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PROBLEMS AND SOLUTIONS

EDITORS

Greg Oman Charles N. Curtis

CMJ Problems CMJ Solutions

Department of Mathematics Mathematics Department
University of Colorado, Colorado Springs Missouri Southern State University
1425 Austin Bluffs Parkway 3950 E Newman Road

Colorado Springs, CO 80918 Joplin, MO 64801

cmjproblems @maa.org cmjsolutions @maa.org

This section contains problems intended to challenge students and teachers of college mathematics.
We urge you to participate actively both by submitting solutions and by proposing problems that are
new and interesting. To promote variety, the editors welcome problem proposals that span the entire
undergraduate curriculum.

Proposed problems should be sent to Greg Oman, either by email (preferred) as a pdf, TgX, or
Word attachment or by mail to the address provided above. Whenever possible, a proposed problem
should be accompanied by a solution, appropriate references, and any other material that would be
helpful to the editors. Proposers should submit problems only if the proposed problem is not under
consideration by another journal.

Solutions to the problems in this issue should be sent to Chip Curtis, either by email as a pdf,
TeX, or Word attachment (preferred) or by mail to the address provided above, no later than November
15, 2019. Sending both pdf and TgXfiles is ideal.

PROBLEMS
1151. Proposed by Gregory Dresden, Washington and Lee University, Lexington, VA.
Fix an odd integer b, and set M = i g . For a positive integer n, let e(n) denote

the exponent of the highest power of 2 which divides an entry of M". In other words,
2¢™ divides some entry in M", but no larger power of 2 divides an entry of M". Find
e(n) as a function of n.

1152. Yagoub Aliev, ADA University, Azerbaijan.

Let R be the radius of the circumscribed circle of triangle ABC. Let D be a point on the
arc BC, which does not contain A, and drop perpendicular DE to BC. Now take point
F on the same arc such that /CAF = 2/BAF. Prove that 8R - Area(CDE) < CF>.

1153. Proposed by Eugen lonascu, Columbus State University, Columbus, GA.

Two points B and C are chosen independently at random with uniform distribution on
a segment A D. Show that the probability that A, B, C, and D are equally spaced from

<«
some point P noton AB is equal to P = 15"‘,& (By “equally spaced,” we mean that

the angles /AP B, /BPC, and ZC P D have the same measure.)
1154. Proposed by Ovidiu Furdui and Alina Sintdmdrian, Technical University of Cluj-
Napoca, Romania.

For a positive integer n, define f,: R — R by f,(x) = sinx sin2x sin3x - - - sinnx.
Calculate f™(0).

doi.org/10.1080/07468342.2019.1601453
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1155. Proposed by Greg Oman, University of Colorado at Colorado Springs, Colorado
Springs, CO.

Let F be a field and suppose that K is a field extension of F. If ¢ € K is transcendental
over F, then it is well-known that F'(a) = F(x), the field of rational functions in x
with coefficients in F (here, F () denotes the subfield of K generated by F and «).
Thus, for example, Q(rr) is isomorphic to its proper subfield Q(r%). Does there exist
a field K, which is algebraic over Q and a proper subfield F of K such that K = F?

SOLUTIONS

The limit of an infinite product

1126. Proposed by George Stoica, Saint John, New Brunswick.
Prove that

T 1
xlingog(l—;>:1.

