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Chapter 1

Introduction to Error-Correcting
Codes

It happens quite often that a message becomes corrupt when the message is transmitted us-
ing some communication system (noise interference during cell phone calls, scratches on cd’s,
temporarily loss of signal in deep space programs). If we only transmit the message then it is
impossible to recover the message if an error occurs during transmission.

For example, we have a channel that can transmit the symbols 0 and 1. We have two messages:
yes=1 and no=0. We suppose that the channel is symmetric : the probability that an error
occurs during transmission of a symbol, is a fixed number p (where 0 < p < 0.5). When we
transmit a message, the probability of receiving the original message is 1 — p.

In order to recover the original message if an error occurs, we have to add some redundancy.
We make our message longer : yes=11 and no=00. After transmission of a message, we receive
the string 3172 € {00,11,01,10}. In the table below, we list in the second (resp. third) column
the probability P(y1y2|00) (resp. P(y1y2|11)) that y1ys is received when 00 (resp. 11) was
transmitted while in the fourth (resp. fifth) column we list the probability P(00|y;y2) (resp.
P(11|yyy2)) that 00 (resp. 11) was sent if y;y» is received.
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What does this imply? Say p = 10%. If we receive the word 00 (resp. 11) then the probability
that 00 (resp. 11) was transmitted is 98.78%. If we receive the word 01 or 10 then the probability



that 00 (resp. 11) was transmitted is 50%. Note that we are able to detect if exactly one error
occurred but we are not able to correct the error.

So we add even more redundancy. Our messages are yes=111 and no=000. After transmission
of a message, we receive the string yiyoys € {000,111,100,010,001,011,101,110}. In the
table below, we list in the second (resp. third) column the probability P(y142y3|000) (resp.
P(y1y2y3|111)) that y1yoys3 is received when 000 (resp. 111) was transmitted while in the fourth
(resp. fifth) column we list the probability P(000|y1y2y3) (resp. P(111|y1y2y3)) that 000 (resp.
111) was sent if y;y2y3 is received.
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Say p = 10%. If we receive the word 000 (resp. 111) then the probability that 000 (resp. 111)
was transmitted is 99.86%. If we receive any of the words 100, 010 or 001 (resp. 011, 101 or
110) then the probability that 000 (resp. 111) was transmitted is 90% so we decode as 000
(resp. 111). Note that we are able to detect if exactly one error occurred and we are able to
correct the error. Using this decoding algorithm, the probability of decoding correctly is 97.2%.

In general, transmitting information might undergo the following process.

MESSAGE
SOURCE
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a...a r1...2 ... ! !
1 k 1 n U1 UYn Ty...2,
MESSAGE CODEWORD RECEIVED WORD CODEWORD

We start with a message a; ...a; containing k digits. We add some redundancy and end up
with a codeword x; ...z, containing n digits (so n > k). We transmit the codeword z; ...z,
but during transmission, errors may occur. So we receive a word y; ...y,. After analyzing
this word, we decide that the original codeword was .../ (and hopefully this is indeed the
original codeword). The user now retrieves the original message from the codeword z} ... x!.



We will concentrate mainly on the decoder : when we receive a word v . ..¥y,, how do change
this word into a codeword (hopefully the codeword that was transmitted)? Clearly, we should
choose the codeword that was most likely sent (so the codeword with the highest probability
of being sent). This method is called mazimum likelihood decoding and might be quite hard
to implement. Instead, we find the codeword that is the closest to the received word (so
we minimalize the number of errors that occurred). This method is called nearest neighbor
decoding.



Chapter 2

Basic Concepts and Properties

2.1 Definitions

Definition 2.1

(1) An alphabet is a set of symbols or characters with at least two elements. In this course,
alphabets will always be finite fields.

(2) Let A be an alphabet and n € N.
(a) A" is the set of all n-tuples of elements of A. So
A" ={(a1,...,a,) :ay,...,a, € A}
We call A" the codespace and refer to elements of A" as words or vectors.

Ifa=(ay,...,a,) € A" then we write a = ay ... a,.

(b) A code of length n over A is a nonempty subset of A™. We refer to the elements of
a code as codewords or codevectors.

(c) If |A] = m and C is a code over A then we call C' an m-ary code. If A = {0,1} then
C'is a binary code. If A ={0,1,2} then C' is ternary code.

(d) A code C'is trivial if C' has only one codeword. >

Example : The set C; = {0000,1010,0111,1101} is a binary code of length 4. >

2.2 Hamming Distance, Minimum Distance and Nearest
Neighbor Decoding

Definition 2.2 Let A be an alphabet, n € Nand x = zy...2,,y = y1...y, € A". The
Hamming distance between x and 'y (notation : dy(x,y) or d(y)) is the number of positions in
which x and y differ. So

du(x,y) =[{1 <i<n:z;#y}



Proposition 2.3 (A", dy) is a metric space. So for all x,y,z € A", we have

(a) du(x,y) =20
(b) du(x,y) =0 x=y
(¢) du(x,y) = du(y,x)
(d) Triangle Inequality : dy(x,z) < dy(x,y) + du(y, z)
Proof : (a), (b) and (c) are obvious. So we only prove the Triangle inequality. Let x,y,z € A™.

Putx=xz1...2,,y=%1...y, and z = 21 ... 2,. Pick 1 <1 < n with x; # z;. Then there are
two possibilities :

I £y
o =y and y; # z

Hence
{1<i<n:z;#z}C{l<i<n:z;#ytU{l<i<n:y #z}

So dy(x,z) < dg(x,y) +dy(y,z). O

Next, we describe a very common decoding method.

Definition 2.4 [Nearest Neighbor Decoding] Let C' be a code of length n over A. In this
course, we will use the following decoding strategy :

Decode a received word y as the codeword that is the closest to y. So we decode
y € A" as ¢ € C where dy(y,c) < dy(y,x) for all x € C.

This method of decoding is called Nearest Neighbor Decoding. We will abbreviate this as NND.
This works fine as long as there is a unique codeword closest to the received word. If there is
more than one codeword closest to the received word, we can either declare a decoding error
(this method is called incomplete decoding) or we can somehow choose one of the codewords
closest to the received word (complete decoding). >

Examples :

(a) the binary code C; = {0000, 1010,0111,1101}

When we receive y = 0100 we decode as 0000. When we receive 1000 we either declare a
decoding error or decode as 0000 or 1010.

(b) Cy ={0000,1011,0121,2022,0212,1102,2201, 1220,2110}
When we receive 1111 we decode as 1011. >



So far, we used a very naive approach to implement NND : when we receive a word y, we go
over every single codeword ¢ and calculate dy(y,c). Later, we will see that certain codes have
very efficient implementations of NND.

Next, we define a very important parameter of a code and show how it measures the error-
correcting capabilities of a code.

Definition 2.5 Let C' be a non-trivial code of length n over A. The minimum distance of C
(notation : d(C')) is the minimum Hamming distance between two distinct codewords. So

d(C) = min{dg(x,y) : x,y € C and x #y} >

Example : Consider the ternary code
Cy = {0000, 1011,0121, 2022, 0212, 1102, 2201, 1220, 2110}
Then d(Cy) = 3. >

Remark : Calculating the minimum distance of a code C' might be quite time consuming :

ICldet=1)

it is possible we have to calculate Hamming distances. Later, we will see more

efficient methods of finding the minimum distance of certain codes. >

Definition 2.6

(a) Let n,M,d € N. Then a code C is called an (n, M, d)-code if C has length n, |C| = M
and d(C) = d.

(b) Let n,d € N. Then a code C'is called an (n,d)-code if C has length n and d(C) =d. >

Example : The ternary code Cy = {0000, 1011, 0121, 2022, 0212, 1102, 2201, 1220,2110} is an

(4,9, 3)-code. >

Definition 2.7 Let x € A® and r € N.

(1) The sphere with center x and radius r (notation : S,.(x)) is the set of all words in A™
whose distance to x is at most r. So

Sr(x) ={y € A" 1 du(x,y) <7}
(2) The volume of the sphere S,(x) (notation : |S,.(x)|) is the number of words in S,(x). >

It turns out that the volume of a sphere does not depend on its center.



Proposition 2.8 Let A be an alphabet, x € A™ and r € N. Then

seol= 3 ()04

=0

for allx € A™.

Proof : Let x € A". Put k = min{r,n}. Then

S (x) = |H{y € A" 1 du(x,y) = i}

=0

For:=0,1,...,k, we have that
n . n A
v e 4" duxy) = 3l = ()14 1)

Indeed, there are (7;) possibilities to choose ¢ positions of y for which y; # x;. For each of these
i positions, there are (|A| — 1) choices for y; with y; # x;.
Hence

5,001 = 3y € 4" s dutxy) = i1 =3 () 1 - 1 -

1=0

The next proposition shows the relation between the error-correcting capabilities of a code and
its minimum distance.

