Mathematics Department Qualifying Exam : Algebra Fall 2010

Part A. Solve five of the following eight problems:

1. Let G be a group.

(a) If a,b € G and ab = e, prove that ba = e.
(b) If |G| = 4, prove that G is Abelian.
(c) If a,b € G, prove that o(bab=1) = o(a).

2. Let 0 € S,, be a permutation. For z, y € {1,2,...,n} let x ~ y if and only if o*(z) = y for
some k € Z. Show that ~ is an equivalence relation on the set {1,2,... ,n}.

Hint. Note that o is fized; it is k that changes.

w

. Let R = {{Z QGb} ;a,bEZ} and S = {a+bV2 | a,b € Z}. Define p: R — S by

%) ({ Z 2ab ]) = a+by/2. Prove that ¢ is a ring isomorphism. You may assume that R is a

commutative ring with identity using the usual matriz addition and multiplication, that S is
a commutative Ting with identity using the usual addition and multiplication of real numbers.

4. True or False (prove or give a counterexample)

(a) The elements in Z,, are either zero, invertible or zero divisors.

(b) Part (a) is true for all rings.

5. Let G be a group of (finite) order n, and ¢ : G — C* a homomorphism of groups. Prove that
#(g) is an n*" root of 1 (and thus, lays on the unit circle), for all g € G.

6. How many elements of order 7 does the group Zs; & Zgs have? Justify your answer.

7. (a) Let R be a commutative ring with a € R. The annihilator of a is defined by
Ann(a) = {z € R|xa = 0}.

Prove that Ann(a) is an ideal of R.

(b) Show that the direct sum of two nonzero rings is never an integral domain.

8. Recall that the center of a group G is the subset Z(G) = {a € G | ax = za for all z € G}.

(a) Prove that Z(QG) is a subgroup of G;
(b) Prove that Z(G) is a normal subgroup of G.

Part B is on the back!!!




Part B. Solve five of the following eight problems :

0 3 1
1. Let W be the subspace of R* with basis _01 , (1) , (1) Use the Gram-
0 0 1

Schmidt process to find an orthonormal basis for W.
2. Show that A € M, is invertible if and only if 0 is not an eigenvalue of A.

3. Consider the linear transform 7' : P2 — P? defined by
T(a+bx+cx®) = (a+b+c)+2(0b+c)x + 3ca’.
Find the matrix of T with respect to the basis {1,1 + z, 3 + 42 + 222}.
4. Let U be the subspace of R* spanned by {(1,0,1,0),(—1,2,0,1)} and let V be the subspace
of R* spanned by {(0,2,1,1),(0,0,1,1)}.

(a) Find a basis of UM V.
(b) Extend (a) to a basis for U.

5. Give the rank and nullity of the matrix

1 0 1 -2 5
01 -1 4 1
A= 0 0 0 0 3
0 0 0 0 1

6. Suppose that W is a vector space with dimension 5, and U and V are subspaces of W, each
of which has dimension 3. Prove that U () V contains a nonzero vector.

7. Diagonalize

S O W
N
— N N

8. Let o, 8, be real numbers. Evaluate the determinant

sina sin?f  sin?xy
cos?a cos? B cos?y

1 1 1