Solution by Henry Ricardo, Westchester Area Math Circle, Purchase, NY.
Setting y =[], (1 — x‘”) and using the series expansion

X n

In(l—uw) = - %, jul <1,
n

n=1

we can write (for x > 1)

Iny = Zln(l —x*")

n=

-0 ()

1
=— — 0| ——) = 0asx = oo.
x—1 x2 -1

Also solved by ULRICH ABEL, Mittelhessen, Germany; ROBERT AGNEW, Palm Coast, FL; MICHEL BATAILLE,

Rouen, France; PAUL BUDNEY, Sunderland, MA; HONGWEI CHEN, Christopher Newport U.; WILLIAM COWIESON,
Fullerton C.; JAMEs DUEMMEL, Bellingham, WA; BiLL DuNN, Montgomery C.; DMITRY FLEISCHMAN, Santa
Monica, CA; KYLE GATESMAN, Johns Hopkins U.; SUBHANKAR GAYEN, West Bengal, India; GWSTAT PROBLEM
SOLVING GRrRoOUP; LIXING HAN, U. Michigan-Flint; EUGENE HERMAN, Grinnell C.; YousarF KHAN and J. TopD
LEE (jointly); ToM JAGER, Calvin C.; JoHN KIEFFER, U. Minnesota Twin Cities; JIMIN KiM, Yonsei U., Seoul,
Republic of Korea; PANAGIOTIS KRASOPOULOS, Athens, Greece; ELIAs LAMPAKIS, Kiparissia, Greece; KEE-WAI
Lau, Hong Kong, China; U. OF LOUISIANA LAFAYETTE MATH CLUB; NORTHWESTERN U. MATH PROBLEM
SOLVING Group; PaoLo Per°rETTI, U. Roma Tor Vergata, Italy; HENRY RICARDO (an additional solution),
Westchester Area Math Circle; NIKHIL SAHOO (student), Berkeley City C.; STEPHEN SCHEINBERG, Corona del
Mar, CA; WILLIAM SEAMAN, Bethlehem, PA; IoANNIS SFIKAS, Athens, Greece; JACOB SIEHLER, Gustavus Adol-
phus C.; BRENDAN SULLIVAN, Emmanuel C.; SHANNON TEFFT, Ohio Northern U.; NORA THORNBER, Raritan
Valley Comm. C.; MiCHAEL VOweg, Therwil, Switzerland; LAWRENCE WEILL (2 solutions), California St. U.,
Fullerton; EbwaRD WHITE and ROBERTA WHITE (jointly), Frostburg, MD; STUART WITT, Brooklyn, NY; and the
proposer.

VOL. 50, NO. 3, MAY 2019 THE COLLEGE MATHEMATICS JOURNAL 225



A limit involving the loachimescu constant

1127. Proposed by D. M. Bdtinetu-Giurgiu, Matei Basarab National College, Bucha-
rest, Romania and Neculai Stanciu, George Emil Palade Secondary School, Buzdu,
Romania.

For each positive integer n, let ¢, = (1 + %)" and lim,_, o, ¢, = e, Euler’s constant,
and let

1
Se=—2vn+Y —
o vk

and lim,_, « 5, = s, the Ioachimescu constant. Find lim,,_, o, ﬁ
Sn—s

Solution by William Cowieson, Fullerton College, Fullerton, CA.

Find upper and lower bounds for the numerator and denominator, then use the
squeeze theorem to obtain the limit.

Bounds on the numerator: Let L, = loge, = nlog(1 4+ 1/n). By the mean value
theorem, there is x,, € (L,, 1) with

e—e —el—eL”—ﬂ(l—L)—e""(l—L)
n — - l—Ln n - ni-

o0 k
The alternating series expansion log(1 + x) = Z:(—l)k+1 % reveals that
k=1

1, I, 15
x—ix <10g(1—|—x)<x—§x +§x‘ for 0<x <1,

so let x = 1/n, multiply by n, and subtract from 1 to obtain

Clearly et < e™ < e!, so altogether,

2\ e, e
l—— ) —<e—e, < —.
3n/) 2n 2n
Bounds on the denominator: Note that
n n k n
2Jn = / x P dx = Z/ xPdx =3 " 2(Vk—Vk=1),
0 k=1 k-1 k=1

SO

n

s,1=Z<2\/1;—2\/kT1—

k=1

%) — s—sn:k:;il(z\/%—z«/kj—%).
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The kth term in this series simplifies to 1/[v/k(v/k + ~/k — 1)?] which is bounded
below by 1k~ and above by 1 (k — 1)=*/2, so compare with appropriate integrals to
obtain

o0

00 00 1 00 1 |
/n Zx73/2dX< Z Zk*3/2<s—sn< Z Z(k—1)3/2</ Zx*mdx.

