Math 151
Brief Review of Matrices

Definition 1. An m X n matrix is an array of numbers (or polynomials, or any func-
tions, or elements of any algebraic structure...) with m rows and n columns. In this
handout, all entries of a matrix are assumed to be real numbers. Later in this course
we will discuss matrices with integer, rational, and other entries. The entry in the i-th
row and j-th column of a matrix A is denoted by a;;.

-5 0
4 3 0
91 = 4, o9 = 3, and Q93 — 0.

Example 2. A = { } is a 2 x 3 matrix with a;; = =5, a;2 = 0, a;3 = 2,

Definition 3. If m = n, i.e. the number of rows is equal to the number of columns,
the matrix is said to be a square matrix. The elements a1, as9, ..., a,, are called the
diagonal elements.

A matrix A is called diagonal if a;; = 0 for all i # j (so all the nondiagonal entries are
7€ero).

A matrix A is called symmetric if a;; = a;; for all 7 and j. A is called antisymmetric if
a;; = —aj; (in particular, all diagonal entries are 0).
A matrix A is called upper triangular if a;; = 0 for all ¢ > j. A is lower triangular if
a;; = 0 for all i < j.

Example 4.
1 00
diagonal: | 0 2 0
00 3
1 9 0o 1 =2
symmetric: { ] antisymmetric: -1 0 3
2 -3
2 =3 0
01 =2 6 0
upper triangular: | 0 3 4 lower triangular: {_7 8}
00 =5

Definition 5. A matrix is said to be in Row Echelon Form (REF) if the first nonzero
element of each row is to the right of the first nonzero element of the previous row; all
the zero rows are at the bottom of the matrix. A matrix is said to be in Reduced Row
Echelon Form (RREF) if it is in REF, and the first nonzero element of each row is 1
which is the only nonzero element in its column.

Example 6.
41 1 2 120 7
REF but not RREF: [ 0 0 —1 5 RREF: [ 0 0 1 -5
00 0 O 000 O



Row operations. Let ¢ be a nonzero real number.
1. A;;(c): add c times i-th row to the j-th row.
2. S, j: switch the i-th and j-th rows.

3. M;(c): multiply the i-th row by c.

Theorem 7. Fvery matrix can be transformed into REF by the first two row operations.
Every matriz can be transformed into RREF by all three row operations.

0 0 2 -107, 1201 2], 121 2
Example8. | 1 2 1 2 [221 0 0 2 —10| ™90 0 2 —10
3 —6 1 —26 3 —6 1 —26 00 4 —20
121 2 120 7 120 7
2.3(— Ag, My (4
226900 002 —10 [ ™57 o0 2 10|28 001 -5
000 O (000 0 000 0
Matrix operations. Let A, B, and C be matrices, and let ¢ be a number.

If A and B have the same size, A+ B is the matrix whose each entry is the sum of
the corresponding entries in A and B. Similarly, A — B is the matrix whose each
entry is the difference of the corresponding entries in A and B.

cA is the matrix whose each entry is ¢ times the corresponding entry in A.
(—1)A is denoted by —A.

The zero matrix is a matrix with all entries 0. The zero matrix is denoted by 0
(or Opn).

Matrix addition, subtraction, and multiplication by a constant, have all the proper-
ties of the corresponding operations of numbers, such as associativity (A+B)+C =
A+ (B+C), commutativity A+ B = B+ A, additive identity A+0=04+A = A,
distributivity ¢(A £ B) = cA £ ¢B, etc. Also, since A+ (—A) = (-A)+ A =0,
the matrix —A is called the additive inverse of A.

If Aism xn and B is n X p, then AB is the m x p matrix whose ij-th entry is
Z aikbkj.
k=1

Matrix multiplication is associative ((AB)C = A(BC)) but not commutative
(AB # BA in general). Distributivity laws hold (A(B + C') = AB + AC, etc.).

The n x n matrix with 1’s on the diagonal and all other entries 0 is called the
identity n x n matrix and is denoted by I (or 1,).

If Ais any m X n matrix, then Al, = I,,A = A.



e Let A be a square matrix. If there exists a matrix B such that AB = BA =1
then B is called the multiplicative inverse of A, and is denoted by A~!. In this
case, A is called invertible. Not every matrix is invertible.

e You cannot divide! I.e. AB = AC does not imply that B = C'. However, if A is
invertible, then there exists A=! such that A=A = I. Then AB = AC implies
AYAB = A"YAC, or IB=1IC,or B=C.

