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x Let V' be a 4-dimensional vector space over a field K.

x A symplectic form in V' is a bilinear form
B:VxV—->K

such that B(v,v) =0 for all v € V, i.e. B is alternating.

* B may be represented using some B € M,(K) in the following
way

B(v, w) = vBuw'

« We will say that B is non-degenerate if B has rank 4.
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x This basis is called a symplectic basis.
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* A subspace S of V such that B(v,w) = 0 for all v,w € S is said
to be a totally isotropic subspace of V' (relative to ).

x The maximal totally isotropic subspaces of V' have dimension 2.

x The geometry formed by calling ‘points’ to the one-dimensional
subspaces of V' and ‘lines’ to all the 2-dimensional totally isotropic

subspaces of V' is called W(q). It is known that W(q) is a GQ of
order (q, q).
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An example

x For a fixed ¢t € K, consider the subspace

S ={(z,y,tz,ty); z,y € K}

It is easy to check that for all z,y,a,b € K
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[—tﬁlf, _ty7 €T, y] ta
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= —tx(a) — ty(b) + x(ta) + y(tb)
=0

So, S is a totally isotropic subspace of V' relative to B.
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Spreads of V

x A spread of V is collection of 2-dimensional subspaces of V' that
pairwise intersect trivially and cover V.

x The elements of S are called components of S. Note that the
direct sum of any two components is V.

x An affine plane II may be constructed from a spread S. The
points of II are the vectors of V/, the lines of II are the components
of S together with all their additive cosets. The incidence is the
obvious one.
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A representation of spreads

* Note that the subspace
(r=10) ={(0,0,a,b); a,b € K}

is two dimensional.

* For every 2-dimensional subspace S of V' that intersects (z = 0)
trivially there is a matrix M € Ms(K) such that

S ={(z,y,a,b); (a,b) = (z,y)M}
We will call this subspace (y = 2 M).

* It follows that every spread of V' containing (z = 0) can be
considered as a subset of My(K).
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Symplectic planes

x As maximal totally isotropic subspaces of V' with respect to
B have dimension two, and components of a spread are also 2-
dimensional subspaces of V', then it seems to be natural to consider
spreads having only totally isotropic components.

x Any such a spread will be called a symplectic spread, and the
plane constructed from the spread will be called a symplectic plane.
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Symplectic spreads = symmetric matrices

x If we consider the symplectic form B3 given by
Id
5=
and a subspace (y = x M) in a spread of V.
* (y = xM) is totally isotropic with respect to B if
Id ;
0= (‘r)ya <$7y>M> —Id (CL, b7 <OJ7 b>M>

which forces

0= —(z,y)M(a,b) + (z,y)M'(a,b)' = (z,y)[M" — M](a, )

x So, M = M for all matrices of a symplectic spread.
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More on spreads

* Assuming that (z = 0) is one of the components of a spread S,
then the other ¢ matrices of S = {M;; 1 = 1,2, ..., ¢*} satisfy

det(M; — M;) #0  forall i # j

* Using this condition we can show that the set

S:{[f@t,m g<§fu>] | t’“GGF@}

is a spread iff for every a € GF'(q) the function
(t,u) = (at + f(t,u), au+ g(t, u))
is a permutation of GF(q) x GF(q).
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..and for symplectic spreads

x |f for every a,b € GF(q) the function
r — g(z,ax — b) + a’x

is a permutation of GF(q), then

sz{[i g<;fu>] ; t,uEGF(q)}

is a symplectic spread of V.



Known symplectic spreads of V'

Name g(x,y) q Restrictions
Regular —nx odd 1 non-square
Kantor —nx® odd | m non-square, «alq
Thas-Payne | —nz — (n'z)/? — 43| 3" |n non-square, h > 2
Penttila-Williams —z9 — ¢St 3°
Ree-Tits slice —pets g 32h+l a = +/3q
Regular cx +y even Tryo(c) =1
Tits-Liineburg ot 4 gy@ PRae a=+/2q
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Symplectic planes and ovoids of PG(3, q)

x PG(3,q) is the projective geometry formed by calling ‘points’
to the one-dimensional subspaces of V', ‘lines’ to the bidimensional
subspaces of V' and ‘planes’ to the 3-dimensional subspaces of V.

+ An ovoid of PG(3,q) is a set of ¢> + 1 points of PG(3, q) such
that no three of them are collinear.

x It is known that the dual of a symplectic spread defines an ovoid
of W(q), which due to a result by Thas is an ovoid of PG(3,q).
This process can be reversed.

x Actually, most of the symplectic planes in the previous list have
been found by people studying ovoids, not planes.



Current research

x | believe one has to prove things that are true, so | have decided
to prove something that has already been proved...



Current research

x | believe one has to prove things that are true, so | have decided
to prove something that has already been proved...

x Theorem: A symplectic plane of even order containing a regulus
is necessarily regular.



Current research

x | believe one has to prove things that are true, so | have decided
to prove something that has already been proved...

x Theorem: A symplectic plane of even order containing a regulus
is necessarily regular.

+ Theorem: An ovoid of PG(3,q), q even, that contains a conic
section must be an elliptic quadric.



Current research

x | believe one has to prove things that are true, so | have decided
to prove something that has already been proved...

x Theorem: A symplectic plane of even order containing a regulus
is necessarily regular.

+ Theorem: An ovoid of PG(3,q), q even, that contains a conic
section must be an elliptic quadric.

x In the same vein, | am also working on symplectic planes con-
taining a derivable net. Hopefully, these planes will be related to
Liineburg-Tits ovoids and/or Kantor ovoids.



Current research

x | believe one has to prove things that are true, so | have decided
to prove something that has already been proved...

x Theorem: A symplectic plane of even order containing a regulus
is necessarily regular.

+ Theorem: An ovoid of PG(3,q), q even, that contains a conic
section must be an elliptic quadric.

x In the same vein, | am also working on symplectic planes con-
taining a derivable net. Hopefully, these planes will be related to
Liineburg-Tits ovoids and/or Kantor ovoids.

« Norm and Stan are responsible of me getting into the first prob-
lem, and Bill into the second.