+1 k=n+1 k=n+1 n—1
Finally, evaluate the integrals and square to find

1 , 1
— (5= < ———.
4(n+1) 4(n—1)

Find the limit: With the bounds above obtain

(1-2)(-3) == (-5) 3
Zen 1—-- 1— — :4(}’1—1) 1— — ) —
n 3n 3n) 2n

—e, 1
T a1 — =2 (14—
2 2n

- "
(s —s,) n

and let n — oo to find

. 1 2 . e—e, . 1
2e = lim 2¢, (1 — — l—— ) <lim ——<lim2e |1+ -] =2e.
n— 00 n 3n n—00 (§ — Sn)2 n—00 n

Also solved by MICHEL BATAILLE, Rouen, France; HONGWEI CHEN, Christopher Newport U.; WILLIAM
CowiesoNn, Fullerton, C.; DMITRY FLEISCHMAN, Santa Monica, CA; KYLE GATESMAN, Johns Hopkins U.;
GWSTAT PROBLEM SOLVING GrOUP; LIXING HAN, U. Michigan-Flint; EUGENE HERMAN, Grinnell C.; ELIAS
Lawmpacxis, Kiparissia, Greece; U. LOUISIANA LAFAYETTE MATH CLUB; MOUBINOOL OMARJEE, Paris, France;
Paoro PERFETTI, U. Roma Tor Vergata, Italy; WiLLIAM SEAMAN, Bethlehem, PA; IoANNIS SFIKAS, National and
Kapodistrian U., Greece; MICHAEL VOWE, Therwil, Switzerland; EDWARD WHITE and ROBERTA WHITE (jointly),

Frostburg, MD; and the proposer.

Fractions
1128. Proposed by Arthur L. Holshouser, Charlotte, NC, and Benjamin G. Klein,
Davidson College, Davidson, NC.

Let a, b, ¢, d be positive integers such that a and b are relatively prime, similarly ¢

and d, and % < 5. Find necessary and sufficient conditions on a, b, ¢, d such that if x
X

and y are relatively prime positive integers with § < 3 < &, thenu = —dx + cy and
v = bx — ay are relatively prime.

Solution by Seungjae Yun, Seoul Science High School, Seoul, Korea.

We claim that bc — ad = 1 is a necessary and sufficient condition. In what follows,
(a, b) denotes the greatest common divisor.
First, if bc — ad = 1, then following holds:

(—dx + cy,bx —ay) | (—dx + cy, (bx — ay)d + (—dx + cy)b)
= (—dx +cy, (bc —ad)y)
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Since —dx + cy > 0 and bc — ad > 0,
(=dx +cy, (bc —ad)y) = (=dx +cy,y) = d, y).
Thus
(=dx +cy,bx —ay) | (d,y) ey
In the same way,
(=dx +cy,bx —ay) | (c, x). 2

By (1) and (2), we find that (—dx + cy, bx — ay) = 1, since (—dx + cy, bx — ay) is
a divisor of (d, y) and (c, x) but (x, y) = 1.

X

Now, let’s assume that (x, y) = l and § < 3 < ¢ implies that (—dx + cy, bx —ay) =
1. Let x and y be integers that satisfy '

x a+c & (ry) =1
- = x,y)=1.
vy b+d Y
Then, since § < 7, % < § < £ holds, substituting a + ¢ for x and b + d for y gives

l=(—dx+cy,bx —ay)=(—da+c)+cb+d),bla+c)—alb+d))
=bc —ad.

Thus bc — ad = 1 holds.

