Algebra Qualifying Exam, Solutions Spring 2009

Part A.

1. Let G={z € R |z > 0 and = # 1}. Define the operation * on G by a *b = a™?,
for all a,b € G.

1. Prove that GG is an abelian group under the operation x.
2. Show that G is isomorphic to the multiplicative group R*.

Solution.

1. First note that the product of any two elements in G is well defined, as z +— Inx
is a well-defined function.

Since a™® = 1 only when a = 1 or Inb = 0 (which forces b = 1), and 1 ¢ G,
then closure of * holds.

The identity must be an element a (using e will get us into notation problems,
as Inz = log, x) such that b = a x b = a™b. If we apply In both sides we get

Inb=Ina"’ =ad"’Ina

thus Ina = 1, and thus a = e. 1 guess that notation problem is solved by now.
It is clear that b = b* e = b€ for all b € G. Thus e is the identity of G.

The inverse of b € G is found by solving e = a* b = a?, which after applying
In both sides yields 1 = Inalnb. This equation can always be solved in G,
as every non-zero real has a unique inverse in R* and In : G — R* has an
inverse function. We will use this in part 2.

If a and b solve 1 = Inalnb then it is easy to see that b * a must also be e.

Associativity follows from

(axb)xc = (a™’)xc



So, G is group. Let us check that it is Abelian. This follows from
axb = a"?
_ (elna)h’lb

— elnalnb

6lnblna

_ (elnb)lna

bln a

= bxa

2. Consider In : G — R*. We know this function has an inverse, the restriction
of e to R*. But, is this a homomorphism? Yes, it is!

In(a*b)=In(a"") =Inblna

2. Let Gy, G4 be groups.
1. If H; < G1 and Hy < G5 prove that H; X Hy < Gy X G.

2. TRUE/FALSE : If H < G X Gy then H = H; x Hy for some H; < G and
some Hy < (G5. Prove your answer!

Solution.

1. Assume H; < G and Hy < Go, thus Hy x Hy is non-empty. Let (hy, hs), (g1, 92) €
H1 X HQ, then

(h1,h2)(g1,92) " = (ha,ho) (97", 93") = (hagr ', haga)

which is an element of H; x H, because of closure of H; and Hs.
2. False: Consider G = Z x Z, and H the group generated by (1,1), which is
clearly isomorphic to Z.

Since a subgroup of GG of the form H; x Hy with Hy, Hy < Z can be isomorphic
to Z only if one of Hy or H, is trivial, then our group H must be contained in
Z, which is impossible, as H is generated by (1,1).

3. If ¢ : S3 — Z3 is a group homomorphism, show that ¢(g) = 0 for all g € Ss.



Solution. Since Sj is generated by 2-cycles then we just need to see what ¢ does to
these elements. Now, since 2-cycles have order two, then the order of their images
under ¢ must have order two or one (divisors of 2). It follows that ¢ must send
2-cycles to the identity of Z3 because this group does not have element of order 2.
Since every generator of S3 is mapped to 0 then every element in S5 is mapped to
zero under ¢.

4. Define f : Zyp — L X Ly, by f([2]mn) = ([]m, [2]n). Show that f is well-defined,
and that f is bijective if and only if ged(m,n) = 1.

Solution. Let [z],, = [y]mn, that is x = y + mna for some a € Z. Then,

f([#lmn) = ([#]m; [2]n) = ([y + mnadm, [y + mnaln) = ([Ylm, [y]n) = F([Ylmn)

So, f is well-defined.

In order to see if f is onto we need to check if for ([al,, [b],.) € Z,, X Z, there is
an [T)mnZmn such that f([2]mn) = ([a]m, [b]n). In other words, we are looking for an
x € Z that solves the congruences

r = a (mod m) x =0 (mod n)

simultaneously.

We know that such an x exists if ged(m,n) = 1 because of the Chinese Remainder
Theorem.

Since Ziyy, and Zi, X Z,, have the same number of elements, then assuming ged(m, n) =
1 implies that f is bijective.

If we assume that f is bijective, then we get a unique solution modulo n for the
two congruences above. But, if ged(m,n) = d # 1 then for x a solution of the
congruences above we get another solution (distinct from z modulo mn), namely
y =+ “p. This is a contradiction, so d = 1.