Proposition 2.9 Let C' be a non-trivial code of length n over A and e € N. Then the following
are equivalent :

(a) Using NND, we will decode correctly if at most e errors occur during transmission.
(b) Se(x)NS.(y) =0 for all distinct x,y € C.

(¢c) The minimum distance of C is at least 2e + 1.

Proof : (a) = (b) Assume that we will decode correctly using NND if at most e errors
occur during transmission. Let x,y € C' with S.(x) N S.(y) # 0. Let z € S.(x) N S.(y). View
z as a received word. One one hand, we should decode z as x since dy(z,x) < e. On the other
hand, we should decode z as y since dg(z,y) < e. Since we decode correctly if at most e errors
occur, it must be that x =y.

(b) Assume that S.(x)NS.(y) = 0 for all distinct x,y € C. Let x,y € C with d(C) = dy(x,y).
Put k£ = min{d(C),e}. Choose 1 <y < iy < --- < i < n with a;, #y;, for j =1,2,... k.
Put z = z125...2, where for i = 1,2,...,n, we have that z; = y; if i ¢ {iy,4s,...,9x} and
zi = x; if i € {i1,ia,...,1k}. Then dy(y,z) = k <e. Soz € S.(y). Hence z ¢ S.(x) since



Se(x) N Se(y) = 0. So du(x,z) > e. If d(C) < e then z = x, a contradiction. So d(C) > e.
Then e < dy(x,2z) = d(C) — e. Hence d(C') > 2e. So d(C) > 2e + 1.

(c) Assume that d(C) > 2e+ 1. Let x € C and y € A" with dy(x,y) < e. We apply NND
on the received word y. So we are looking for codewords whose distance to y is minimal. Let
z € C with dy(y,z) < e. Using the Triangle Inequality, we get that

du(x,2z) < dg(x,y) +du(y,z) <e+e=2e<d)

Hence z = x. Thus x is the unique codeword closest to y. So using NND, we will decode y
correctly as x. a

Definition 2.10 A code C is a t-error correcting code if C' satisfies any of the conditions in

40)-17 -

Proposition 2.9 and ¢ is maximal with that property. So t = [ 5

Example : The ternary code Cy = {0000, 1011, 0121,2022,0212,1102,2201,1220,2110} is a
l-error correcting code since d(Cs) = 3. >

2.3 Bounds

We begin this section with an upper bound on the size of an m-ary t-error correcting code of
length n.

Theorem 2.11 (Sphere Packing Bound or Hamming Bound) Let C' be a t-error cor-
recting m-ary code of length n. Then

IC| <

Proof : Since C is t-error correcting, it follows from Proposition 2.9(b) that S;(x) N S(y) = 0
for all distinct x,y € C. Hence
D 1Si(x)| < A"

xeC
where A is the alphabet of C'. So |A"| = m". By Proposition 2.8, we have that

vestsl =3 (7)o 1y

=0

forall x € C. So

YIS =Y V=[C[V

xeC xeC
Since |C|V < m", we get that
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Example : Let C' be a binary one-error correcting code of length 5. Then

5
O] < e = 2 <6
W +G 6
So |C| < 5. This does NOT imply that there exists such a code with five codewords. In
fact, one can show that |C| < 4. This time, there exists a code with these parameters :

C' = {00000,11110,11001,00111} is an example. >

Definition 2.12
A code C'is a perfect t-error correcting m-ary code of length n if there is equality in the Sphere

Packing Bound, so if
t
n .
— 1) =mn
| <§Mj (7)o -1 ) m >

Example : Let n € N be odd. Consider the code
C ={00...00,11...11}
N—

n times n times

n—1

Then (' is a perfect binary -error correcting code of length n. >

Remarks

(a) The Sphere Packing Bound puts severe restrictions on the parameters of a t-error correct-
ing m-ary code of length n. For example, there does not exist a perfect binary one-error
correcting code of length 6 since

26 64
e~ &N
o) +@G) 7
‘L /n
(b) If A\,t,m,n € N such that A (Z ( ) (m — 1)" | = m™ then there may or may not exist
i
=0
a perfect t-error correcting m-ary code C' of length n with |C| = A. For example, there
exists a perfect binary 3-error correcting code of length 23 but there does not exist a

90
perfect binary 2-error correcting code of length 90 although —5 5 s € N
(o) + (V) + (%)
(c) All 4-tuples (A, t,m,n) such that there exist a perfect t-error correcting m-ary code C' of
length n with |C] = A are known. >

The next theorem guarantees the existence of an m-ary t-error correcting code of length n of a
certain size.



Theorem 2.13 (Gilbert-Varshamov Bound) Let m,t,n € N with m > 2 and 2t < n.
Then there exists an m-ary t-error correcting code C' of length n with

mn

C
S SN I

Proof : Let A be an alphabet of size m. Put d = 2t + 1. Since n > d, there exists two words
x,y € A" with dg(x,y) = d. So there exists at least one (n,d)-code over A (namely {x,y}).
Let C be an (n,d)-code over A with |C| maximal. Put

V= Sulx)

xeC

Suppose that V' # A". Let z € A"\ V. Put C' = C U {z}. Since z ¢ V, we have that
dy(z,x) > 2t and so dy(z,x) > d for all x € C. But d(C) = d. Hence d(C") = d, a
contradiction to the maximality of |C| since |C'| = |C] + 1.

So V = A™. It follows from Proposition 2.8 that

= | A" = V] = gsﬂ(x) < XGZC |G (x)] = ); <§; (ZL) (m — 1)i> =|C] (i (?) (m — 1)’)
So

m
ICl > == B

Zi:O (7;) (m B 1)i

Example : Let m =3, ¢t =1 and n = 7. Then there exists a ternary one-error correcting code
of size 23 since
37 2187

= ~ 22.09
O+ @2+ -2 9 g
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Chapter 3

Linear Codes

In this chapter, we consider codes that are vector spaces. Almost all codes we consider in this
course are vector spaces.

3.1 Basic Definitions

Definition 3.1 Let F be a finite field.
(1) A code C of length n is a linear code over F if C' is a subspace of F™.

(2) A code C'is an [n, k|-code over F if C'is a linear code of length n over F and with minimum
distance d.

(3) A code C'is an [n, k,d]-code over F if C'is a linear code of length n over F of dimension

k and with minimum distance d. >
Example : C'={000,110,101,011} is a [3, 2, 2]-code over Fy = {0, 1}. >
Remarks :

(a) Let C' C F". Then C is a linear code over F if and only if ax + gy € C for all a, 5 € F
and all x,y € C.

(b) Let C be an [n, k]-code over F. If {x;,Xs,...,X;} is a basis for C' over F then
C={ax; + axo + -+ + Xt g, a9, ..., 04 € F}

So |C] = [FJ*. >

Example : {110,101} is a basis for C' = {000, 110,101,011} over {0, 1}. >

11



Definition 3.2 Let F be a finite field.

(a) For x € F™ we define the Hamming weight of x (notation : wy(x) or w(x)) as the number
of nonzero entries of x. So if x = (xy,...,2,) then

wy(x)=[{1<i<n:z; #0}

(b) Let C' be a non-trivial linear code over F. The minimum weight of C' (notation : w(C))
is the minimum nonzero weight of a codeword. So w(C) = min{wgy(x):0#x € C}. >

Examples :
(a) w(10110) =3
(b) Let C'={000,110,101,011}. Then w(C) = 2. >

Remark : There is a connection between the Hamming distance and the Hamming weight.
Let x,y € F". Then

dy(x,y) = du(x —y,0) = w(x —y)
Indeed,

dp(x,y)=[{1<i<mu#y}={1<i<n:z -y #0} =du(x-y,0)=wx-y) >
The next proposition allows us to calculate the minimum distance of a linear code a little easier.

Proposition 3.3 Let C' be a non-trivial linear code over F. Then the minimum weight of C'
1s equal to the minimum distance of C.

Proof : Let x,y € C with dy(x,y) = d(C). Note that x # y and so x —y # 0. Hence
a(C) = dy(x,y) = w(x — y) = w(C).

Let z € C' with w(C) = w(z). Note that z # 0. Hence w(C) = w(z) = dy(z,0) > d(C).

So w(C) = d(C). O

Remark : To calculate the minimum weight/distance of a linear code C', we have to check at

clder =1

most |C| — 1 weights. Recall that we might have to check distances to calculate

the minimum distance of a non-linear code C'. Later, we will see an even more efficient method
to calculate the minimum distance of a linear code using parity check matrices. >

12



3.2 Generator Matrix

Recall that every vector space of dimension k£ has a basis with k elements. For linear codes, we
write a basis in matrix form.

Definition 3.4 Let C' be an [n, k]-code over F. A matrix G is called a generator matriz for C
if G is a k x n-matrix over [F whose rows form a basis for C' over F.

