Algebra Qualifying Exam, Solutions Spring 2005

Part A.

1. Let a and p be integers. If p is prime and a is not divisible by p, prove that the additive
order of a modulo p is equal to p.

Solution. The additive order of [a], is at most p since ap =0 (mod p).

If ax =0 (mod p), then p | ax. Since p is prime this implies p | a or p | z. But p 1 a; thus
p | x. Since z # 0 we have that p < z. Thus x cannot be less than p.

2. Let G and H be groups, and let ¢: G — H be a group homomorphism with kernel ker(¢).
Prove that ker(p) is a normal subgroup of G.

Solution. Letn € ker(yp) and g € G. Then p(gng™) = p(g)p(n)p(g~) = v(g)e(n)p(g)
0(g)p(g)~! = 1. Therefore gng=! € ker(yp).

3. Let N be a normal subgroup of a group G. Prove that the factor group G/N is abelian if
and only if aba='b=! € N for all elements a, b € G.

Solution. aba='b~! € N if and only if Naba='b~! = N if and only if Nab = Nba if and
only if NaNb = NbNa.

4. Let G be any group with no proper nontrivial subgroups, and assume the order of G is
greater than 1. Prove that G is finite cyclic of order p for some prime p.

Solution. Let a € G, a # 1. Then (a) is a nontrivial subgroup of G' and thus is all of G.
So G is cyclic. If GG is infinite then G =2 Z, a contradiction to the hypothesis that G has
no proper nontrivial subgroups since 2Z < Z. Thus G is finite, and is isomorphic to Z,
for some n. Let g be a prime factor of n. If n is not prime then ¢ < n and we have (af) a
proper, nontrivial subgroup of G of order n/q, a contradiction. Thus n = p is prime.

5. Let G be a group and let D = {(a,a,a) | a € G}.

(a) Prove that D is a subgroup of the direct product G x G x G.

(b) Prove that D is normal in G x G x G if and only if G is abelian.
Hint. If D is normal, then (a,a,b)(b,b,b)(a,a,b)™" € D for all a, b € G.



Solution.
(a) First, D is nonempty since (e,e,e) € D. Now let (a,a,a), (b,b,b) € D. Then
(a,a,a)(b,b,b)™t = (ab~', ab~tab™') € D.

(b) (=) Let a, b € G. Using the hint, if D is normal, then (a, a,b)(b,b,b)(a,a,b)™ € D
for all a, b € G by definition of normal subgroup. Now (a,a, b)(b,b,b)(a,a,b)™! =
(aba™', aba=t,bbb~') = (aba™',aba=t,b) € D implies aba™ = b, or ab = ba. Thus
G is abelian.
(<) Any subgroup of an abelian group is normal.

6. Let Q[z] be the set of all polynomials in = with rational coefficients. Define a relation ~
on Q[z] by f(z) ~ g(x) if and only if f(z) — g(z) is divisible by 2 + 1. Prove that ~ is
an equivalence relation.

Solution.

)
Then f(z) — h(z) = f(z) — g(z) + g(z) —
(k(x) +m(x))(x? + 1).

7. Let R be the ring {m+n+v/2 | m,n € Z}, and let I be the subset {m+ny/2 € R | m is even}.
Prove that [ is an ideal of R.
Solution. Let z = 2m 4+ nv/2, y = 2p+ ¢v/2 € I. Then
rty=02m=E2)+n+tV2=2(m+p)+n+qV2el.
Now let x be as above and let » = a + bv/2 € R. Then
re = (2am + 2bn) + (an + bm)V2 = 2(am + bn) + (an +bm)V2 € 1.
Therefore [ is an ideal of R.

8. Assume that the set S = {a + bv/3 | a, b are rational numbers} is a commutative ring.
Prove that S is a field.

Solution. Let x = a + b3 # 0. We must show that there are rational numbers ¢, d for
which (a +bv/3)(c+dv/3) = 1. In other words, ac+3bd = 1 and ad + bc = 0. At least one
of a or b must be nonzero. If a # 0 then d = g - ¢, and ac — %20 = 1. Note that a® — 3b

cannot be 0 since if so then a = +bv/3 and a and b are not both rational, a contradiction.

_ a _ _b. a _ b -1 _ a _ b
Therefore c = 05, d=—7 %5 = ——"0s, and 07 = %5 — 0 v/3. Thus every
nonzero element of S has a multiplicative inverse. If ¢ = 0 then ¢ = —%l =0, and 3bd = 1,

_ 1 11
ord—3b. Thus z =3 3.



Part B.

1. For which values of the parameters a, b, and c¢ is the matrix A =

o O 2

1 b
1 ¢ invertible?
0 1

Find the inverse when it exists.

