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The Game

A Sudoku board is a 9 x 9 table filled with the numbers 1,2,---,9, that
has been partitioned into nine 3 x 3 blocks such that:

@ each symbol appears exactly once in each row,
@ each symbol appears exactly once in each column,
@ each symbol appears exactly once in each block.

The game consists in completing a sudoku board from the few entries
given.
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Sudo What?

@ The name is derived from ‘suji wa dokushin ni kagiru’, which is the
Japanese for ‘the digits must remain single’.

@ It is known that this game (essentially the same) was already known
in France in the 1800's.




Sudo-History

@ The modern version of Sudoku is an American invention (not
Japanese). The author is unknown, but there is evidence it was
Howard Garns.

o First published by Dell Puzzle Magazine in 1979 under the name
Number Place.

@ Taken by the Japanese puzzle company Nikoli in the mid-80's. That
is when the name Sudoku was originated.
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Math Game?

People say that sudoku is a math game because numbers are used to play.

But any set of nine distinct symbols can be used to play.

513 7 ElC G
6 1]9]5]3 F Al1]E|C
98 6 I [H F
8 6 3 H F C
4 8| |3 1 - D H| |C A
7 2 6 G D F
6 218 F B|H
4]1]9 5 DA E
8 719 H G|




Math Game?

People say that sudoku is a math game because numbers are used to play.

But any set of nine distinct symbols can be used to play.
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Having to use numbers to fill the cells does not make it a math game.
Then, what does?



The Math of the Game

@ In order to succeed solving Sudoku puzzles one has to use logic!

@ In fact, many of the techniques used to play sudoku can be matched
to techniques used by mathematicians to prove theorems.

@ But that is another talk....

@ In this talk | will only introduce a few areas of mathematics that are
related to Sudoku. This list is not, by far, complete.



Algebraic Combinatorics.

@ How many Sudoku boards are there?
@ More than the number of stars in the Universe.

@ But, how many are really distinct?
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Algebraic Combinatorics.

We can create many Sudoku boards out of a given one by:

wlo|©o |~

(i) transposing it,

(ii) interchanging ‘stacks’,

(i) interchanging ‘bands’,

(iv) interchanging columns in a stack,
(v) interchanging rows in a band,

(vi) relabeling of the digits.

(vii) rotating it.

All these ‘moves’ create group actions on the set of all Sudoku boards.



Algebraic Combinatorics.

Boards that can be connected to each other using (finitely many of) the
tricks described in the previous slide are said to be essentially the same.
How many boards can we get out of a single given board?

@ Starting with one Sudoku puzzle, a daily calendar of (essentially the
same) Sudoku puzzles can be produced... enough for the entire next
century! 1.

@ There are 6,670,903,752,021,072,936,960 distinct Sudoku boards 2.
@ There are 5,472,730,538 essentially different boards 3.

@ All these numbers can be connected to each other by using Burnside's
formula.

!Bartlett & Langville. An Integer Programming Model for the Sudoku
Model. The Journal of Online Mathematics and Its Applications, Vol. 8 (2008)

?Felgenhauer & Jarvis, Mathematics of Sudoku | (2006)

3Russel & Jarvis. Mathematics of Sudoku Il (2006)



Computational Mathematics

Q. What is the minimum number of ‘givens’ in a Sudoku board that are
needed to have unique solution?

A. Unknown.
The minimum number known is 17. Gordon Royle has a collection of
49151 distinct Sudoku configurations with 17 entries at

http://mapleta.maths.uwa.edu.au/~gordon /sudokumin.php

@ Gary McGuire is conducting a search for a 16-given Sudoku board
with unique solution. He developed a program, called CHECKER for
this purpose. It seems that the program requires about 300,000 years
(on a one-core computer equipped with CPU, Intel(R) Xeon(R)
E5520 @ 2.27GHz) to finish the job.

http://www.math.ie/checker.html



Graph Theory




Graph Theory

Herzberg and Ram Murty associated a graph Gs to any given Sudoku
board S.

@ vertices = cells.

@ edge between two vertices = two cells that are ‘buddies’.
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Graph Theory

Herzberg and Ram Murty* connected the idea of a unique solution for a
Sudoku board to the concept of coloring in graphs.

Theorem (Herzberg & Ram Murty)

Let G be a graph with chromatic number C(G) and P be a partial coloring
of G using only C(G) — 2 colors. If P can be completed to a total proper
coloring of G, then there are at least two ways of extending the coloring.

*Sudoku Squares and Chromatic Polynomials. Notices of the AMS. Vol. 54,
Number 6 (2007)



Latin Squares

@ A Latin square of order nis an n x n table filled with n different
symbols in such a way that:

each symbol appears exactly once in each row, and each column.

@ A Latin square of order 9 with entries {1, 2, 3, 4,5, 6, 7, 8, 9} :

813|12|5|9|1]|6|7|4
1/8[5(7(4|6|3|9]|2
5/71112|6[4]9|8]3
419(6|13|8|7|2|5]|1
2/6|7|9|5(3(4|1]8
914|3|8|1[|2]|7|6]|5
71114|6|3(8[5(2]9
3/2|9|1|7|5[8|4]|6
6/5|8|4|12|9(1|3]|7

Relevant article: R. Pedersen & T. Vis. Sets of Mutually Orthogonal
Sudoku Latin Squares. The College Mathematics Journal. Vol 40, No 3.
2009.



Gerechte Designs
@ Gerechte designs were introduced by W.U. Behrens in 1956.

@ A gerechte design is an n x n table filled with n different symbols and
partitioned into n regions, each containing n small squares of the grid,
in such a way that :

each symbol occurs exactly once in each row, each column,and each
region.

@ Example: two gerechte designs of order 9:
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