Algebra Qualifying Exam, Solutions Fall 2007

Part A.

1. TRUE/FALSE : Let G be a group and a,b € G. If ab has order 3 then ba has
order 3.

Solution. Note that

(ba)® = b(ab)?a = b(ab) 'a =b(b"'a a=e

Then, the order of ba is one or three. If it were one, then b = a~!

ab having order 3.

, which contradicts

2. TRUE/FALSE : Let R be an integral domain and A a proper ideal of R. Then
R/A is an integral domain.

Solution. False. For n not a prime number, the ring Z/nZ is not an integral
domain.

Solution. False. Di; has 13 elements of order 2, but since D4 has exactly 5 elements
of order 2 and Zs has none, then Zs & D, has just 5 elements of order 2.

4. Let G be a group and H and K finite subgroups of G such that |H| and |K| are
relatively prime. Prove that H N K = {1}.

Solution. We know that the intersection of two subgroups, H and K, is also a
subgroup (that is a subgroup of both H and K). So, the order of H N K divides
both |H| and | K|, thus |H N K| must be one, as (|H|, |K]|) = 1.

5. Let G be a group. Consider the map f : G — G : a — a~!. Prove that G is
abelian if and only if f is a group homomorphism.

Solution. We know that (ab)™! =b"ta™'.
Assuming f is a homomorphism

b~la”! = (ab)™" = f(ab) = f(a)f(b) = a0

Since every element in a group has an inverse, then c¢d = dc for all ¢,d € G



Assuming that G is Abelian.
flab) = (ab)™' =b7'a™ = a7'b7" = f(a)f(D)
6. Let R* be the group of nonzero real numbers under multiplication and
H={g € R"|¢g"™ € Q for some nonzero integer m}
Prove that H is a subgroup of R*.

Solution. Let g, h € H, then there are integers n, m such that ¢" € Q and ™ € Q.
Now consider

(ghfl)mn — gmn(hfl)mn — (gn)m(hm)fn
which is in Q because Q* is a multiplicative group.
Since 1 € H, then H is a subgroup of R*.

7. Find an element of order 10 in Ag. Prove that the order is indeed 10.

Solution. Consider o = (12)(34)(56789).
Since

o = (12)(34567) = (12)(34)(59)(58) (57)(56)

then o € Aq.
The order of ¢ is 10 because the order of a product of disjoint cycles is the lem of
the orders of the cycles. In our case, the order of o is lem(2,5) = 10.

8. Let R be the set of 2 x 2-matrices with real entries :

R—{[a b} :a,b,c,deR}
c d

Then R forms a ring under matrix addition and matrix multiplication. Put

s={le e

e Prove that S is a subring of R.
e Is S an ideal of R?

Solution. This is problem number 4 in part A in the exam of Spring 2007.



Part B.
1. Let A be an n x n-matrix with entries in R. Prove that det(AAT) > 0.

Solution. We know that det(A) = det(A”), and that det(AB) = det(A) det(B).
So,
det(AAT) = det(A) det(AT) = det(A)?

Since det(A) € R, then det(AAT) = det(A)? > 0.

2. Let u be a fixed vector in R™. Show that the set of all vectors in R"™ that are
orthogonal to u is a subspace of R".

Solution. Let v and w be two vectors that are orthogonal with u, and let o € R.
Then,
u-(v—-w)=u-v—u-u=0-0=0
and
u-(av)=af(u-v)=a(0)=0

Since the zero vector is orthogonal to u, then the set of orthogonal vectors to u is
non-empty.

1 3

3. LetA—[2 9

} . Find a matrix P such that P71AP is a diagonal matrix.

Solution. We first look at the characteristic polynomial of A

1-x 3
Xa() —‘ 2 2—)\‘
= (1-M)2-)) -6
= N -3)2-4
A—=4)(A+1)

We know that there is a matrix P such that

s [ -1 0
pap-[0]

In order to find P we need to find eigenvectors for the two eigenvalues of A.
For A = —1 we have to solve the equation Av = —v, which yields the system of
equations

r+3y=—x 20 4+ 2y = —y



which has solution space spanned by (3, —2).
For A = 4 we have to solve the equation Av = 4v, which yields the system of
equations

r+ 3y =4x 20+ 2y =4y

which has solution space spanned by (1, 1).

It follows that
3 1
= 50]

4. Let A be an n x n-matrix and A and eigenvalue of A. Prove that A\* is an
eigenvalue of A* for all positive integers k.

Solution. Let v be an eigenvector of A associated to the eigenvalue A, that is
Av = Av.
Now note that

Afv = AF Y Av) = AT (Ow) = M(AF )

Repeating the process above we see that Afv = \Fy.

5. Let L : V — W be a linear transformation. If {vy,vs,..., vy} spans V, show
that {L(vy), L(va), ..., L(vg)} spans range(L).

Solution. Let v = a;vy +ayve + -+ -+ avy € V. Then
L(v) = L(ayvy + agva + - - - + apvy) = a1 L(vy) + agL(ve) + - - - + ax L(vy)

So, every element in the range of L is a linear combination of the elements in the
set {L(v1), L(va),..., L(vi)}.

6. Find an orthogonal basis for
s=span{[1 10 1], [0 1 -1 1] [101 1]}
Solution. Note that V2:[0 1 -1 1]T and V3:[1 01

1
orthogonal. So, what we want to do is to replace v = [ 1101 } with a vector
in S that is orthogonal to the last two.

] T are already
T

Any element in S looks like v = [m—l—z, x4y, z-—uy, x—l—y—i—z]T for some
x,y,z € R.
Note that

V-vo=cr+y+z—yt+tarxtytz=2r+y+2



and
v-vy=x+z+z—y+r+y+z=2r+3z2

Since we want v to be orthogonal to both v, and vs, then
20+ y+2z2=0=2zx+ 32

which forces y = 2, and thus we get 0 = 2x + 3z. We now may take x = 3 and then
y = z = —2. Finally,

v=[3-2 3-2 0, 3-2-2]"=[1 10 -1]

So,
{f{r 1017001111 (101 1]}

is an orthogonal basis for S.
Of course you may solve this using projections, but I thought this way was much
more fun.

7. Let A and B be symmetric n X n-matrices. Prove that AB is symmetric if and
only if AB = BA.

Solution. Assuming AB = BA, AT = A and BT = B.
(AB)T = BTAT = BA = AB

So, AB is symmetric.
Now assuming that AB is symmetric, AT = A and BT = B.

AB = (AB)T = BTAT = BA

8. Suppose that {vy, va,...,v;} is aset of linearly independent vectors in R”. Prove
that
{vi,vi+vVve,vi+Vvo+vs...,vi+Vy+ -+ vy}

is also linearly independent.

Solution. This is problem 1 in part B in the exam of Spring 2007



