Mathematics Department Qualifying Exam : Algebra Fall 2008

Part A. Do five of the following eight problems :

1. Show there are no integers n such that

(a) Sy x Ss is isomorphic to S,.
(b) S3 x Z/Z,4 is isomorphic to S,,.

2. Let G be a cyclic group of order 8. Prove that G has exactly one element of
order 2. Does there exist a nonabelian group of order 8 with this property?

3. Prove that the map f : G — G, given by f(a) = a™ !, is a group homomor-
phism if and only if the map g : G — G, given by g(a) = a?, is a group
homomorphism.

4. What is the order of o = (1 10 4)(2 13)(1 12 8)(5 7)(6 9)(5 11)?

a b
G:{[O c} cab,ceR, ac;é()}

Show that G is a group under matrix multiplication, and that

o {[2 2] e

6. Let G be a group and H a subgroup of GG. Let Ny be the set of all x € G such
that xHz~! = H. Show that Ny is a subgroup of G containing H, and that
H is normal in Ng. (The group Ny is called the normalizer of H.)

5. Let

is a subgroup of G.

7. Define a relation ~ on the set N of natural numbers by a ~ b if and only if
a® + b? is even. Prove that ~ is an equivalence relation.

8. Let F' be a field and R any ring, and let ¢: F' — R be a nonzero ring homo-
morphism. Prove that ker(¢) = 0.



Part B. Solve five of the following eight problems :

1. Let vy, v9,v3 be linearly independent vectors in a vector space V. Show that
the vectors vy, 2v1 + vq, 3v1 4+ 209 + v3 are also linearly independent.

2. Find explicitly a linear map f : R? — R? such that f(2,3) = (1,2,3) and
f(1,2) = (4,5,6). Is this linear function unique?

3. Give examples of three of the following:

(a) Three vectors in R? so that any two are linear independent, but the set
of all three is linearly dependent.

(b) Matrices M and N such that M N # NM.

(¢) Linear maps
f:R*—>R! g:R* - R?

such that g o f is invertible.
(d) A matrix M such that M3 = 0 but M? # 0.

4. Let Py = {p(z) = a + bz + cx?; a,b,c € R}. Show that the map T : Py — P,
given by
d? 9
T) =75 ((2* + 1)p(x))

is linear. Then find the matrix of T in the basis {1, z, z%}.

5. Consider the following vector subspaces of R3
A={(x,y,2) € R’| 2z+y+32z = 0}, B =span{(1,—2,0)}, C =span{(1,1,—1)}.
Show that A is the direct sum of B and C, that is A =B & C.

6. Consider the subspace U = {(x,y,2) € R*|x +y — 2z = 0} C R? and the
system of vectors S = {v; = (1,1,1),v, = (5, —1,2)} C R3.

(a) Show that U is the span of S.
(b) Complete S to a basis in R3.



7. Let T be a linear operator on a vector space V', and let x be an eigenvector of
T corresponding to the eigenvalue A. For any positive integer m, prove that x
is an eigenvector of 7™ corresponding to the eigenvalue \.

8. If an nxn matrix A is diagonalizable, show that det(A) is equal to the product
of the eigenvalues of A.