Also solved by JoHN CHRISTOPHER, California St. U., Sacramento; JAMES DUEMMEL, Bellingham, WA; DMITRY
FLEISCHMAN, Santa Monica, CA; ABHAY GOEL (student), Kalamazoo C.; JiMiN KM, Younsei U., Seoul, Republic
of Korea; WILLIAM SEAMAN, Bethlehem, PA; JACOB SIEHLER, Gustavus Adolphus C. LUucAS STEFANIC (student)
Rochester Inst. of Tech.; BRENDAN SULLIVAN, Emmanuel C.; and the proposer.

A characterization of the natural logarithm

1129. Proposed by David Bradley, University of Maine, Orono, ME.

The natural logarithm satisfies the functional equation log(xy) = log(x) + log(y) for
positive real x and y. It also satisfies the inequality log(x) < x — 1 for positive real
x. Show that these two properties characterize the natural logarithm. That is, if the
function f : R.o — R satisfies the functional equation f(xy) = f(x) + f(y) and
the inequality f(x) < x — 1 for all positive real x and y, then f(x) = log(x) for all
positive real x.

Solution by Dmitry Fleischman, Santa Monica, CA.

Replacing x and y both with 1 in the functional equation gives f(1) = 0. Forx > 0
and y = 1/x, the equation gives f(x) + f (1/x) = f(1) =0, so that f (1/x) =
— f(x). The inequality implies that for 0 < x < 1, f(x) < 0; hence, for x > 1,
f(x)>0.

By induction, f (xk) = kf (x) for all positive integers k, from which another induc-
tion proves that for positive integers k and m, f (x*/™) = £ f(x).
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Now suppose that x > 1 and r is a positive rational number. Then x” > 1, so that

rf(x)=f ") <x"—1,

x"—1
;

implying that f(x) <
Similarly,

. As r approaches 0, the right-hand side approaches In x.

1 1\’
—rf(X)=f<;> < <;> -1,

1—(1Y
implying that f(x) > (rY) . As r approaches 0, the right-hand side approaches In x.
Hence f(x) <Inx and f(x) > Inx,so f(x) =Inx.

Also solved by ADA U. PROBLEM SOLVING GROUP; MICHEL BATAILLE, Rouen, France; JAMES CARPENTER, Iona
C.; WiLLiaM CowIESON, Fullerton C.; RicHARD DaQuiLA, Muskingum U.; WENWEN Du, Glenville St. C.; JAMES
DueMMEL, Bellingham, WA; KYLE GATESMAN, Johns Hopkins U.; SAM GLick and Topp LEE (jointly), Elon
U.; ABHAY GOEL (student), Kalamazoo C.; LiXING HaN, U. Michigan-Flint; DoN HANcoOCK, Pepperdine U.;
EUGENE HERMAN, Grinnell C.; Tom JAGER, Calvin C.; NATHAN JOHNSON, Rochester Inst. of Tech; Joun Ki-
EFFER, U. Minnesota Twin Cities; MOHAMMED KHARBACH, ADNOC Gas Processing - OPP; EL1As LAMPAKIS,
Kiparissia, Greece; Luis MORENO, SUNY Broome Comm. C.; NORTHWESTERN U. MATH PROBLEM SOLVING
GrouP; MoUBINOOL OMARIJEE, Paris, France; ARTHUR ROSENTHAL, Salem St. U.; WILLIAM SEAMAN, Bethle-
hem, PA; IoANNIS SFIKAS, Athens, Greece; SKIDMORE C. PROBLEM GROUP; BRENDAN SULLIVAN, Emmanuel
C.; TExas ST. U. PROBLEM SOLVING GROUP; NORA THORNBER, Raritan Valley Comm. C.; ANNE VAKARIETIS,
Culinary Inst. of Virginia; MICHAEL VOWE, Therwil, Switzerland; LAWRENCE WEILL, California St. U., Fuller-
ton; EDWARD WHITE and Roberta White (jointly), Frostburg, MD; MicHAEL WOODRUFF (student), Weber St. U.;
JOHN ZACHARIAS, Alexandria, VA; and the proposer.

