Name : Due in PB 381 on Friday 12/16/2011 by 4:00pm

MATH 291T Take-Home Final 200pts

Work on these questions by yourself !!
You can ask only me for help/hints.
Hand in the questions with your answers.

1. (15pts) Let C be a linear code of minimum weight 2¢t. Prove that C' has a coset containing
at least two words of weight t.

2. (20pts) Let C be a binary linear code of length n and B the set of all codewords in C' of
even weight.
(a) (5pts) Prove that B is a binary linear code of length n.

(b) (10pts) If x € C'is a codeword of odd weight, prove that B+x is the set of all codewords
in C of odd weight.

(c) (bpts) Prove that either all codewords in C' have even weight or exactly half of the
codewords in C' have even weight.

3. (25pts) Let Cy be an [ny, k1, di]-code over GF(q) and Cy an [ng, ko, ds]-code over GF(q).
Consider the code
C:={(x,y):xe(Cyand y € Cq}

(a) (bpts) Prove that C'is a linear code of length n; 4+ ny over GF(q).
(b) (15pts) Let {x1,...,xx, } be a basis for C; and {y,...,yx,} a basis for Cy. Prove that

{(leo)v SRR (an 0)7 (07YI)a SRR (O,ka)}

is a basis for C.
(c) (5bpts) Prove that d(C') = min{d;,ds}.

4. (20pts) This exercise is about Reed-Muller codes.

(a) (5pts) Prove that 1 =11...11 € R(1,m) for all m > 1.
(b) (15pts) Let m > 1 and 0 <1, <1y < m. Prove that R(r;,m) C R(ra,m).

Hint: Let 0 < r < m. Prove that R(r,m) C R(r + 1,m).

5. (20pts) We put GF(3) = {0,1,2} (so working modulo 3). It is given that z* + z + 2 is
primitive over GF(3). Define a by a? +a +2 = 0. Set up a table for GF(9) containing the
polynomial expression a;« + ag, the ternary expression a;ag and the exponential form of for
each element of GF(9).



6. (15pts) Find all the irreducible factors of 2® — 1 over GF(3) = {0, 1,2}.
7. (20pts) This exercise is about cyclic codes of length 19 over GF(7).
(a) (5pts) List the degrees of all the irreducible factors of 2! — 1 over GF(7). You can
label the factors by g1(z), g2(z), . . ..
(b) (5pts) How many cyclic codes of length 19 over GF(7) are there?

(c) (5pts) Write (in terms of gy(x), g2(x),...) the generator polynomial of a cyclic code of
length 19 over GF(7) of dimension at least six that can correct at least four errors.

(d) (bpts) Write (in terms of ¢i(x), g2(x),...) the generator polynomial of cyclic code of
length 19 over GF'(7) of dimension thirteen that is not a BCH-code.

8. (20pts) This question is about idempotent generators.

(a) (10pts) Let C be a cyclic code of length n over GF'(q) (so ged(n, q) = 1) with generator
1

polynomial g(z) and check polynomial h(x). Prove that —z g(x) h'(z) mod (z™ — 1)
n

is the idempotent generator of C' where h'(z) is the formal derivative of h(x).
1

Hint: Derive 2" — 1 and prove that —z g(z) h/(z) mod (2" — 1) is the identity in {c(z)
n

mod (2" —1):c e C}.

(b) (10pts) Use this to find the idempotent generators of all cyclic codes of length 3 over
GF(4)={0,1,a,b}.

9. (45pts) Let a be the primitive element of GF(16) as defined in the table for GF(16) in the
notes. Then GF(4) = {0,1,a”,a'} is a subfield of GF(16). Consider the BCH-code of
length 15 over GF'(4) with generator polynomial

lem(mgs (@), mao(z), mgr (&), Mg (2)mgo (2), Mo (2))
(a) (5pts) What are the dimension and designed distance of this code?
(b) (40pts) Suppose we receive the word

y = 010a°00000000000

i. (20pts) Use the Peterson-Gorenstein-Zierler decoding algorithm to decode y.
ii. (20pts) Use the Key Equation to decode y.

Extra Credit (20pts) : Let C be the cyclic code of length 7 over GF(4) with generator polynomial
lem(mgo(x), mgr(x)) where § is an element of order 7 in some field extension of GF(4). Find
(with proof) the minimum distance of C.




