the initial amount and keeptrack
of the number of other coins.

So,sinceat least two penniesmust be present, the value of the other 5 coins is 55 cents.
These5 coins cannot all be lessthan a quarter, because5 coins whosevalue is at most
10 cents would not add up to 55, and no coins can be larger than a quarter since the
next available value is 1 dollar, soat least onequarter must be present. Thus the value
of the remaining 4 coins is 55� 25 = 30. Here no penniesor coins larger than 10 cents
can be used,and four dimes would be too much, so at least one nickel is present. The
value of the 3 remaining coins is 25, so again at least one nickel must be present, and
the value of the remaining 2 coins is 20. The only possibility here is two dimes.

Thus I have two pennies,two nickels, two dimes, and one quarter.

Note. There are other ways to derive the answer.

17.15 Calculus

1 Sincejx + 2j =
�

x + 2 if x + 2 � 0; i.e. x � � 2
� (x + 2) if x + 2 � 0; i.e. x � � 2

; we have:

Z 2

� 4
jx + 2jdx =

Z � 2

� 4
jx + 2jdx +

Z 2

� 2
jx + 2jdx = �

Z � 2

� 4
(x + 2)dx +

Z 2

� 2
(x + 2)dx =

�
�

x2

2
+ 2x

� �
�
�
�

� 2

� 4
+

�
x2

2
+ 2x

� �
�
�
�

2

� 2
= � (2 � 4) + (8 � 8) + (2 + 4) � (2 � 4) = 10

Note: another way to do this problem is to interpret the integral in terms of areas.

3 Let the given line be tangent to the parabola at the point (a; a � 1). Then �rst, the
parabola passesthrough (a; a � 1), thus

a � 1 = ca2:
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Second,the line and the parabola have the sameslope at this point:

1 = 2ca:

From the secondequation we have c =
1
2a

. Substitute this for c in the �rst equation:

a � 1 =
a2

2a
) a � 1 =

a
2

) 2a � 2 = a ) a = 2 ) c =
1
4

5 We need the polynomial to pass through the given points, and have slope (which is
p0(x) = 3ax2 + 2bx + c) equal to 0 at both points.
The value at 0: d = 1.
The value at 1: a + b+ c + d = 0.
The slope at 0: c = 0.
The slope at 1: 3a + 2b+ c = 0.
Since d = 1 and c = 0, the secondand fourth equations becomea + b = � 1 and

3a + 2b = 0. Then b = �
3
2

a, and a �
3
2

a = � 1. This givesa = 2. Then b = � 3.

p(x) = 2x3 � 3x2 + 1.

7 To �nd the intersection points of the line y = ax and the parabola y = x2, solve
ax = x2.

The roots are x = 0 and x = a, thus the intersection points are (0; 0) and (a; a2).

If a > 0, the area is
Z a

0
(ax � x2)dx =

�
a

x2

2
�

x3

3

� �
�
�
�

3

0
=

a3

2
�

a3

3
=

a3

6
.

We want the area to be equal to 1, so
a3

6
= 1 ) a3 = 6 ) a = 3

p
6

If a < 0, then the area is
Z 0

a
(ax � x2)dx = �

a3

6
) a = � 3

p
6.

9
1X

n =0

1
22n +1 =

1
2

+
1
23 +

1
25 +

1
27 + : : : =

1
2

�
1 +

1
22 +

1
24 +

1
26 + : : :

�

=
1
2

�
1 +

1
4

+
1
42 +

1
43 + : : :

�
=

1
2

�
1

1 � 1
4

=
2
3

11 Draw a picture so that you seewhat's going on. Let the slope of such a tangent line be
m, then its equation is y = mx. Let (a; ma) be the touching point. Sincethis point lies
on the parabola, ma = a2 + 2: The slope of the parabola at the touching point must be
m, therefore 2a = m. Substituting this into the �rst equation gives2a2 = a2 + 2. Then
a = �

p
2, and m = � 2

p
2. Thus the equations of the tangent lines are y = 2

p
2x and

y = � 2
p

2x.

13 First �nd the partial fraction decomposition, i.e. A abd B such that
1

x2 + x
=

A
x

+
B

x + 1
.

Multiply both sidesby x2 + x = x(x + 1):

1 = A(x + 1) + B x

1 = (A + B )x + A ) A + B = 0 and A = 1, then B = � 1.