A sequence of triangles

1130. Proposed by Michael Goldberg, Baltimore Polytechnic Institute, Baltimore, MD,
and Mark Kaplan, Towson University, Towson, MD. Let T; be an arbitrary triangle
with vertices Ay, By, Cy and corresponding side lengths ag, by, cy. Construct triangle
T, whose vertices A, B, C; are the centers of the squares constructed on the sides
Ao By, BoCy, CyAy outside Ty, respectively; call the corresponding side lengths ay, by,
c1. Continue in this way to build triangles 75, T3, etc. Show that there exists y > 0
such that there exist finite nonzero limits
. ay . b, . Cn

Iim — = lim — = lim —,

n—00 yl‘l n—00 Vn n—oo J/n
that is, such that the sequence of triangles {7, scaled by 1/y"} converges to an equi-
lateral triangle.

Solution by Math Club of the University of Louisiana at Lafayette.

Leta,, l;,,, ¢, denote the sides of the triangle T, represented as vectors turning coun-
terclockwise (so a, + b, + ¢, = 0) (see figure).
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V2,i%

We regard d,, bn, ¢y as complex numbers. Let n =

= % Then, inspecting
the figure we deduce that

a, = nby + 7¢o.

Similar equations hold for 131 and ¢,. These can be put in the form

0 n n 620 621
n (_) nl1bo] =15b
n n o0 Co Ci

Let v, = (@, by, &) € C3 for n > 0. Let A denote the matrix on the left side of the
equation above. Then, v, = A" v,.

Since A is selfadjoint, it is diagonalizable. Its eigenvalues can be easily calculated
since one eigenvector is guessable: (1, 1, 1) is an eigenvector with eigenvalue 1. Set
x =e¥i3 = _1+T*/§’ Here is a list of eigenvalues and eigenvectors per eigenvalue:

rm=1, w=(1,1,1),

—1+4/3

M=——F ) W= (2 x, D,

i ﬁ
b= ws=(x, x5 D).

The eigenvalue A5 is the largest in absolute value. We claim that - 77 Un tends to a nonzero

scalar multiple of ws. Proof: Write A = WDW™*, where D is dlagonal with diagonal
(A1, A2, A3) and W is a unitary matrix. Then

1 1 1
—v, = —A"vy = W(—,D")W*vo — (vo, w3)ws.
Al \ A5
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Let us argue that the scalar Q Vo, W3) is nonzero, that is, vy is not orthogonal to w;. Since
vy = (dy, by, Co) and ay + by + ¢y = 0, vy is orthogonal to w; = (1, 1, 1). If vy were
also orthogonal to wjs, it would be a scalar multiple of w, (since {w;, w,, w3} form an
orthogonal basis of C*). But the entries of vy turn counterclockwise while the entries
of w, = (x2, x, 1) turn clockwise (and this is also the case for any scalar multiple of
wa, i.e., for (zx?2, zx, z) with z € C). Thus, vy is not orthogonal to w;.

Observe that the entries of wj are roots of unity of order 3 and so have absolute
value 1. Thus, taking absolute value entrywise in ﬁvn — w3 (v, w3) we get that

Y Y o
lim — = lim — = lim — # 0,
v v" V"

where y = |A3] = (1 ++/3)/2.

Also solved by WILLIAM COWIESON, Fullerton C.; KYLE GATESMAN, Johns Hopkins U.; JEFFREY GROAH, Lone
Star C.- Montgomery; EUGENE HERMAN, Grinnell C.; ELiAs Lampakis, Kiparissia, Greece; LAWRENCE WEILL,
California St. U., Fullerton; JOHN ZACHARIAS, Alexandria, VA; and the proposer.
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