5. Let H < G and for any g € G define ny(g) to be the least positive integer such
that ¢"#9) € H. Show that ng(g) divides the order of g.

Solution. Note that we will not use the normality of H for this proof. There are
other proofs that might use it, though.

Let H < G and for g € G define ny(g) as above. Let m be the order of g.

Since g™ = e, then ¢ € H. It follows that ng(g) < m, thus we can use the division
(Euclidean) algorithm to get

m=ng(g)q+r
where ¢, € Z and 0 < r < ng(g).



Note that
gm" = gnH(g)q+T — gnH(g)qgr

n 1 m T
(g H(g)Q) g — g

Since both ¢g"#(94 and g™ live in H, then so does g". If r were non-zero then there
would be a positive integer that is less than ny(g) such that ¢" € H. This is a
contradiction, so r = 0 and thus ng(g) | m.

6. Let R be a commutative ring. An element r € R is called nilpotent if r™ = 0 for
some integer n > 0. Prove that a + b is nilpotent if a and b are nilpotent elements

of R.

Solution. Assume a” = b™ = 0, then since the ring is commutative we get

m-+n
(a+b)m+n _ Z ( m]:_n ) akzbm-i-n—k

k=0
n m+n
- m+n kiman—k m-+n kpm+n—k
k=0 k=n+1

For 0 < k <n, m+mn—k>m and thus b % = 0. Thus the first sum is n zero
summands. Similarly, for n +1 < k < m + n we get a* = 0, which implies that the
second sum is also zero. Hence, (a + b)""" = 0.

7. Show that the set of matrices A € M,,(R) such that Av = 0 for some fixed v € R"
is a left ideal of M,(R).

Solution. Fix v € R™. Let I = {A € M,(R); Av = 0}.
It is clear that the zero matrix is in I, and thus [ is non-empty. Now let A, B € I,
then
(A—-Bjv=Av—Bv=0-0=0
which means that A — B € I.
Now let A € I and B € M, (R), then

(BA)v=B(Av) =B-0=0

which means that BA € I.
It follows that [ is a left ideal.



8. Let
S:{{ “ b} | a,bGR}CMg(R)
—-b a
1. Show that S is a subring of M(R), the ring of 2 x 2 matrices with real entries.
2. Show that S and C are isomorphic rings.

Solution.

1. S is non-empty as the zero matrix and the identity matrix are elements of S.
Now take two elements in S and subtract them

B N R

which is an element of S.

Similarly, the product of two elements of S is

a b a B ac — b3 af + ba
-b a 6 a| | —(ba+aB) aa—bs
which is also an element of S.

2. Consider the map ¢ : S — C defined by

gb[_z Z]Za—i-bz’

Since
¢[—Cz§ 2]*[-% g} = {—(bajﬁo)é Sig}
= (a+a)+ (b+P)i
= (a+bi)+ (a+ Bi)
and

GBI B i
_ erbat s



then ¢ is a homomorphism of rings.

The kernel of ¢ is

o= {[ 3 2] o 2 ¢ o ([ 2]t

So, ¢ is one-to-one. Checking onto is easy, as for any a + bi € C

¢[_Z S]Za—i-bi



Part B.

1. Recall that P is the set containing the zero polynomial and all polynomials of
degree at most five with real coefficients. Show that the derivative defines a linear
transformation from Ps to itself. Is it onto? Find the matrix for this map in the
standard basis.

Solution. Since for any pair of differentiable functions (including polynomials) f
and ¢, and any constant C' we have

(f+9)=f+¢ and @ =ar
then the derivative behaves linearly. Moreover, since the derivative of a polynomial
of degree at most five is of degree at most four, and 0’ = 0, then the function is

from Ps to Ps. Also, since there is no way to obtain p(x) = z° as the derivative of a
polynomial of degree at most five (its anti-derivative has degree six), then ¢ is not
onto.

The standard basis for Ps is B = {1, x, 22, 23, 2%, 2°}. Since

¢(1) =0 ¢(x) =1 $(a®) =22 ¢a”) = 32 oa) = 4o’

then the matrix of ¢ with respect to B is

OO OO OO
S OO o NN O
O OO Wwo o
S T o O OO

(el olNoNoll S
S OO OO

2. Show that

U:{li Z] | a,b,c,deRanda+b+c+d:O} C My(R)

is a subspace of M3(R). Find a basis for U.

