Math 151 Spring 2004
Test 3 - Solutions

1. Find the greatest common divisor of f(z) = 622 4+ 4z — 2 and g(z) = 32> — 422 —
2z 41 over R.
32 — 422 — 22+ 1= (62° + 4z — 2)(32 — 1) + (3z — 1)
622 + 4z — 2 = (3z — 1)(2z + 2)
so ged(f(z),9(x)) is the multiple of 3z — 1 that is monic, i.e. z — %.

2. Is % — 2 irreducible

(a) over Q7
Yes because it does not have rational roots.

(b) over Z5?
No: 22 —2=2% 27 = (z - 3)(22 + 32+ 9) = (z +2)(2® + 3z +4) (mod 5).
Or, could find the root x = 3, and then z® —2 factors as (x —3)g(x) for some
polynomial g(x) € Zs|x].

3. Can a field have exactly

(a) 1 element?
No because the multiplicative identity must be different from the additive iden-
tity, so a field has at least 2 elements.

(b) 2 elements?
Yes. Zo is a field.

4. Is the union of 2 ideals always an ideal? Prove or give a counterexample.
No. Counterexample: Ring R = 7, ideals I = 27, and J = 37Z. The union I U J
is not an ideal because e.g. it is not closed under addition: 2 € I, so 2 € TU J;
3ed,s03€lUJ;but2+3=5¢1UJ because 5& I and b & J.

5. Find the multiplicative inverse of [z] in Z3 / < 2% +z +2 >.
?+z+2=xz(z+1)+2
x = 2(2z) (modulo 3!)
S02=(z?+zx+2)—z(z+1)
2= (22 +z+2)+ (27 +2)
Multiply both sides by 2:
1=(>+z+2)2+z(z+1)
Therefore z(z +1) =1 (mod 2% + z + 2)
pe. [z]71 =]z +1].
6. Let R and S be rings, and let f : R — S be an onto ring homomorphism. Prove
that if R is commutative then so is S.
Let a,b € S. Since f is onto, there ezist x,y € R such that a = f(x) and b = f(y).

Then ab = f(z)f(y) = f(zy) = f(yz) = f(y)f(z) = ba, so S is commutative.

Optional: Is Z[z]/ < 22 + 2 > a field?

No. Every congruence class has a unique representative of the form ax+b. The class of
x has no inverse because z(ax+b) = ar?+br = ax®+2a+bxr—2a = a(z?+2) +br—2a =
br —2a # 1 (mod x2 +2) for any a and b.