1

Example : Let C' = {000,110,101,011}. Then [ 0 1 1 } is a generator matrix for C. >

Remark : A generator matrix provides us with an easy ‘encoder’ (a way of adding redundancy
or to change an original message of k£ symbols into a codeword of n symbols) since C' is the set
of all linear combinations of rows of G :

C:{[a:l xk]G:xl,...,xkeF}
For the previous example, we would get
message | codeword
00 000
10 110
01 011
11 101
>

Definition 3.5 Let C be an [n, k]-code and G a generator matrix for C. Then G is in standard
form if G is of the form [ I, A | where I} is the k x k identity matrix. >

10
01 1
standard form. >

Example : Let C' = {000,110,101,011}. Then { ] is a generator matrix for C' in

Remark : A generator matrix in standard form provides us with a very easy ‘encoder’ and
‘decoder’ (a way of retrieving the original message of k symbols from the codeword of n sym-
bols) : if we decode a received word as the codeword zy ...z, then x; ...z, was the original
message. >

3.3 Parity Check Matrix

In this section, we define the very important concept of a parity check matrix.

Definition 3.6 Let C be an [n, k|-code over F. Then a matrix H is a parity check matriz for
C if H is an (n — k) X n- matrix of rank n — k over F such that xH” = 0 for all x € C. >

13



Example : Let C' = {000,110,101,011}. Then [ 1 1 1 ] is a parity check matrix for C. >
Remark : If H is an (n — k) X n-matrix over F and x € F” then xH” = 0 < Hx" = 0(,_k)x1-

A very common way of defining linear codes is not by using a generator matrix but by using
a parity check matrix. Indeed, let H be an (n — k) X n-matrix over F of rank n — k. Put
C ={xelF":xH" = 0}. Then it follows from standard linear algebra that C'is an [n, k]-code

over F and H is a parity check matrix for C. >
1 0010
Example : Let F={0,1}, H= |0 1 0 0 1 | and C = {x € F°: xH” = 0}. Since
00111
T1+2xTy4 = 0
xH" =0« Ta+xs = 0

T3+ 24 +oT5 = 0

we get that
C' = {00000, 10110,01101, 11011}

which is a binary [5, 2, 3]-code. >

Given a generator matrix in standard form for a linear code C, we can easily write down a
parity check matrix for C'.

Proposition 3.7 Let C be an [n, k]-code over F and G = | I, A ] a generator matriz for C
in standard form. Then H = [ —AT 1, ] is a parity check matriz for C.

Proof : Clearly, H is an (n — k) x n-matrix over I of rank n — k. So we only need to show
that xH” = 0 for all x € C. Let x € C. Since G is a generator matrix for C, there exist
Ay A € Fsuch that x = Ay -+ A; |G. Hence

xH =[N - MIJGH =[N - M ][ L A][-AT L, |*

Note that

—A
(L, AJ[-AT I, " =[1, A] [[J:—A+A:okx(n_k)

SoxHT = 0. 0

The next proposition shows us how to use a parity check matrix of a linear code C' to find the
minimum distance of C.

Proposition 3.8 Let C' be an [n,k]-code over F, H a parity check matriz for C and d the

minimum distance of C. Then every collection of d — 1 columns of H is linearly independent
over F and there is at least one collection of d columns of H that is linearly dependent over FF.

14



Proof : Consider a collection of d—1 columns of H, say C1,Cs,...,Cyq_1. Let \{, Ao, ..., Ag_1 €
F with

MCL+ X0 + -+ Xi—1Ca—1 = Op—pyx1
Put x = ()\1,)\2, cey )\d,l,O, c. ,O) € ™. Then
XHT == )\101 ‘l‘ )\202 + T ‘l‘ )\d—lcd—l = O(nfk)xl

So Hx" = 0p_px1 and x € C. If x # 0 then w(x) < w(C) = d, a contradiction since
w(x) < d—1. Hence x = 0. So A\; = Ay = --- = A\;_1 = 0. Thus every collection of d — 1
columns of H is linearly independent over F.

Let x € C with w(x) = w(C) = d. Then x has d non-zero components, say in positions
1< <jo<--<jg<m. Since xHT = 0, we get that

O(n—k)xl = HXT = 513'101 + -+ xnC'n = iCjIle + -+ xijjd
Hence the collection {C},,C},,...,C;,} of d columns of H is linearly dependent over F. a

Example : Let C' be the binary code of length 7 with the following parity check matrix :

H =

N =)
=)
_—_ o

1111
0011
0101

Since H does not contain a zero-column, we get that every column in H is linearly independent
over {0, 1}.

Since any two columns in H are distinct, we see that any two columns of H are linearly
independent over {0, 1}.

0 0 0 0
O(+]11|+[1]=1]0
1 0 1 0

So the first three columns of H are linearly dependent over {0,1}.
Hence it follows from Proposition 3.8 that the minimum distance of C' is three. >

Corollary 3.9 [Singleton Bound] Let C' be an [n,k,d])-code. Thenn —k >d— 1.

Proof : Let H be a parity check matrix for C'. Then the rank of H is n — k. By Proposition

3.8, H has d — 1 linearly independent columns. Hence n — k > d — 1. O

Definition 3.10 Let C be an [n, k,d]-code. Then C' is a maximum distance separable code

(notation : MDS-code) if n — k =d — 1. >
. . . . 1 0 1

Example Consider the ternary code C' with parity check matrix H = [ 011 9 } . Then C

is a [4,2,3]-CODE. So C'is a ternary MDS-code. >

15



3.4 Binary Hamming Codes

In this section, we define a special family of binary linear codes : the binary Hamming codes.

Definition 3.11 Let r € N. A binary Hamming code with parameter r is a binary code with
a parity check matrix whose columns are all the non-zero vectors of length r. >

1 01

01 1 } Then the code

Example : For r = 2, we can put H = [

10
Ci=qmars €{0,1}*: [@1 22 23] 0 1 [=[0 0]
11

is a binary Hamming code with parameter 7. >

The binary Hamming codes are examples of perfect codes.

Proposition 3.12 Let r € N. Then a binary Hamming code with parameter r is a perfect
binary 2" —1,2" — 1 — r, 3]-code.

Proof : Let H be a matrix whose columns are all the non-zero vectors of length r. Let C' be
the binary code with H as a parity check matrix. Note that there are 2" — 1 non-zero vectors
of length r. So H is an r x (2" — 1)-matrix. Since H contains I, as a submatrix, we see that
the rank of H is r. Hence C' is a binary [2" — 1,2" — 1 — r]-code. Since H does not contain a
zero column and since any two columns of H are distinct, we get that any two columns of H
are linearly independent over {0,1}. But H contains the following columns :

(100 -0, [010--0]" and [1 10 --- 0]"
Since these three columns are linearly dependent over {0, 1}, it follows from Proposition 3.8
that d(C) = 3.
By HW 2 Ex#4, any binary [2" — 1,2" — 1 — r, 3]-code is perfect. O

We now describe a specific parity check matrix for a binary Hamming code. This parity check
matrix comes in very handy when decoding binary Hamming codes.

Let r € N. We can view a binary vector of length r as the binary expansion of a natural
number :

T1To . Ty o Ty 20w 2 g 22 g 2T 2y 27

So 110101 is the binary expansion of 53. We now order the columns of the parity check matrix
such that the j-th column contains the binary expansion of 7 for 1 < j < 2" — 1. We denote
the binary Hamming code corresponding to this parity check matrix by Ham(2,r).

01 1 0001111
Examples : { } is a parity check matrix for Ham(2,2)and [ 0 1 1 0 0 1 1 |is
e 1 01
1010101
a parity check matrix for Ham(2, 3). >
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3.5 Cosets and Coset Leaders

Definition 3.13 Let C' be an [n, k]-code over F.

(a) A coset of C is a coset of the subgroup C' of the group (F",+). So a coset of C' is a set
of the form
x+C={x+y:yeC}

where x € F".

(b) A coset leader of a coset is a vector of smallest weight in that coset. >

Recall from Abstract Algebra that the cosets of C' form a partition of F™ and that all cosets
have the same size. So if C is an [n, k]-code over F then every coset of C' contains |F|* vectors
and C has |F|"* cosets.

1 011

010 1 } Then the cosets

Example : Let C be the binary code with parity check matrix [

of C are
¢ = {0000,1010,1101,0111}

C, = {1000,0010,0101,1111}
C, = {0100,1110,1001,0011}
C; = {0001,1011,1100,0110}

We see that 0000 is the unique coset leader of C', 0100 is the unique coset leader of Cy and 0001
is the unique coset leader of C3. But C; has two coset leaders : 1000 and 0010. >

3.6 Standard Array Decoding

In this section, we describe one (unpractical) implementation of Nearest Neighbor Decoding.

First, we introduce the concept of the error vector. Let C' be an [n, k, d]-code over F. Suppose
we transmit a codeword x but receive the word y. Then the error vector is e := y — x. So
y = x + e. This implies that dy(y,x) = w(y — x) = w(e). When decoding y, we are looking
for a codeword ¢ such that dy(y,c) = w(y — c) is minimal. Note that y — ¢ and y belong to
the same coset. Hence we get

We decode y as the codeword c if and only if y — ¢ is a coset leader of the coset
containing y. So the error vector is a coset leader of the coset containing y.

