Algebra Qualifying Exam, Solutions Spring 2006
Part A.

1. Show that a nonzero finite commutative ring R with no zero-divisors has a multiplicative
identity.

Solution. Fix an element r € R*. Consider the map ¢ : R — R defined by ¢(x) = xr.
Note that

o(z) = o(y) implies rlx—y)=0
Since R has no zero divisors, then ¢ is one-to-one. But, as R is finite then ¢ is bijective.
It follows there is an element z, € R such that rx, = r.

using that ¢ is onto we represent an element y € R as y = rx for some x € R, then

.y = 2. (re) = (zg,r)r=re=y

So, x, works as the identity for ALL elements in R.

2. Let G = {r € R| z > 0 and z # 1}. Define the operation * on G by a * b = a™®, for all
a,b € G. Prove that GG is an Abelian group under the operation .

Solution. Let a,b € G, then a™? is also a positive real number (a is positive). Moreover,
since Inb # 0 (as b # 1) then a™® # 1. So, closure for the product works out.

What is the identity? It is e!! (meaning e ~ 2.71)... confusing as the standard notation
for the identity in a group is also e. To check this just notice that

et —p and a’ =a' =a

What is the inverse of a € G7 We look for an element b such that a x b = e, or in other

words

alnb —e

Applying natural log both sides we get
In (alnb) =Ine

which is
lnalnb=1

So, b is given by the unique positive number such that In b is the multiplicative inverse of
In a.

Finally, we check that the group is Abelian
axbh= alnb — (elna)lnb — (elnb)lna — blna

3. Let R[z] denote the ring of all polynomials with real coefficients. Also, let a € R, and
let f(z) € R[z], with derivative f’(x). Show that the remainder when f(z) is divided by

(x —a)?is f(a)(z — a) + f(a).



Solution. Since the degree of f'(a)(x — a) 4+ f(a) is one, then we just need to show that

f(a) = q(z)(z = a)* + f'(a)(z — a) + f(a)

for some ¢(z) € R|x].

The remainder theorem says that

f(@) = p(x)(x —a) + f(a)

for some p(z) € R|x].

we now derive the previous equation both sides to get
f'(x) =p'(z)(z —a) + p(z)

So, f'(a) = p(a)
We use the remainder theorem again with p(z) divided by (z — a) to get
p(z) = q(x)(z —a) + p(a)

for some ¢(z) € R[z].
It follows that

fl@) = ple)(z —a)+ f(a)
= la(=)(z —a) + p(a)|(x —a) + f(a)
= q(@)(z —a)’ +pla)(z — a) + f(a)
= q(z)(z—a)*+ f(a)(z —a) + f(a)

. Let ¢ : Gi — G5 and 0 : Gy — (3 be group homomorphisms. Prove that ¢ : G; — G3 is
a homomorphism. prove that ker(¢) C ker(6¢).

Solution. Let g,h € G,
0p(gh) = 0(¢(gh)) = 0((g)p(h)) = 0(¢(9))0(¢(h)) = 0p(g)0¢(h)

Hence, 6¢ is a group homomorphism

Now let g € ker(¢), then
06(g) = 0(¢(g)) = O(eq,) = eay

So, g € ker(09¢).

. Let N be a subgroup of the center of G. Show that if G/N is a cyclic group, then G must
be Abelian.



Solution. Let G/N =< gN >. Take two elements in G, * = ¢g'n and y = ¢’m, where
i,7 € Z and n,m € N, then (don’t forget that both n and m live in the center of G)

ry = (g9'n)(¢g’m)

= g'(ng’)m

g'(g’n)m

= (¢'¢")(nm)

= (¢’¢")(mn)

= ¢ (g'm)n

= ¢'(mg')n
(g'm)(g'n) = ya

6. Show that a relation on R* defined by x ~ y iff 2¥ = 3® is an equivalence relation.

Solution. Since ¥ = y* implies y* = 2¥ and 2¥ = 2 then ~ is both reflexive and
symmetric.

Now assume that z¥ = y* and y* = 2¥ (note that none of these elements is zero), then

2 = (@) = (I = () = () =
Hence, transitivity also holds.

7. Let F be a field and let ¢ : FF' — R be a ring homomorphism. Show that ¢ is either zero
or one-to-one.

Solution. Since F' is a field, then it has no proper ideals. However, the kernel of ¢ is an
ideal of F', thus ker(¢) = {0} (in which case ¢ is one-to-one) or ker(¢) = F, in the latter
case ¢ is the zero function.

8. Let S,, denote the symmetric group of degree n and let A,, denote the alternating group
of degree n. For any elements o, 7 € S,, show that oro™ 1771 € A,.

