Math 75 Maria Voloshina
Practice test 2 - Answers

The actual exam will consist of 6 multiple choice questions and 6 regular problems.
You will have 1 hour to complete the exam.

Multiple choice questions: circle the correct answer

1. Find the derivative of v/2xz.
2 2 1 1 1
A, — B. — C. — — E.
NG 2z 2,/T 2z 2V/2x

2. Find the fifth derivative of cos(z).

A. sin(x) — sin(x) C. cos(z) D. — cos(z) E. 0
3. Evaluate lim e®.
T——00
A. —x 0 C.1 D. +o0 E. does not exist
2
4. Find the horizontal asymptote of f(z) = i + 2
A.x=-2 B.y=-2 @yzl D.xz=5 E.y=5
2
5. Find the vertical asymptote of f(z) = zj5

A.x=-2 B.y= -2 C.y=1 D)z =5 E.y=5

Regular problems: show all your work
6. Differentiate the following functions:
(a) f(z) = 3cos(z’) + g
f'(x) = =3sin(z°) - 5z = —152" sin(z°)

(b) f(z) = cos(4)(a® — 3)
f'(z) = cos(4)(3z* — 3)

© o) = 2>
§'(z) = 32 cos x ;ifl —5)sing
(d) h(z) = tan(z) ( ot ;)
(@) = sec*(z) ( 41353 + %) + tan(z) <—%x—1 _ %)



7. Find the first five derivatives of g(x) = 27z%/*

10.

g (x) = 362/

g"(z) = 12272/3

g"(x) = -8z~
40

(4) — .83
go@) = F

320 _
g(s)(x) — _7$ 11/3

Find the points where the tangent line to the graph of f(x) = x° — 80z is horizontal.
The tangent line is horizontal when f’(z) = 0.

fl(z) =52*-80=0

5(z* — 16) = 0

5(z2 —4)(z2+4)=0

5(x —2)(x+2)(z2+4) =0

r=2and x = -2

Thus the tangent line is horizontal at (2, —128) and (—2,128).

Find an equation of the tangent line to y = v/2z + 3 at (3, 3).

The slope of the tangent line is equal to the derivative at 3.

1 1
!
- 9=__-
Y 2v2x + 3 Vz +3
1
!
3) = -
y(3) =3
1
—3=_(r—3
y 5(@—3)
= +2
=_-r+2.
Y73
Find the linearization of g(r) = /7 at = 1 and use it to approximate /1.14.
1
I —
/ 1 1 1
L(z) =g +¢(W)(@-1) =1+ (z~-1) = go+5

1 1
VI =g(114) m L(114) = o - 114 + 5 = 57+ 5 =107



11. Consider the curve given by z3y® — 3xy® + 4y = 6.

(a) Use implicit differentiation to find ¢'(z).
322y + 233y%y — 3y® — 323y%y' + 4y’ =0
3z3y%y — 9xy?y’ + 4y’ = 3y3 — 3x%y?
(3x3y — 9zy? + 4)y' = 3y3 — 32?y?
y 343 — 302y
3x3y? — xy? + 4
(b) Check that the point (2,1) lies on this curve.
(c) 22-1¥—3.2.134+4-1=6.
(d) What is the slope of the tangent line to this curve at (2,1)?
)

3.-1¥-3.2%2.13

— _0.9.
© V@ =331z 92214

12. A boy starts walking west at 6 km/h from a point P. Five minutes later a girl starts
walking (a) north (b) east at 4 km/h
from a point 15 km due south from P. At what rate is the distance between the kids
changing 45 km after the girl starts walking? Is the distance increasing or decreasing at
this instant?

(a) Let z be the distance between the boy and the point P, let y be the distance between
the girl and P, and let z be the distance between the boy and the girl.

Then 22 + y? = 22 where z, y, and z are functions of time.
Differentiating this equation with respect to t gives
2z’ + 2yy’ = 222
zx' 4+ yy' = 22!
Boy

éq—-f p
z\\ Y
¢Girl
®*0

45 minutes after the girl started walking (and thus 50 minutes after the boy started
Walking),x:6-% =5, y=15—4-4560 =15 —3 =12, and z = /5% + 122 = 13.
x' is the rate of change of z, i.e. the speed of the boy, so '’ = 6, and 3/ is the rate

of change of y, i.e. negative the speed of the girl since y is decreasing, so y' = —4.
Therefore

5-6+12-(—4) =132

18
Answer: I3 decreasing.



13.

14.

15.

(b) Let z be the distance between the boy and the point P, let y be the distance between
the girl and her starting point (), and let z be the distance between the boy and

the girl.
i}; ‘X‘.P}‘Il
Then (z + y)? + 152 = 2? (see the figure) N
Differentiating this equation with respect to t gives \ - 15
2z +y)(z' +9') = 222 1
(z+y)(@ +y) =22 o Girl
Qe o=
y

45 minutes after the girl started walking (and thus 50 minutes after the boy started
Walking),x=6-% =5,y=4-4560=3,s0 x +y =8, and z = /8 + 152 = 17.
x' is the rate of change of z, i.e. the speed of the boy, so ' = 6, and 3’ is the rate
of change of y, i.e. the speed of the girl, so y' = 4. Therefore

(5+3)(6+4) =172
80

Answer: 17 increasing.