Hence we follow this strategy for decoding y :
(1) Find a coset leader e of the coset containing y.
(2) Decode y asy —e.

We can implement this strategy using a standard array. This is a table with |F|"~* rows and
|F|* columns.

17



e the first row contains all the codewords.
e the first column contains a coset leader for each coset.

e the word on the i-th row and j-column is the sum of the coset leader in position (i-th
row.first column) and the codeword in position (first row,j-th column).

So the rows of a standard array are the cosets of C.

Using a standard array, we decode y as the codeword in the first row and the same column as
y.

Example : Consider the binary code C' = {0000, 1010, 1101,0111}. A standard array for C' is

0000 1010 1101 0111
1000 0010 0101 1111
0100 1110 1001 0011
0001 1011 1100 0110

So we decode 1110 as 1010. >

3.7 Syndrome Decoding

Decoding using a standard array is unpractical as the size of the array becomes very large.
Given the coset leaders, it is enough to find the row (=coset) to which y belongs when decoding
y; we do not need to know the exact position of y in the array.

So if we could somehow decide which one of the coset leaders is the coset leader of the coset
containing y, we would not need a standard array anymore. That is exactly the idea behind
syndrome decoding.

Definition 3.14 Let C be an [n, k,d]-code over F and H a parity check matrix for C. For
y € F", we define the syndrome of y (with respect to H) (notation : syny(y) or syn(y)) as

SYnH(Y) = HYT >

Example : Consider the binary Hamming code Ham(2,3). Fory = y1ys...yr € {0,1}7, we get
that _
Y1
Y2
Y3 Ya +Ys + Ys + Yz
Yo | = | Y2+ Y3+ Ys T+ Y7
Ys Y1+ Y3+ ys +yr
Ye
Y7

So syn(y) is a 3 x l-matrix. >

syn(y) =

_ o O
O = O
=)
OO =
=
[ S
— ==

It turns out that every word in a coset has the same syndrome and different cosets have different
syndromes.
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Proposition 3.15 Let C be an [n, k,d]-code over F and H a parity check matriz for C. Then

for all x,y € F", we have that syn(x) = syn(y) if and only if x and y belong to the same coset
of C.

Proof : We get that

Hx" = Hy"

H(y —x)" = 0p—k)x1
y—xeC

y —x = c¢ for some c € C
y = x + ¢ for some c € C
yex+C

syn(x) = syn(y)

teoee0

So syn(x) = syn(y) if and only if y belongs to the coset of x. O

Example : Let C' be the binary code with parity check matrix { (1J (1) (1) 1 } Then the

syndromes are

syn(0000) = syn(1010) = syn(1101) = syn(0111) =[0 0]
syn(1000) = syn(0010) = syn(0101) = syn(1111) =[1 0]
syn(0100) = syn(1110) = syn(1001) = syn(0011) =[0 1]
syn(0001) = syn(1011) = syn(1100) = syn(0110) =[1 1|¥ >

This means that we can use a syndrome table instead of a standard array. For each coset, we
list a coset leader and its syndrome. When we want to decode y, we calculate syn(y) and look
it up in the syndrome table. We have that syn(y) = syn(e) for exactly one coset leader in the
table. We decode y as 'y — e.

Example : Let C' be the binary code with parity check matrix { L A syndrome

011
010 1/
table for C is

coset leader | syndrome
0000 [0 0]F
1000 (1 0]T
0100 [0 1]T
0001 (1 1]
Suppose we receive y = 1110. We easily find that
1
(y) = 1011 I |0
Y=o 10 1| 1] 7|1
0
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From the syndrome table, we get that

syn(y) = syn(0100)
Hence we decode y as y — 0100 = 1110 — 0100 = 1010. >

For the binary Hamming code Ham(2,r), we do not need a syndrome table. Since Ham(2,r)
has 2" cosets and has minimum distance three, we know all the coset leaders : any binary
vector of length 2" — 1 and weight at most one. Moreover, if x is a binary vector of length
2" — 1 and weight one (so x has a one in exactly one position, say z; = 1), then syn(x) is the
J-th column of the parity check matrix. But the j-th column of this parity check matrix is the
binary expansion of the integer j. Hence we get the following syndrome decoding algorithm for
Ham(2,7) :

o After receiving the word y, calculate syn(y).
e If syn(y) = 0 then y is a codeword and we decode y as y.

e If syn(y) # 0 then we view syn(y) as the binary expansion of the integer j (where
1 <j<2"—1). We decode y by changing the j-th digit in y.

Note that we will decode correctly IF at most one error occurred during transmission.

Example : Consider the binary Hamming code Ham(2,3) with parity check matrix

0001111
0110011
1010101

Suppose we receive the word y = 1110110. We easily get

1
1
000111171 0
syn(y)=]10 11001 1[]0|=]1
10101011 1
1
_0_

Since 011 is the binary expansion of 3, we assume that an error occurred in the third position.
So we decode 1110110 as 1100110. >

3.8 Dual Codes

Recall that if x,y € F" then the dot product of x and y is

XY =21Yy1 + To2Y2 + -+ TpYn
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If we think of x and y as 1 x n-matrices then
X-y=xy! =yx!
We say that x and y are orthogonal if x -y = 0.

Definition 3.16 Let C be an [n, k]-code over F. Then the dual code of C' (notation : C*t) is
the code

Ct={xeF":x-c=0forallceC} >
If G is a generator matrix for C' then every codeword is a linear combination of the rows of G.
Hence the dual code C* is
CL = {X cF": GXT = 0k:><1}

Example : Let C' be the binary code with generator matrix

1
0
1

_ o O
S = O

1
0
1

— = O

So C' = {00000, 10010,00101, 11011, 10111,01001, 11110,01100}. Then

T
10010 To 0
T1xerstaxs €Ct < 0 0 1 0 1 z3 | = 0
11011 T4 0
Iy
So C+ = {00000, 10010,01101, 11111} >

The following theorem is proven in any undergraduate linear algebra class.

Theorem 3.17 Let C' be an [n, k|-code over F. Then the following holds:
(a) C* is an [n,n — k|-code over F.
(b) C++=C.

Proof - a
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This means that a generator matrix for C' is a parity check matrix for C* and a parity check
matrix for C' is a generator matrix for C'*.

Definition 3.18 Let C be an [n, k]-code over F. Then C' is self-dual if C = C*+. >

Example : Let C' be the binary code with generator matrix

10000111
c_l0to01011
00101101
00011110

Note that every row in G has weight four. So any row in G is orthogonal to itself. One
easily checks that any two rows in G' are orthogonal to each other. Since any codeword is a
linear combination of rows in G, we get that x -y = 0 for all x,y € C. So C C C+. But
dimC =dimC+ =4. So C = C*. >

3.9 Extended Codes

Definition 3.19 Let F be a field and n € N.

(a) Given a word x € F", we extend x to a word x’ € F"™! of length n + 1 by adding a digit
to x in the following way :

/
X :xl...mnxn+1<i)x:x1...xnand ri+zo+ -+ x,+xp01=0

(b) Let C be an [n, k]-code over F. The extended code C'' is the code of length n + 1 we get
by extending every codeword in C'. >

Example : Let C' be the binary code {0000,1110,0111,1001}. Then the extended code C' is
{00000, 11101,01111, 10010}. >

Proposition 3.20 Let C be an [n,k,d]-code over F. Then the following holds:

(a) The extended code C'' is an [n+ 1,k,d’]-code over F where d’ € {d,d+1}. If F = {0,1}

then d’ is even.

(b) If G is a generator matriz for C' then we get a generator matriz for C' by extending every

row of G.

H On—k)x1

(c) If H is a parity check matriz for C then 1 1 1

for C"'.

1S a parity check matriz
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Proof : (a)(b) Clearly C'’ has length n + 1.

If x € F” then we denote by (x, z') the extended word in F**! related tox (sox = 1 ...z, € F"
and =’ € F such that 1 +--- + z, + ' = 0).

Let vy,..., v, be a basis for C' over F. We will prove that (vy,v}),..., (Vk,v,) is a basis for C'’
over [F.