Solution. Note that o7 is even if and only if =771 is even. The result follows by noting
that the product of two permutations having the same parity is always even.



Part B.

10 =2 0
1. Consider the linear transformation with matrix A= {0 1 3 0]. Find a basis for the
00 0 1
kernel and a basis for the image of the transformation.
2z
Solution. Set Ax = 0. Then the solution space is _3z z € R ». Therefore it is of
0
2
. . - -3
dimension 1, and a basis is |
0

Since A is 3 x 4, the image is a subspace of R?. Moreover, the dimension of the image is 3
since the dimension of the kernel is 1. A 3-dimensional subspace of R?® must be R? itself,

1 0 0
so we may use the standard basis 0],|1],]10
0 0 1

2. Let A be an m x n matrix. Consider the set
W={veR"|Av=0)

Prove that W a subspace of R".

Solution. Let u, v € W and let ¢ € R. Then

(i) Alu+v)=Au+ Av =0+ 0 = 0. Therefore u+v e W.
(ii) A(cu) =cAu=c-0=0. Therefore cu € W.

Since W is closed under addition and scalar multiplication, W is a subspace of R".

6 —sind : .
3. Let A= |7 SIPY1 . Prove that the linear transformation T (x) = Ax represents a
sinf cosd

rotation of the vector x by an angle of 6.

cos fx — sin by

Solution. Let a = . and let b = A = )
Y Y sin 0z + cos Oy

a-b = |a||b|cosf.

} We must show that



We have |a| = /22 + y? and

bl = v/(zcosf — ysinh)2 + (zsinf + y cos )2

= \/a:2 cos2 ) — 2y cos @ sin O + y2sin? @ + 22 sin® O + 2xy sin § cos O + y2 cos? §
= /12 + y2‘
Therefore

a-b=2x?cosf — xysinf + zysinf + y* cos
= (2* + y*) cos 0
= |a||b| cos 6.

. Find an orthonormal basis for the subspace of R* spanned by the vectors u; = (0, —1,0,0),
us = (3,0,1,0), and uz = (1,1,0,1).

Solution. Using the Gram-Schmidt process, we have that vy, vy, v3 is an orthogonal
basis, where v; = u; = (0,—1,0,0), v3 = us = (3,0,1,0) (since uy - uy = 0), and v3 =
(1,1,0,1) — 55(0,—1,0,0) — £(3,0,1,0) = (55,0, — =, 1).

We have |v1| = 1, |va] = V10, and |vs| = +/110. Therefore an orthonormal basis is
{(0,-1,0,0), f<3 0,1,0), FGO,O —150 D}

. Let A be an invertible n X n matrix, and let ¢ be a nonzero real number. Prove or disprove:

(cA)™t =141

Solution. (cA) (1A™) =c¢-2AA™" = I,. Therefore (cA)™' =147

. Let A,xn and By, be matrices. Prove that (AB)Y = BTAT| where AT denotes the
transpose of the matrix A.

Solution. Let A = [a;;] and B = [b;;]. The (i, j)-entry of (AB)T is the (j,7)-entry of AB,

which is [jth row of A] - [ith column of B] = a;1b1; + ... + ajnbni Z ajkbpi

On the other hand, the (i, j)-entry of BT AT is [ith row of B'] - []th column of AT] =

bliajl + ...+ bma]’n = Z ajkbki.

Since the corresponding entries are equal, we have that (AB)T = BT AT.

7. Let A= 0 —1 2 |. Find the eigenvalues and corresponding eigenvector(s) of A.



Solution. The characteristic polynomial is
pA)=A((A+1)(A=1)) =21+ 1)

=AM+ 1) (AA—1)—2)
A+ D —A—2)
(

= (A+1)*(A—2);
therefore the eigenvalues are )\1 =—1, Ay = 2.
For \; we have the system (— A)x = 0, which gives
-1 0 210
00 =210
1 0 =210
which reduces to
1 0 —=2]0
00 110
00 00
0 0
A basis for the solution space is 1] p. So an eigenvector for A\ is vy = |1].
0 0
Similarly for Ay we have the system (2/ — A)x = 0, which gives
20 2|0
03 —210
1 0 1]0
which reduces to
1 0 1]0
0 3 =210
00 00
-1 -1
A basis for the solution space is % . So an eigenvector for A\ is vy = %
1 1

1
det(A)

. Let A be an invertible n x n matrix. Prove that det(A™!) =

Solution. We have 1 = det(I,,) = det(AA™!) = det(A)det(A'). Therefore det(A™') =
1

det(A)