Solution. Probably the easiest way to do this is to go ahead and re-write U as the
span of a set of vectors (which will turn out being its basis).

$(a”) = ba'



Weusea+b+c+d=0toget d=—a—0b—c. Thus an element of U looks like
a b - a b
cd| |c¢ —a—-b-—c
_|a O + 0 b n 0 0
|0 —a 0 —b c —c

-3 ST A 4]

Since the coefficients a, b and ¢ can take any values, then U is the span of

s {[4 5[ )1 o)

which makes U a subspace of Ms(R).
The matrices in B are clearly linearly independent, thus B is a basis of U.

3. Find a basis for the orthogonal complement of the subspace W = span{(1,2,—1,0), (0,1,1,3)}
of R*.

Solution. Any vector that is orthogonal to every element of W must be orthogonal
to both (1,2, —1,0) and (0, 1, 1,3) (and vice-versa). Thus, a vector (z,y, z,w) € W+
must be a solution of the system of equations

r+2y—z2=0 y+z+3w=0
Solving for z in the first equation and for w in the second we get
y oz
= -2y + = _Z
x y+z w 573
Thus, the vectors (z,y, z,w) € W+ look like
y oz
y Iy~ = -2 y Iy <~y T 5 T _>
(z,y,z,w) ( Y+ 2,y 2 373

= <_2yay707_%> + <270727_§>

= 2,1,0 1—|— 1,0,1 L
_= —_ —_—— Z _——
Yy 7773 7a73

which says, given that y and z are free to roam all over R, that

wt = 2.1,0 1 1,0.1 1
= span — —= —=
p bR b} 3 b b B} 3

Since the two vectors that span W+ are linearly independent (because one is not a
multiple of the other), then they are a basis of W=,



5
4. Let T be the linear transformation of R3 with standard matrix 1
1

= N

1
2
1
Find the matrix of T with respect to the basis B = {(1,1,1), (1,1,0), (1,0,0)}.
Solution. Let us denote the standard basis of R3 by S. The change of basis matrix

(or transition matrix) from B to S is given by just ‘hanging’ the vectors of B to get

11
11
10

o O =

It follows that the matrix representing 7" with respect to B is

-1

1 11 1 5 2 1 11
1 10 21 3 1 10
1 00 1 1 4 1 00
Since . )
1 11 0O 0 1
1 10 =0 1 -1
1 00 1 -1 0

then the matrix representing 7" with respect to B is

0 0 1 1 5 2 1 11 6 2 1
0 1 -1 213 11 0(=(01 1
1 -1 0 1 1 4 1 00 2 3 -1

5. Let F': R* — R3 be any linear transformation such that

171—21}2+5L’3—$4:O
Ker F = { (21,29, 23, 74) € R X1 — Ty —2x3+ 24 =0
$1—3ZE2+4ZL‘3—31’4:O

1. Find the dimension of Ker F' and a basis for it.
2. Give an example of such a linear transformation F.

3. For the example you gave in (b), find a basis for the range of F'.

Solution.



1. We need to solve the system given. The matrix that represents this (homoge-
neous) system is

1 -2 1 -1
A=11 -1 -2 1
1 -3 4 =3

Let us do some row operations in A.

1 -2 1 -1
A = 1 -1 -2 1 now we subtract R; from R3; and Rs

|1 -3 4 -3
1 —2 1 —1]

— 0O 1 -3 2 now we add R, to Rs3, and add 2R, to R,
|0 -1 3 =2
(1 0 —5 3

— 01 -3 2
|00 0 0

It follows that z; = 5x3 — 3z4 and that o = 3x3 — 224. Thus the vectors in
Ker(F) look like

(1, 2,3, 24) = (Bx3 — 324,323 — 224, X3, 24)
(5373, 31’3, X3, 0) + <—3ZU4, —2$4, 07 .’]74)
— 25(5,3,1,0) + 24(—3,~2,0,1)

Since x3 and x4 have no restrictions then

Ker(F) = span{(5,3,1,0),(—3,-2,0,1)}

These vectors are linearly independent, thus they form a basis of Ker(F).
dim(Ker(F)) = 2.