First, we show that C'’ = span{(vy,v}),..., (Vi, v})}.
Let (x,z") € C''. Then x € C and so x = a;vy + - -+ + a,vy for some aq,...,a; € F since

Vi,...,Vgis a basis for C'over F. For 1 <i < k and 1 < j < n, we denote the j-the component
of v; by v;;. Then

/

' = ===y,
—(alvn +-+ @kvkl) — e — (awln + -+ akvkn)
= ai(—vn = = o) o ar(=v = — Ukn)

= v+ -+ agyy,
Hence we get that
(x,2") = (a1vy + - + apvi, a1v] + - - + apvy,) = ay (v, v)) + -+ ag(ve, vy)

So C' C span{(vy,v]),..., (Vi,v})}
Let z € span{(vy,v1’),..., (Vg vx')}. Then

2= bi(vi, 0}) 4 - Be(Vies vh) = (bavy + - + bvie brog 4+ -+ By}

for some by,...,0p € F. Put y = byvy + -+ 4+ bpvi. Then y € C. Similarly as above, we get
that byv] + -+ - + byv;, = y'. Hence

z = by(vi,v)) + -+ bp(vi,vp) = (v,y") € C

So span{(vy,v}),..., (v, v,)} € C'. Hence C' = span{(vy,v}),..., (Vk, )}

Next, we show that (vi,v}),...,(Vk,v}) are linearly independent over F. Let ¢,...,¢; € F
with
c1(vi, V) + -+ (v, v),) = 0 € FHE
So
(c1vi 4 -+ Vg, c1v] + - -+ cxv)) = (0,0)
In particular, ¢c;vy + -+ cpvy = 0 € F™. Since vq,..., vy is a basis for C' over F, we have that
Vi,...,Vy are linearly independent over F. Hence ¢; = -+ = ¢, = 0. So (vy,v]),..., (Vk,v})

are linearly independent over F.

Hence {(vy,v}),...,(vg,v})} is a basis for C over F. So C' is an [n, k|-code over F. Note that
this also shows that we get a generator matrix for C'/ by extending the rows of a generator
matrix for C.

Finally, we show that d(C'’") € {d(C),d(C) + 1}. Let x € C with w(x) = d(C). Then
(x,2’) € C" and so d(C') < w(x,z’) < w(x)+1 = d(C) + 1. Let (y,y’) € C’ with



w(y,y’) = d(C’). If y = 0 € F" then y’ = 0 and so (y,y’) = 0 € F"", a contradiction.
Soy # 0. Hence d(C') = w(y,y’) > w(y) > d(C). Thus d(C) < d(C') < d(C)+ 1. So
d(C") € {d(C),d(C) + 1}.

Suppose now that ' = {0,1} (so C is a binary code). If 2125 ... 2,2,41 is an extended word
then xy + 29 4+ -+ + 2, + 11 = 0. So the word x125 ... z,2,,1 contains an even number of
ones. Hence w(z) is even for all z € C'’. So d(C") is even.

(c) Let H be a parity check matrix for C. Put H' = [ 1 H ] 0("_1k)><1 } Let x € C. Put
' =—xy— - — 1z, Then (z1,...,2,,2") = (x,2") € C' and
I X1
H 0¢p— : H| : 0
/ NT __ (n—k)x1 : _ : _ (n—k)x1
e IS I B B S I e i
x x4+ +x, +a’
T
since H : = Hx! = On—r)x1 (because x € C' and H is a parity check matrix for C') and
Tn,

T4 +a,+a’ =0.
So we showed that H'z" = Om+1-k)x1 for all z € C''. Since the rank of H' is indeed n + 1 — £,
we get that H' is a parity check matrix for C"'. O

Example : Let C' be the binary code {0000,1110,0111,1001}. Then G = [ (1) (1) (1) 1 ] is a

0110

110 1 } is a parity check matrix for C.

generator matrix for C' and so H = {
;. 1001 0].
The extended code C'’ is {00000, 11101,01111,10010}. Note that 001 1 1 1 |5asen-

erator matrix for C'/ and

— = O

11
10
11

— = O

0
0 | is a parity check matrix for C'’. >
1

24



Chapter 4

Reed-Muller Codes

4.1 The () ® Cy-Construction

Definition 4.1 Let F be a field, Cy an [n, ky, d1]-code over F and Cy an [n, ks, ds]-code over F.

We define a new code ('} ® Cs of length 2n over F as
CioC,={(x,x+y):xeC)andy € Co}

Example : Let C; = {000, 110,101,011} and Cy = {000, 111}. Then
Cy ® Cy = {000000,110110,101101,011011,000111, 110001, 101010,011100}.

>

Theorem 4.2 Let F be a field and C; an [n,k;, d;]-code over F for i = 1,2. Then Cy ® Cy
is an [2n, ky + ko, min{2dy, do}|-code over F. Moreover, if G; is a generator matriz for C; for

1=1,2, then OIZ,X" gg } is a generator matrixz for C; & Cs.
1 1

Proof : Put C'= C; ® Cy. Clearly, C'is of length 2n.
First, we prove that C is linear. So let x1,x5 € C4, y1,y2 € Cy and a,b € F. Then
a(x1,X1 +y1) + b(X2, X2 + y2) = (ax1 + bx2, ax; + bxz + ay; + bys)
Since C7 and Cs are linear, we get that ax; + bx, € Cy and ay; + by, € Cy. Hence
a(X1,X1 + y1) + b(x2, X2 +y2) € C

So C' is linear.

Next, we prove that dim(C') = ky + k2. Let {xy,...,x%, } be a basis for C; and {yy,...

basis for Cy. We will show that

ﬁ = {(X17X1)7 SRR (Xkuxkl)v (0,}’1), BRI (07Yk2)}
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is a basis for C. Note that 7 C (. So spang C C. Pick x € C; and y € C5. Then
X=aaX)+ -+ aXg, andy = byyy + - + b, Yk, for some ay, ..., ax, b1, ..., bk, € F. Hence

(xX,x+y) = (@1X1 4+ + g Xp,, G1X1 + -+ + Gy Xp, +01Y1 + - + Oy V)
- a1<X17X1)+"'+ak1<xk1axk1)+b1(07y1)+"'+bk2(0>yk2>

So C' C spanf. Hence C' = span/3.
Let Ay, .., Ak, M1y - -+ Mk, € F such that

A(x1,%1) o Ay (%, Xay )+ 1 (0,y1) + -+ 4 g, (0, y,) = 0 € B

Then
<)\1X1 + -+ Aklxku )\lxl + -+ >\klxlﬂ + H1Y1 + -+ ,U/kzym) =0¢€ an
So
/\1X1+"'+)\klxk1 :O G]Fn (]_)
and
AMiXy e A Xey Y1+ F e YE, = 0 € 7 (2)
Since {X1,...,Xy, } is a basis for C}, it follows from (1) that Ay = --- = Ay, = 0. Then we get

from (2) that
pay1+ -+ pgyr, =0 € F”

Since {y1, ..., ¥, } is a basis for Cy, we see that py, ..., ur, = 0. Hence (3 is linearly independent
over F. So 3 is a basis for C.

The statement about generator matrices now follows since the rows of a generator matrix for a
code form a basis for that code.

Finally, we prove that d(C) = min{2d;, ds}.
Let u € C; with w(u) = dy. Then (u,u) € C and so 2d; = w(u,u) > d(C). Let v € Cy with
w(v) = dy. Then (0,v) € C and so dy = w(0,v) > d(C). So d(C) < min{2d;,d,}.
Let x € C] and y € Cy with w(x,x +y) =d(C). If y = 0 then x # 0 and so
d(C) = w(x,x) = 2w(x) > 2d; > min{2d;,dy}
If y # 0 then
diC)=w(x,x+y) =wx)+wx+y) > wx)+wly) —wx)=wly) > d > min{2d;,ds}

Either way, we have that d(C) > min{2d;,d>}. So d(C) = min{2d,,dy}. O

4.2 Definition of the Reed-Muller Codes
We use the C; ® Cy-construction to define the Reed-Muller codes.

Definition 4.3 [Reed-Muller Codes] Let 0 < r < m. Then the r-th order Reed-Muller code of
length 2™ (notation : R(r,m)) is a binary code defined as :
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(a) R(0,m)=1{00...00,11...11} C {0,1}*"

(b) R(m,m)={0,1}*"

(c) If 1 <r<m—1then R(r,m)=R(r,m—1)®@ R(r —1,m —1). >
Examples : Note that G(0,m) :== [ 1 --- 1] (a 1 x 2™-matrix) is a generator matrix for

R(0,m) and G(1,1) := [ (1) 1 } is a generator matrix for R(1,1). Using Theorem 4.2, we

can write down a generator matrix G(r,m) for R(r,m). We illustrate this for some first order
Reed-Muller codes :

000O01T1T11
00 11
001 10O0T11
6a2=|0 10 1) GuI=] 4 501 0
11111111
0o0000O0OOO0OT1TTI1TTI1TT1TT1T1T1TT1
0000111 1000011T171
Gl,H)y=]1001 1001100110011 >
01 0101O0101O01O010O01
111111111111 11T171

The dimension and minimum distance of the Reed-Muller codes are known.

Proposition 4.4 Let 0 < r < m. Then the dimension of R(r,m) is ()+(7)+---+ (") + (")
and the minimum distance of R(r,m) is 2™ ".