Solution. Since A is upper triangular then its determinant is just the product of the
elements in the diagonal. Thus, in this case det(A) = a. So, A is invertible whenever

a # 0.
When a # 0 the inverse of A is

At=1 0 1 —c
0 0 1
1 21
2. Consider the linear transformation with matrix A = [2 5 3|. Find a basis for the kernel
1 3 2

and a basis for the image of the transformation.

Solution. Performing row operations on A we get

[1 2 17
A = 2 5 3 now we subtract Ry from Rj

|1 3 2 ]
[1 2 17

— 2 5 3 now we subtract 3Rz from R, and R3 from R;
01 1|
[1 1 0]

— 2 20 now we subtract 3Rz from R,, and R3 from R,

011

It follows that the kernel of A is spanned by (1,—1,1).

Since A is symmetric, we use the matrix obtained by row operations to see that the range
is spanned by (1,1,0) and (0,1, 1).

1

3. Let A = [2

_41} . Find all eigenvalues of A and all their corresponding eigenvectors.



D.

Solution. The characteristic polynomial of A is

1—X —1 ‘

XA()\):‘ o 4 EN A=A =3)(A - 2)

So, the eigenvalues of A are A =3 and \ = 2.

For A = 3 we need to solve the equation Av = 3v, which yields the system
T—y=3T 2v + 4y = 3y

which has solution space spanned by (1, —2).

For A = 2 we need to solve the equation Av = 2v, which yields the system
r—y =2 2 + 4y = 2y

which has solution space spanned by (1, —1).

Find an orthonormal basis for the subspace of R? spanned by the vectors v; = (1,0, —1)

and ve = (0, 3,4)

Solution. The first step on the Gram-Schmidt process says that we fix v; and define

(1,0,—1) - (0,3, 4)

Uy = <0,3,4> — |<1,0, _1>|2 <1,0, —1>
= <0,3,4> +2<1,0,—1>
= <2>372>

So, right now we have an orthogonal basis. We obtain an orthonormal basis by dividing

vy and us by their norm. The final answer is

{%(1,0,—1% \/Ll_?<2,3,2>}

(a) Show that two non-zero vectors are linearly dependent if and only if one is a scalar

multiple of the other.

(b) Let vy, v9, and v be linearly independent vectors in R". Are the vectors vy, vq, and

vy 4+ vy 4 v3 necessarily linearly independent?

Solution.
(a) If one vector is a multiple of the other, let us say v = aw, then
v—oaw =0

Hence, the vectors are dependent.
If the vectors are linearly dependent, then
av+ pw =0
with WLOG « # 0. Then we can ‘solve’ for v to get v = =Lw.

(e}



(b) Yes, because if
(e %] +6Ug +"}/(U1 + Vg +Ug) =0

then
(a+y)vi+ (B+7)v2+yv3=0

which forces a system
with a unique (trivial) solution.
6. Let C denote the field of complex numbers and R the field of real numbers. With the

usual operations, C is a vector space over R. Prove that the map ¢ : C — R? given by
o(x +1iy) = (z,y) is an isomorphism of vector spaces.

Solution. We first check that ¢ is a homomorphism.

o((x+1y)+ (a+ b)) = elx+a+i(y+Db))
= (z+a,y+0b)
= (2,y) + (a,b)
= o(x+iy) + ¢(a+ bi)

and for « € R

plalr +1iy)) = plar + aiy)

= (az,ay)
= afz,y)
= ap(x+iy)
Now, since ¢ is clearly bijective, we are done
7. Prove or disprove: The matrix
1 z 22
A=1|1 y o2
1 z 22

over R has determinant equal to (y — z)(z — x)(z — y).



Solution. It is true.

1 z =z
det(A) = |1 y ¢? now we subtract row 3 from row 1 and row 2
1 2z 22
0 x—2 2%—22
= |0 y—2z y*>—22 now we factor z — z and y — 2 in rows 1 and 2
1 z 22
01 z+=2
= (z—2)(y—2)| 0 1 y+=z now we subtract row 2 from row 1
1 2 22
0 0 z—y
= r—2)y—-2)|0 1 g2
1 2 22
0 1
— == ] ]
= —(@-2)y—2)(z—y) =y —-2)(z—2)(z -y
11 » o
8. Let A= 11 . Prove that A" = 2"7' A for all positive integers n.

Solution. By induction. For n = 1 the result is trivially true.
Assume A* = 2¥"1A for all k¥ < n. Now we want to check that A"+ =274

AT = A"A
(2" TA)A
— 2n—1A2
2" 1(2A4)
= 2"A