Thus f (x) =
1

x2 + x
=

1
x

�
1

x + 1
= x � 1 � (x + 1)� 1.
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f 0(x) = � x � 2 + (x + 1)� 2

f 00(x) = 2x � 3 � 2(x + 1)� 3

f 000(x) = � 2 � 3x � 4 + 2 � 3(x + 1)� 4

: : :

f (n ) (x) = (� 1)n n!x � n � 1 � (� 1)n n!(x + 1)� n � 1

Note: this formula can be proved by Mathematical Induction.

15 Since A and B are given, the length of AB is given. Now, to maximize the area of
4 AB C, we have to maximize the height hc. To do this, the point C must lie on the
tangent line parallel to the given line. Thus the slope of the parabola at C must be
equal to m. Then the x-coordinate of C is

m
2

(since the slope is 2x). The y-coordinate

of C is then
m2

4
.

x

y

A

B

C

17 Consider the graphsof f (x) = x2 + ax + 1 and g(x) = cosx. Both graphs passthrough
the point (0; 1). The graph of g(x) = cosx has slope 0 at that point. If the slope of
f (x) = x2 + ax + 1 at (0; 1) is positive, then for somesmall negative valuesof x we will
have x2 + ax + 1 < cosx. If the slope of f (x) = x2 + ax + 1 at (0; 1) is negative, then
for somesmall positive valuesof x we will have x2 + ax + 1 < cosx. The only casein
which x2 + ax + 1 � cosx for all real x is when the slope of f (x) = x2 + ax + 1 at
(0; 1) is 0. The derivative of f (x) is f 0(x) = 2x + a, thus the slope at (0; 1) is f 0(0) = a.
Therefore a = 0 is the only such value of a.

pos. slope neg. slope

slope 0

19 Let the point A (with positive x-coordinate) where the circle touches the parabola be
(a; a2), and the center B of the circle be (0; b). Then the distance betweenthesepoints
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is 1, thus
a2 + (b� a2)2 = 1:

y

x

y=x2

1

A
B

The slope of the parabola at the point (a; a2) is 2a (the derivative of x2 at x = a), then

the slope of AB is �
1
2a

(since AB and the parabola are orthogonal at (a; a2)). Thus

we have
b� a2

0 � a
= �

1
2a

:

The last equation givesb� a2 =
1
2

, then from the �rst equation we have

a2 +
1
4

= 1 ) a2 =
3
4

. Then b = a2 +
1
2

=
3
4

+
1
2

=
5
4

.

21 Our region consistsof 4 parts of equal area.

3

3

2

1

The total area of our region is 4 times the area of each part.

2

A

B

O

A

B

D

C

O

 C

D

1 3

3
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The area of each part is the area of sector OAD minus the area of sector OB D minus
the area of triangle OB C minus the area of triangle OAC .

A has coordinates (1;
p

8), thus AreaOAD =
9arccos(1=3)

2
.

B has coordinates (
p

5; 2), thus AreaOB D =
9arcsin(2=3)

2
.

OB C has baseB C =
p

5 � 1 and height hB C = 2, thus AreaOB C =
2(

p
5 � 1)
2

.

OAC has baseAC =
p

8 � 2 and height hAC = 1, thus AreaOAC =

p
8 � 2
2

.

Then AreaAB C =
9arccos(1=3) � 9arcsin(2=3) � 2(

p
5 � 1) � (

p
8 � 2)

2

=
9arccos(1=3) � 9arcsin(2=3) � 2

p
5 �

p
8 + 4

2
The total area is then 2(9arccos(1=3) � 9arcsin(2=3) � 2

p
5 �

p
8 + 4)

23 Let the right intersection point have coordinates (a; c). Then c = 8a � 27a3.

a

c

If the areasof the shadedregionsare equal then the area of the region under the given
cubic curve from x = 0 to x = a is equal to the area of the rectangle with width a and
height c = 8a � 27a3. Thus we have
Z a

0
8x � 27x3 = a(8a � 27a3)

�
4x2 �

27
4

x4
� �

�
�
�

a

0
= 8a2 � 27a4

4a2 �
27
4

a4 = 8a2 � 27a4

81
4

a4 = 4a2

81a4 = 16a2

81a2 = 16 (since a 6= 0)

a =

r
16
81

=
4
9

Then c = 8a � 27a3 =
32
9

�
27� 43

93 =
32
9

�
64
27

=
96� 64

27
=

32
27
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25 Assumethat a, b, and c are all positive.