Proof : We proof this using induction on m + r.
Suppose first that m +r = 0. Then m = r = 0. Note that R(0,0) = {0,1}. So the dimension
of R(0,0) = 1 = () and the minimum distance of R(0,0) = 1 = 200,

0

Suppose next that the proposition holds if m +r < n for some n > 0. Let 0 < r < m with
m+r =mn+1. If r =0 then R(r,m) = {00...00,11...11}; so the dimension of R(r,m) is
1 = () and the minimum distance of R(r,m) is 2™ = 2™~". If r = m then R(r,m) = {0,1}*";
so the dimension of R(r,m) is 2™ = (T) + (7) + -+ (") + () = () +---+ (7) by

m—1 m
Newton’s Binomium and the minimum distance of R(r,m) is 1 = 2™~™ = 2™~". So we may

assume that 1 <r <m — 1. Then R(r,m) = R(r,m — 1) ® R(r —1,m — 1). Using Theorem
4.2 and induction, we get that
dim R(r,m) = dimR(r,m —1)+dimR(r —1,m — 1)
= {7+ (O HACT) e+ (5D
= (")) OIS HAC) ) ) (05D

= @+ +GE) -+ 0
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since (mz_l) + (T;L__ll) = (T) for 1 <i<r.

Again using induction and Theorem 4.2, we find that

d(R(r,m)) = min{2d(R(r,m — 1)),d(R(r —1,m — 1))} = min{2 - 217 2m=r} = 2™ 0O

Remark : the Reed-Muller code R(r,m) can correct up to 2™"~! — 1 errors. >

4.3 Majority Logic Decoding for Reed-Muller Codes

In this section, we illustrate Majority Logic Decoding, a very efficient decoding algorithm for
Reed-Muller codes.

Syndrome decoding can be very impractical. Indeed, for R(1,5) (a code used by NASA in the
seventies) a syndrome table would have 226 = 67,108, 864 rows!

Consider the first-order Reed-Muller code R(1,4). This code has dimension 5 and minimum
distance 8. So R(1,4) is three-error correcting. Let G(1,4) be the generator matrix we described
in the examples on page 27. Then a codeword in R(1,4) is a linear combination of the rows of
G(1,4). The decoding algorithm we describe will find this linear combination (so five symbols)
instead of decoding to a codeword directly (sixteen symbols).

Let x1xy . .. w5216 € R(1,4). Then there exist ag, a, as, az,aq € {0,1} such that

O 000D0OO0OO0OO0OT1TTI1TI1IT1TT1TT111
0000111 1T0O0O0O01T1T1T1
T\Ty... TysTig= | a4 a3 az ay a [0 01 1001100110011
01 010101O0101O01O01
1111111111111 1T11
So
( 1 = Qg

To = a1+ ag

T3 = a9+ ag

T4 = a2+ a1+ ap

Ts = a3+ ag

Tg = asz+a;+ag

Ty = a3+ az+ aqg

g = az+ax+ar+ao (*>

Tg = a4+ ag

Tig = a4+ a;+ag

T = a4+ a2+ ag

T2 = a4t az+a;+ag

T3 = a4+ as+ag

Ty = a4+ az+a;+ag

T1is = a4+ as+as+ ag

L T16 = G4+ ag+az+a;+ag
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This leads to the following check sums for aq, as, az and a4 :

] = X1 +Tg = T3 +Ty = Ty5+Tg = Tr+2Tg = Tg+Tyg = T11 +T12 = T13 +T1a = 15 + T1g
Gy = X1 +T3 = Tog+Ty = Ty +Ty = Tg+2Tg = Tg+T11 = Tig+ T2 = T13+T15 = T4 + T1g
a3 = T1+T5 = T2+ Tg = T3+ Ty = T4+ Tg = Tg+ Tz = Tio + Tia = T11 + Tis = Ti2 + Tie
Ay = T1+x9g = Tog+To0 = X3+ T11 = T4+ T2 = Ts5+T13 = Teg+T1a = Ty +Tis = Tg+ Tig

This allows use to define Majority Logic Decoding.
Suppose we receive the word y1ys . .. y15y16 and that at most three errors occur during trans-
mission. We evaluate the eight check sums

{v1 + Y2, Y3 + Y1, Y5 + Y6, Y7 + Ys, Yo + Y10, Y11 + Y12, Y13 + Y14, Y15 + Y16}

If no errors occur during transmission then all eight check sums are the same (namely aq). If
at most three errors occur during transmission then at least five of these eight check sums will
still equal a; (because y; shows up in exactly one check sum for 1 <14 < 16). So we can decide
the value of a; by a majority vote : it is the value that show up the most among those eight
check sums.

Similarly, we can use a majority vote to recover the values of ay, a3z and ay.

It is very important to realize that we end up with the correct values of ai, as, az and ay4 if at
most three errors occur during transmission.

Once we have the values of a;, as, az and a4, we can find the value of ay by another majority
vote. Using (*) and the values we already have for a1, as, az and a4, we get sixteen check sums
for ag. Another way of seeing this is as follows: after receiving the word y = v ... 716 and after
finding the values of a1, as, as and a4, we find the word

21 216 =Y1---Y16 — | aa az az a; 0]G(1,4)

Then ag equals the digit that shows up the most in {21, 29, ..., 215, 216 }-

Again, we will end up with the correct value of aq if at most three errors occur during trans-
mission.

If we really need to decode as a codeword, we decode as [ ay a3z as a; 0]G(1,4) ifag=0
and as [ as az ax a; 0]G(1,4)4+1111111111111111 if ap = 1.

If for some 0 < i < 4 we can not decide the value of a; by majority vote (because the number
of check sums that equal 0 is the same as the number of the check sums that equal 1) then we
know that at least four errors occurred during transmission.

Example : suppose we receive the word
1110110010111011

We calculate the check sums for aq, as, as and ay:
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ar  {0,1,0,0,1,0,1,0}
as : {0,1,1,1,0,1,0,1}
as : {0,0,1,0,0,0,0,0}
a; : {0,1,0,1,0,1,1,1}

Hence we decide that a; =0, as = 1, a3 = 0 and a4 = 1.
To find ag, we calculate

00000O0OO0OO0O1TT1T1T1T1T1T11
0000111 1000011T171
1110110010111011 -1 0 1 0 O]} 0O O 1 1 0 O 1 1 0 O 1 1 0 O 1 1
01 010101010T1O01QO01
1111111111 1111T171

We get
1110110010111011 — 0011001111001100 = 1101111101110111

So we decide that ag = 1.
Hence we decode as

0011001111001100 4+ 1111111111111111 = 1100110000110011 >

4.4 Historical Note

First order Reed-Muller codes were used by NASA because of the very efficient decoding algo-
rithm (namely majority logic decoding). In 1971, the spacecraft Mariner 9 was sent to Mars
to study the Martian atmosphere and to map the planetary surface. Mariner 9 reached Mars
on November 14, 1971 after 167 days of flight. It was the first man-made spacecraft to orbit
another planet. Mariner 9 completed its mission in autumn 1972 and was turned off on October
27, 1972.

During its mission, Mariner 9 beamed back 7,329 black and white pictures of Mars of pixel size
832 x 700. Each pixel contained one of 64 possible grayscale values (represented as a binary
word of length 6). Digital data was transmitted using the first-order Reed-Muller code R(1,5)
(which has 64 codewords, one for each grayscale). Note that R(1,5) can correct up to seven
errors.

NASA assumed that the probability of a symbol error was 5%.

If only the original grayscale is transmitted (as a binary six-tuple) then the probability that the
grayscale is received incorrectly is 26.49%. Due to power restrictions, NASA could transmit a
grayscale using about thirty bits (five times the original number of bits). One naive method is
to transmit the grayscale five times. So we use the repetition code {00000, 11111} for each of
the six bits (or digits) in the grayscale. The probability that a grayscale is decoded incorrectly
now drops to 0.6929%. Using the Reed-Muller code R(1,5), the probability that the grayscale is
decoded incorrectly drops even further down to 0.0139%. This implies that the probability that
a decoded picture contains at most 116 incorrect pixels (less than 0.02% of the total picture)

is 99.99%.
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Chapter 5

Field Extensions

5.1 Extensions of the form F(a)

Let F, K be fields such that F' C K. Then we can view K as a vector space over F'. We assume
that dimp K < 400. Let a € K. Then there exists a monic polynomial f(x) with coefficients
in ' (so f(z) € Flz]) that is irreducible over F' (so f(z) can not be written as a product of
polynomials with coefficients in F' and of degree strictly less than the degree of f(x)) such that
f(a) =0. If n=deg f(z) then

F(a)={ap +aa+- - +a,a" ' :agai,... a, € F}

Here the addition and multiplication are the usual polynomial operations combined with the
fact that f(a) = 0.