2 3
ExampleQ.LetA:{123},B:{o -1 1],02 4 5
0 1

450 2 9 4
11 4 3 6 9 1 -2 -3
ThenAJrB_{G 3 4}’3‘4_[12 15 0]’_‘4_{—4 5 0 }
ao o [1242:443.0 1:342.543.1] _[10 16
| 4-245-440-0 4-3+5-54+0-1| |28 37|

Definition 10. If A is a square matrix, let Az be its REF. Then the product of the
diagonal entries of Ag times —1 raised to the number of row switches needed to get
Apg from A is called the determinant of A. (Note: there are many different ways to
define the determinant of a matrix, and many ways to compute it. We’ll adopt the
above definition because it provides a convenient (for our course) way to compute the
determinant. However, we will mostly be working with 2 x 2 and 3 x 3 matrices. It can
be shown that the determinant of 2 x 2 and 3 x 3 matrices can be computed using the
following formulas:

a b
det[c d}—ad—bc
a b c
det | d e f | =aei+bfg+ cdh —ceg— afh — bdi
g h 1

Also, the determinant of an upper triangular or a lower triangular matrix is equal to
the product of its diagonal entries.

Examplell.det{é Z}:1-4—2-3:—2.
1 2 3 4
0 -5 6 -7 | 1
det 0 0 8 —9 =1-(-5)-8-5=—20.
o 0 0 1

2
Theorem 12. det(AB) = det(A) - det(B).

Note. det(A + B) # det(A) + det(B) in general.

Theorem 13. A square matriz is invertible if and only if its determinant is not equal
to 0.



Theorem 14. If the rows (or columns) of a matriz are linearly dependent, that is, if
one row is a linear combination of other rows (or one column is a linear combination
of other columns), then the determinant of the matriz is 0, and thus the matriz is not
wnvertible. In particular, if a matrix has a zero row or column, then its determinant is
0, and thus the matrix is not invertible.

Example 15. A = is not invertible because its determinant is 0, or because

2
3 6
the second row is a multiple of the first row.
1 2 3
B = 0 0 0 is not invertible because it contains a zero row (and also you
—4 -5 —6
can check that its determinant is 0).

How to find the inverse of a matrix (if it exists). Put the given matrix and the
identity matrix of the same size in one “fat” matrix as shown in the example below.
Reduce the whole fat matrix to RREF. If you get the identity matrix on the left, then
the matrix on the right is the inverse of the original matrix. If you get some zero rows
on the left, then the original matrix is not invertible.

It can be shown that the inverse of a 2 x 2 matrix can be found using the formula

a b _1_ 1 d —b _ ﬁ ad_—bbc
c d N ad — bc —Cc a B ad_—cbc adibc

1 2 3
Example 16. Find the inverseof A= | 4 5 6
7 8 10
12 31100 1 2 3 1 00
45 6 010|—=0 -3 -6]—-410
78 101 0 01 7 8 10 0 0 1
1 2 3 1 00 1 2 3 1 0 0
—- 10 -3 —6 -4 1 0|—-]10 -3 -6 -4 1 0
| 0 -6 —11| =7 0 1 0 0 1 1 =21
12 3|1 0 0 1 2 3 1 0 0
—-|0123 —+0|—=]010 -2 % -2
00 1|1 =21 0 01 1 -2 1
(12 0] -2 6 -3 100 -2 -1 1
— 10 10 2 3 2|—-|010 -2 & -2
| 0 0 1 1 -2 1 0 01 1 -2 1
_2 _4
-1 310 !
Therefore A= = | —5 5 -2
1 -2 1



Exercises

1 -2
1. Let A = 3 4},3—[

if defined.

5 0
6 —7

4 -3 0
0 2 1

,and C' = { } Find the following

(a) A+ Band A+ C
(b) 3A
) —B
)

a

(c
(d
(e) AB, AC, and CB

2. Find the determinant of

o[t

[ -6 0 0
) B=| 5 -4 0
1 -3 2
[ -1 2 5
(c)C=| 1 0 =2
2 -1 3

3. Find the inverse of

w3

1 2 5
b)) B=|0 1 -3

00 1

[ -1 2 5
(¢c)C=1| 1 -1 -8

2 -8 3

4. Give an example of matrices A and B such that det(A) + det(B) # det(AB).

5. Give an example of nonzero matrices A and B (of any size you like) such that
AB = 0.

6. Show that if a matrix is invertible then its inverse is unique.

7. Show that the sum, difference, and product of two diagonal matrices are diagonal.
The inverse of a diagonal matrix (if it exists) is diagonal.

8. Show that the product of two upper triangular matrices is upper triangular.

5



. Show that the inverse of an upper triangular matrix is upper triangular.

Selected Answers

6
(a) 9 3] undefined
a6
™ 19 12 |
[ =5 0
© 1 6 7
(a) 5
(b) 48
67 46 11
¢ | 19 13 3
6 4 1