2. The map F : R* — R? given by

F(x1, 29,23, 24) = (11 — 229 + 23 — T4, 11 — Ty — 203 + T4, T1 — 329 + 423 — 314)

3. The range of F' can be computed by looking at the column space of the matrix
A used in part 1. of this problem. So, now we will do some column operations.



on A.

1 -2 1 -1
A = 1 -1 -2 1 now we subtract C; from C5 and add C; to Cy
|1 -3 4 3]
1 -2 0 0 ] 5
— 1 -1 -3 2 now we add 503 to Cy4, and C5 to Cy
|1 -3 3 =2
1 -2 0 0
— 1 -4 -3 0
1 0 3 0

Since (1,1,1) = —4(—2,—4,0) + 5(0, =3, 3), then the column space is

span{(—2,—4,0), (0, —-3,3)} = span{(1,2,0),(0,—1,1)}

These two vectors are linearly independent, thus they form a basis of the range

of F.

6. A square matrix B is skew-symmetric if BT = —B. Suppose that the square
matrix A is skew-symmetric and invertible. Prove that A~! is also skew-symmetric.

Solution. We know that AT = —A and that A is invertible. Since (AT)™! = (A~1)7,
then AT is invertible. It follows that if we inverse both sides of AT = —A we get

(AT = (AN = (=47 = —(47)
which proves that A~! is also skew-symmetric.

7. Diagonalize the following matrix

1 -2 -1
A=| -1 1 1
1 0 -1

Then give a basis of R? for which A ‘becomes’ diagonal.



Solution. We first find the characteristic polynomial of A.

xa(A) = det(A — \I)

1—-X =2 —1

= -1 1-=A 1
1 0 —1-=A

1—-X =2 —1

RQ’—)R2+R3 0 1—A -
1 0 —1-A

1—-X =2 1

Cy+— Cy — Cy 0 1—A —1
1 0 —1-A

= —(1 =221+ N +2—(1-N)

= —(1 =221+ N +AN+1)

= (1+X)(1—=(1=X)?

= (14+X)2X =2 =M1+ N)(2-))

It is easy to see that A = 0, —1, 2 are the eigenvalues of y 4(A). Since the eigenvalues
are distinct the matrix is diagonalizable.

We know that the base where A ‘becomes’ diagonal is given by the eigenvectors of
A. Let us find them.

For A =0
1 -2 —1]0
[Al0] = -1 1 110 now we subtract R3 from R; and add Rs to R
1 0 —1/0
[0 -2 0|0
— 0O 1 010
1 -1/0
It follows that the eigenspace of A = 0 is span(1,0,1).
For A = —1
[ 2 -2 —-1]0
[A+I|0] = -1 2 110 now we subtract 2Rs from R, and add Rs to Rs
10 0|0
[0 -2 —1/0
— 0 2 110
1.0 010




It follows that the eigenspace of A = —1 is span(0, 1, —2).

For A =2
[ -1 -2 —1]0
[A—2I|0] = -1 -1 110 now we add R3 to Ry and Ry
1 0 =310
[0 —2 —4]0
- |0 -1 =20
10 -3]0

It follows that the eigenspace of A = 2 is span(3, —2,1).
Thus, the basis of R? where A becomes

0 0 0
0 -1 0
0 0 2

is

B ={(1,0,1),(0,1,-2),(3,—2,1)}

8. Consider the subspace U = {(z,y,2) € R*| 2z —y — 32 = 0} C R? and the set of

vectors S = {(1,-1,1),(4,2,2)} C R3.
1. Complete S to a basis in R3.

2. Show that U = span(S).

Solution.

1. If we show that U = span(S) (part 2. of this problem), then a basis for the
the orthogonal complement of U would complete S to a basis of R3. Since U
is a plane through the origin in R3, then its orthogonal complement is given
by its normal vector, which can be obtained by just looking at the coefficients

of the equation that defines the plane, namely N = (2, —1,—3).
So, SU{(2,—1,-3)} is a basis of R?.

2. We plug the vectors in S into 2z — y — 3z = 0 (the equation that defines U)

to check that these vectors belong to U, we get
2(1) = (=1) =3(1) =0 2(4) = (2) =3(2) =0

Thus S C U. Since the two vectors in S are linearly independent and U is a

plane (dimension 2), then the vectors in S must span all U.