Example : Let F'=R and f(z) = 2*> + 1. Define a such that a*> +1 = 0. So a®* = —1. Then
R(a) ={a+ba:a,be R}
For the addition and multiplication we get that for all a,b,c,d € R
(a+ba)+ (c+da)=(a+c)+ (b+ c)a

(a+ ba)(c+ da) = ac + ada + bea + bda® = (ac — bd) + (ad + be)a
So R(a) = C. >

5.2 Finite Fields

If F C K is a field extension then K is a vector space over F'. Hence if K is a finite field in
characteristic p then |K| is a power of p. It turns out that for every prime power ¢, there exists
a finite field K with |K| = ¢; moreover this field is unique up to isomorphism.

For each prime power ¢, we denote this (isomorphism type of ) field by GF(q) : the Galois field
of size q. If p is a prime then GF(p) = Z,, the integers modulo p.
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Let p be a prime and n € N. How do we work with GF(p")?

We need a monic polynomial f(z) of degree n with coefficients in GF(p) that is irreducible
over GF(p). Define a by f(a) = 0. Then

GF(pn) = {CLO +aoe A+ A+ anflanil Dap, A1, .., 0p-1 € GF(p)}
as defined in Section 5.1.

Example : Consider p = 2 and n = 3. It is given that 2® + x + 1 is irreducible over GF(2) (we
could actually verify this easily since a polynomial of degree three is irreducible over a field F
if and only if it has no zeros in F'). Define a by o® + a« +1=0. So a® = a + 1. Then

GF(8) = {ag + ara + aza? : ag, ay,ay € GF(2)}
This allows us to perform calculations like
14+a+a®)+(1+a)=0a?
and
l+a+a®)(1+a) = l+at+a+a?+a?+a?
1+a?

l+a+1
= «

This ‘polynomial’ representation of GF'(8) makes addition very easy but mutiplication quite
cumbersome.

It turns out there is another way of representing a finite field. One can prove that GF(¢)* (the
multiplicative group of GF(q)) is a cyclic group of order ¢ — 1. By choosing an appropriate
irreducible polynomial f(x), we get that « is a generator of GF(q)* if f(a) = 0. If this is the
case then

GF(q) ={0,1,a,0%, ..., a7}

Such an element « is called a primitive element of GF(q) and such a polynomial f(z) is called
a primitive polynomial. This new representation makes multiplication very easy but it is not
clear at all how to perform additions.

So we combine both representations in one table!

Example : It is given that 3 + x + 1 is primitive over GF(2). Define a by a® + a + 1 = 0.
Then

GF(8) = {ag + a1a + az0® : ag,a1,a, € GF(2)} = {0,1,a, 0% o*, a*, a”, a’}

To find out which power of a corresponds to which linear combination of 1, a and a?, we
perform the following calculations

ad=a+1
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ot =add=ala+1)=a*+a
o =aadt=a(®+a)=at+at=a+1+*=a*+a+1
P =ad’ =al®+at+l)=a*+al+a=a+l+al+a=a’+1

We easily check that o =1 :

o' =ad’ =a(@®+1)=*+a=a+1+a=1

We combine all this information in a table. The ‘binary’ column contains the coefficients of the
polynomial expression : with asa? + aja + ag corresponds asa;ao.

binary || GF(8) || asa® + aja + ag
000 0
001 1
010 o) o
100 o? a?
011 ad + 1
110 at 2 +
111 a® o> + a + 1
101 a® a? + 1

This table allows us to switch between the ‘exponential’ notation (0 and the powers of «) and
the ‘polynomial’ or ‘binary’ notation. Just keep in mind that o’ = 1.

e 0’ +a%=111+101 =010 = «

e Pl =o' =a"at = ot
4
« _ _
0—6:a2:a2a7:a5
a

5.3 Minimal Polynomial

Let F C K be a field extension with dimp K < 400 and o € K. Then the set S of all monic
polynomials with coefficients in F' and « as a root is not empty. So

S = {f(x) € Fla] : f(a) = 0} #0

It turns out that S has exactly one element of smallest degree. This polynomial is called the
minimal polynomial of o over F. We denote this minimal polynomial by m,(z) where we
assume that it is clear from the context what F' is.

The following proposition contains two important properties of m,(z) over F.
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Proposition 5.1 Let F' C K be a field extension with dimp K < +00 and o € K. Then the
following holds:

o my(x) is irreducible over F

o If f(x) € Flz] with f(a) =0 then my(x) divides f(x).

5.4 Factoring z" — 1 over GF(q)

Let g be a prime power and n € N with ged(n, q) = 1.

In the next chapter, we will define cyclic codes, a very important class of linear codes. The
construction of cyclic codes depends heavily on the factorization of 2 — 1 over GF(q).

It turns out that there exists a field extension GF(q¢") of GF(q) in which 2™ — 1 factors into
linear factors. Indeed, let r be the order of ¢ modulo n. So r is the smallest positive integer
with ¢" =1 mod n. Then n divides ¢" — 1. But GF(¢")* is a cyclic group of order ¢" — 1. Since
n divides ¢" — 1, we get that GF(¢")* contains a cyclic subgroup of order n. So let 5 € GF(q")
be an element of order n. Such an element is also called a primitive n-th root of unity. Then
{1,8,5%,...,8" '} are n different solutions of 2 = 1. Hence over GF(q") we have that

2" —1=(z—1)(z—p)z—F)(a-p"")

Example : Consider 2 — 1 over GF(2). We easily get that r (the order of 2 modulo 9) equals
six: 2°=64 =1 mod 9. Note that GF(64)* is a cyclic group of order 63. Let 3 € GF(64) be
a primitive 9-th root of unity. Then

2 1= (e (w= )z -5 (x5

When working in GF(64), we would start with o € GF(64) of order 63 (namely a primitive
element of GF(64)). Then we could choose 3 = a. In fact, we have

{1,8,5%,..., 8% ={1,a",a™,..., 0"}
Note that we easily get that
1= 1= - 1)@+ + )= - 1)@@* +2+ 1)+ 2%+ 1)
This leads to two questions :
e There exist 1 < i < j < 8 such that
??+r+1=(x— 08w —3)
What are these values of ¢+ and ;57

o Is 25 + 23 + 1 irreducible over GF(2)? >
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Going back to the general case, if
" —1l=(z—1)(z—p)(z— ) (z—-p"")

which powers of 3 do we have to combine to get an irreducible factor over GF(q)? The answer
is given by cyclotomic cosets.

Definition 5.2 Let ¢ be a prime power, n € N with ged(n,q) =1 and 0 < s < n — 1. The
cyclotomic coset of s, depending on q and n, (notation : C) is the set

Cs ={s,sq,s¢*,...} modn >

Example : Let ¢ =2 and n = 9. For 0 < s < 8, we denote by C the cyclotomic coset containing
s. We easily get

Co = {O}
Ci=Cy=0C4=C5=Cr=Cy = {1,2,4,8,7,5}
03 - 06 - {376} >

One can easily prove the following :

Proposition 5.3 Let ¢ be a prime power and n € N with ged(n,q) = 1. Then the cyclotomic
cosets depending on q and n partition {0,1,...,n — 1}.

The following theorem gives us a lot of information about the factorization of 2 —1 over GF'(q).

Theorem 5.4 Let q be a prime power, n € N with ged(n,q) = 1 and 5 a primitive n-th root
of unity. Then for 0 < s < n — 1, we have that the minimal polynomial of B3° over GF(q) is
given by

mge () = [ ] (x =)

JECs

Since minimal polynomials are irreducible, we get that H (z — /) is an irreducible factor over
JjeCs

GF(q) of " — 1.
Example : Let ¢ = 2 and n = 9. We found earlier that there are three cyclotomic cosets :
{0}, {1,2,4,5,7,8} and {3,6}

That means that the factorization of % — 1 over GF(2) contains three irreducible factors : one
factor of degree one, one factor of degree two and one factor of degree six. We knew that

2 —1=(x—-D@*+z+ D) +2°+1)

So now we are assured that these factors are indeed irreducible. Moreover, if § is a primitive
9-th root of unity (in GF(64)) then it follows from the cyclotomic cosets that
r—1 = z2-3
?+r+1 = (z—3)(z—p%
2+ +1 = (z-pP) (- %) (- ) — ) (- F7)(z -5
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We can check this using a table for GF(64). If « is a primitive element in GF'(64) then
B e {a”,at, a®,a®, 0", 0%}
and so
{637ﬁ6} — {0421,0442}
Hence
(-8 z-8%=(@—-a*)z—a®?) =2 +a®) + =2 -1 +1

since o?! + o*2 = 111011 + 111010 = 00001 = 1 and o?'a*? = % = 1.