A snowball is melting so that its radius is decreasing at a rate of 1 cm/min. Find the
rate at which its volume is decreasing when the radius is 3 cm.

V(t) = 57(r(t))’
VI(t) = Am(r(t))*r'(t)
Ifr'=—1and r =3, V'(t) = 473? - 1 = 367

Answer: 367 ¢cm?/min.

Find the critical numbers and local maxima and minima of
f(x) = 2® — 322 + 5.

f'(z) = 32% — 62 = 3x(x — 2)
f'(x) is positive if x < 0, negaive if 0 < x < 2, and positive if z > 2.

Answer: Critical numbers: 0 and 2. Local maximum at 0, local minimum at 2.
. . - . . om
Find the absolute maximum and minimum values of f(z) = sinx on the interval |0, ik

f'(z) = cosz. Critical number: g f (g) = sin (g) - 1.

1
Endpoints: 0 and %T f(0) =sin(0) =0, f (%) = sin (%T) =——.

. . .. . 1
Absolute maximum value is 1, absolute minimum value is ———.

V2



16. Evaluate the limits:

208 + 7 —5 2+ 5 -5 2
(a) lim v = lim & = —
z—oo  Hxd — x2 T—00 5—5 5
1 s+ 0
() lim =t % = qim =2 =2
z—o g2 +1 -0 1 4+ = 1

VPT3535 — lim YV F3—2-0)(Va? $3r -2 +2a)

(c) lim = lim
z—00 T—00 Vi2+3z—-2+2x
7?2 +31r — 2 — 2? ) 3z — 2 ) 32
= lim = lim = lim ——————
$—>00\/:c2+3x— +z == \/:U2—|—3:U— +z w—>00V2+35”_2+1
3-2 3

= lim —* — = lim —* —— = lim

m—>oov2+\/§v +1 Z—00 /z+3z2 T—00 / $2+1 \/_+1 5

(d) lim tanz Does not exist

T—00
17. Let f(z) = (1_'3_673:)2 Find the following:
(a) domain

f(z) is defined for all z except —1, therefore, the domain is (—oo, —1) U (—1, +00).
(b) intercepts

To find z-intercepts, solve f(z) = 0 for x: (lj—vix)? =0 gives = =0.
0
The y-intercept is f(0) = 150) =0, so the only intercept is (0, 0).

(c) asymptotes
Horizontal asymptotes:
x

: x : . p
Iim —= lim ————— = lim 72'1‘ =
eotoo (14+1)?  a=too 22+ 20+ 1  aotoo 14+ 24
1
x Xz -
lm —=lim —— = lim —F—— =0
T—— oo(l—i—:r)2 zo—oco 2+ 22+ 1 1‘—>—c>01—|—%—|—3%2

Thus there is one horizontal asymptote y = 0.
Vertical asymptotes:

-1
im —— (= - ) =-
o——1t (1 4 x)? small positive
) T —1
lim —— [=————— | = -
e—-1- (14 x)? ( small posmve)
Thus z = —1 is a vertical asymptote.

(d) critical numbers
Flz) = 11+z)?—a2(x+1) (Q+4z)—-2¢ 1-z
= 1+ ) T (423 (+2)p




(e)

(h)
(i)

f'(x) is not defined only at z = —1, but —1 is not in the domain of f(z);
f'(x) =0at x =1, so 1 is the only critical number.
intervals of increase and decrease
f(z) is increasing when f’(z) > 0, and decreasing when f'(z) < 0.
i _|_ i
f'(z)

-1 1
Therefore f(z) is increasing on (—1,1) and decreasing on (—oo,—1) and (1, +00).
local and absolute maxima and minima

1 is a local maximum because the derivative changes from positive to negative at 1.
Even though the derivative changes from neg. to pos. at —1, it is not a local

minimum because f(—1) is undefined.

There is no absolute minimum because lim T lim T
z——1t (1 —+ .7))2 r——1— (1 —+ .7))2

1 is an absolute maximum because it is the only critical number, limits at infinity

x
are 0, and there are no vertical asymptotes with lim ———— = co. The absolute
T—a (1 -+ :L')Q
1
maximum value is f(1) = 1

intervals of concavity

() = (-D(1+2z)®—(1—2)3(1 +z)? _ —(1+2)-31-2x) _ 2z—4
(1+z)8 (1+z)* (1+2)*

f"(xz) > 0 when z > 2, and f"(z) < 0 when z < 2, therefore f(z) is CU on (2, +00),

and CD on (—o0,—1) U (—1,2).

inflection points

x = 2 is the only inflection point (f(z) changes from CD to CU at 2).

sketch the graph of f(x)

1-

-y

Nx
1

6