Case1. At least 2 of a; b; and c are equal. Without loss of generality we can assume
that a = b. Then the intersection of the xy-plane and the ellipsoid is a circle whose

equation is
x2

a2 +
y2

b2 = 1, z = 0.

Case2. The numbers a; b; and c are all distinct. Without loss of generality we can
assumethat a > b > c. The intersection of the xy-plane and the ellipsoid is an ellipse

whoseequation is
x2

a2 +
y2

b2 = 1, z = 0. The intersection of the zy-planeand the ellipsoid

is an ellipse whoseequation is
z2

c2 +
y2

b2 = 1, x = 0. Now rotate the �rst ellipse until it

coincidesthe secondellipsesothat the y-axis is always in its plane. Then oneif its axes
is always b, and the other one is changing continuously from a > b to c < b. Becuase
of continuit y, at somepoint it is equal to b.

27 If the function a1 cosx + a2 cos(2x) + : : : + a30 cos(30x) takeson only positive values,
then its integral over any interval must be positive (becauseit is the area of the region
under the graph of the function). However,
Z 2�

0
(a1 cosx + a2 cos(2x) + : : : + a30 cos(30x))dx =

�
a1 sinx +

a2

2
sin(2x) + : : : +

a30

30
sin(30x)

� �
�
�
2�

0
= 0.

Therefore, the given function must take on negative valuesas well.

29 At x = 0 we have
x

x2 + 1
= arctan x = x.

Let's comparethe derivativesof thesefunctions for x > 0. The derivativesare:
�

x
x2 + 1

� 0

=
1 � x2

(x2 + 1)2 ,

(arctan x)0 =
1

x2 + 1
=

1 + x2

(x2 + 1)2 ,

(x)0 = 1 =
x2 + 1
x2 + 1

.

We seethat for all x > 0,
�

x
x2 + 1

� 0

< (arctan x)0 < (x)0, therefore the curve y =

x
x2 + 1

lies below the curve y = arctan x which lies below the line y = x.

31 Obviously, the 4-dimensional volume of a 4-dimensional ball is proportional to the
fourth power of its radius. Suppose V = cr4 where c is a constant. Then the 3-

dimensional volume of the boundary of this ball is S = V 0 = 4cr3. Therefore
V
S

=

cr4

4cr3 =
r
4

. If r = 4,
V
S

= 1.

33
Z 1

0
( 3
p

1 � x7 � 7
p

1 � x3)dx =
Z 1

0

3
p

1 � x7dx �
Z 1

0

7
p

1 � x3dx.

The integral
Z 1

0

3
p

1 � x7dx is equal to the areaof the region boundedby y = 3
p

1 � x7,

the x-axis, and the y-axis.
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The integral
Z 1

0

7
p

1 � x3dx is equal to the areaof the region boundedby y = 7
p

1 � x3,

the x-axis, and the y-axis.

Equations y = 3
p

1 � x7 and y = 7
p

1 � x3 can be rewritten as x7 + y3 = 1 and
x3 + y7 = 1 respectively. It is easy to seethat both curves pass through (1; 0) and
through (0; 1), and thesetwo curvesare symmetric about the line y = x. Thus the areas
of the two regions described above are equal, therefore the di�erence of the integralsZ 1

0

3
p

1 � x7dx and
Z 1

0

7
p

1 � x3dx is 0. Thus
Z 1

0
( 3
p

1 � x7 � 7
p

1 � x3)dx = 0.

35 Since f (0) = 0 and sin(0) = 0, jf (x)j < j sin(x)j for all x, and the slope of y = sin(x)
at (0; 0) is 1, we have jf 0(0)j < 1.

Since jf 0(0)j = ja1 + 2a2 + : : : + nan j, the required inequality follows.

37 Let the curve be given by y = f (x). Sinceit passesthrough (3; 2), f (3) = 2.

At a point P(a; f (a)), the tangent line hasslopef 0(a), and equationy� f (a) = f 0(a)(x�

a). Its x-intercept is
�

0; �
f (a)
f 0(a)

+ a
�

. The part of the tangent line that lies in the

�rst quadrant is bisected by P i� 2a = �
f (a)
f 0(a)

+ a. Thus af 0(a) = � f (a). Since this

must be true for every point on the curve in the �rst quadrant, we have the di�eren tial
equation xf 0(x) = � f (x). Any function of the form f (x) =

c
x

is a solution of this

equation. Using the condition f (3) = 2, we �nd c = 6. So f (x) =
6
x

satis�es the

required condition.