What if we consider n =9 and ¢ = 47 Since GF(2) C GF(4), it follows that a factorization of
z? — 1 over GF'(2) is also a factorization over GF'(4) but the factors might not be irreducible
anymore. So z° + 2 + 1 is irreducible over GF(2) but might not be irreducible over GF(4).
We easily get that the cyclotomic cosets depending on n =9 and ¢ = 4 are

{0}, {1,4,7}, {2.8,5} {3} and {6}

So the irreducible factors of 2% — 1 over GF(4) are

=0 a =3 a=p (= p)(z— )@~ p7) and (v - ) (z—F°)(x 5%

where (3 is a primitive 9-th root of unity (in GF'(4)).
Note that GF(4) is a subfield of GF'(64). Indeed, if « is a primitive element in GF(64) then

GF(4) ={0,1,0*, a*}
Choosing 3 = a7, we get (after some calculations using the table for GF(64)) that

r—p(" = -1
r— 3 x — o’
T — o2
@=B)a— ) —F) = ad—a®
(0= P - )= ) = o —a®
So no matter how we work with GF(4), say GF(4) = {0, 1, a,b}, we get that
P —1=(z—1)(z—a)(z—b)(z*—a)(a®-1D) >

8

|
K
=3

I

Thus we can use cyclotomic coset to figure out how many irreducible factors there are in the
factorization of 2" — 1 over GF(q) and what the degrees are of these factors. In order to actually
find these factors (as polynomials over GF(q)) we need a table for the field extension of GF'(q)
that contains a primitive n-th root of unity.
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5.5 The Ring F[x] Modulo (2" — 1)

Let IF be a field and n € N. The ring F[z] modulo (2" —1) is the quotient ring Flx]/(z" —1). So
the elements of F[x] /(2™ —1) are the cosets of (" —1) in F|z|. Hence an element of F[x]/(z"—1)
is not a polynomial but a set of polynomials, namely all the polynomials that have the same
remainder when divided by z™ — 1. It turns out that every element of Flz|/(z™ — 1) contains
exactly one polynomial of degree less than n. We can find this polynomial using long division.
But it is easier to remember that z* =1 mod (2" — 1).

Example : Consider the ring GF(2)[z] mod (23 —1).

Since 2® + zt + 23+ +1=(2* + 1)(2* + x + 1) + 22, we get that

4+t + 2 +r+1=2" mod (2° - 1)

But we did not have to use long division to get this result. Since z® =1 mod (2% —1), we have

it + B +r+l=2+r+1+2+1=22 mod (23 —1) >

Addition and multiplication in F[z]/(z" — 1) are the usual polynomial operations with the
additional ‘rule’ that 2" = 1.

Example : Consider the ring GF(2)[z] mod (2 — 1). Then we have that

(?+2)+(r+1)=22+1 mod (23— 1)
(P+z)(z+ )=+ +2°+rx=2+2r=1+2 mod (z° — 1) >
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Chapter 6

Cyclic Codes

6.1 Basic Definitions And Properties

Definition 6.1 Let IF be a field, n € N and y = (yo, 1, -, Yn_1) € F"™.

(a) The cyclic shift of y to the right (notation : y’) is the word
yl = (Z/n—l; Yo, Y1, - - - 7yn72>

(b) The word polynomial of y (notation : y(x)) is the polynomial

y(z) = yo + 1w + ypx® + -+ Yyt -
Remark : Let F be a field, v,w € F” and a,b € F. Then (av + bw)(z) = av(x) + bw(z). >

Definition 6.2 Let C be an [n, k]-code over F. Then C'is cyclic if the cyclic shift to the right
of every codeword is again a codeword. >

Remark : Let C be a cyclic code. Then any cyclic shift of any codeword is a codeword. So if
(Co,Cl,...,Cnfl) € C then (Ci,CZ‘+1,...,Cnfl,Co,Cl,...,Cifl) e Cfori= O,l,...,n— 1. >

Example : The binary code {000, 110,011,101} is cyclic. The set of codeword polynomials is
{0,1 4z, 2+ 22,1 + 2°}. >

The following proposition relates the word polynomial of a vector to the word polynomial of
its shift.
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Proposition 6.3 Let F be a field, n € N andy € F*. Then y'(x) = zy(x) mod (2" —1).
Proof : Puty = (yo,%1,.--,Yn_1). Then

ry(x) = (Yo + s+ -+ Yoot 2+ Yp12" ")
Yo + y1x2 + -+ yn72l’n_1 -+ yn,lx"

Yn—1 + Yo + - yanxn_l + ynfl(mn - 1)
= y'(z) + ypa1(z" — 1)

Hence zy(z) = y'(z) mod (2™ —1). O
The next theorem shows the correspondence between cyclic codes and ideals in F[z]/(z™ — 1).

Theorem 6.4 Let F be a field and n € N. Then the following holds:

(a) Let C be a cyclic code of length n over F. Then the set I := {c(x) mod (z"—1):ce€ C}
is an ideal of Flx]/(a™ — 1).

(b) Let I be an ideal of F|x]/(z™ — 1). Then the set C :={y € F": y(x) mod (z" —1) € I}

1s a cyclic code of length n over IF.

Proof : (a) Let v,w € C and a,b € F. Then av(x) + bw(z) mod (2™ — 1) € I since
av(z) + bw(x) = (av + bw)(z) and av + bw € C.
Let u € C and f(z) € Fla]. Put f(z) = ag + ayx + - - - + apz®. Then
f(z)u(zx) (ap + a1 + -+« + apr®)u(z) mod (2™ — 1)
aou(z) + arzu(x) + - - + apxFu(z) mod (z" — 1)

Note that zu(z) = u/(x) mod (2" —1). Since C is cyclic, we get that u’ € C and so z u(z)
mod (z" — 1) € I. Thus z?u(z) = zu/(z) = u’(z) mod (2" — 1). Since u” € C, we get that
z?u(r) mod (z" — 1) € I. Continuing this way, we see that z'u(z) mod (2" — 1) € I for all

i € N. It follows that f(z)u(z) mod (2™ — 1) € I. Hence [ is an ideal of F[z]/(z" — 1).

(b) Let viw € C and a,b € F. Then av + bw € C since (av + bw)(z) = av(z) + bw(x) and
av(xz) +bw(x) mod (2" —1) € I. So C' is a linear code of length n over F.

Let u = (ug,uy,...,u,—1) € C. Then u’ € C since u'(z) = zu(z) mod (z" — 1) and zu(z)
mod (2" — 1) € I. Hence C is cyclic. O

6.2 The Generator Polynomial

In the previous section, we saw that every cyclic code of length n over F corresponds to an
ideal of F[z]/(z™ — 1). Since F[z]/(z™ — 1) is a Principal Ideal Domain (that means that every
ideal is generated by one element), we can construct cyclic codes if we know a polynomial that
generates the corresponding ideal. Note that these ideals might have more than one generator.
We will identify a specific generator called the generator polynomial.
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Proposition 6.5 Let C be a cyclic code of length n over F and g(x) a monic polynomial of
smallest degree amongst all codeword polynomials. Then the following holds:

(a) g(z) is unique.
(b) g(x) divides c(x) for all ¢ € C.

(¢) {c(z) mod (2" —1):ce C}=(g(x) mod (z" —1)).
(d) g(z) divides " — 1.

Proof : Note that (ac)(z) = ac(z) for all ¢ € C and all a« € F. Hence there are monic
codeword polynomials.

(a) Suppose that h(x) is a monic codeword polynomial of smallest degree. Let v,w € C' with
g(x) = v(z) and h(x) = w(x). Then g(z) — h(z) = v(z) —w(z) = (v—w)(z). Bt v—w € C.
If g(x) # h(z) then there exists a non-zero codeword polynomial (and hence also a monic
codeword polynomial) of degree smaller than deg(g(z)), a contradiction to the choice of g(z).
Hence g(x) = h(z) and so g(x) is unique.

(b)(c) Put I = {c(x) mod (2" —1):c € C}. Then [ is an ideal of F[z]/(z™ — 1) by Theorem
6.4(a). Since g(r) = u(x) for some u € C, we get that (g(x) mod (2" — 1)) C I. Let
c € C. Let g(x) (resp. r(z)) be the quotient (resp. remainder) of c¢(x) divided by g(z). So
c(z) = g(x)q(z) + r(x) and either r(z) = 0 or deg(r(z)) < deg(g(x)). Note that

r(z) = c(x) — g(z)g(x) mod (2" — 1)

So r(z) mod (z" — 1) € I. Thus r(x) = v(z) mod (2" — 1) for some v € C. This is only
possible if r(xz) = v(x) since deg(r(z)),deg(v(z)) < n or r(z),v(z) = 0. If r(z) # 0 then
there exists a non-zero codeword polynomial (and hence also a monic codeword polynomial) of
degree smaller than deg(g(x)), a contradiction to the choice of g(x). Hence r(x) = 0. So c(x) =
g(x)q(z), which proves (b). Thus ¢(z) = g(z)g(x) mod (z"—1) and c(x) mod (z"—1) € (g(x)
mod (z" —1)). So I C (g(z) mod (2™ —1)). Hence I = (g(z) mod (2™ — 1)), which proves
(c).

(d) Let g(x) (resp. r(x)) be the quotient (resp. remainder) of 2" — 1 divided by g(z). So
2" —1 = g(x)q(x) + r(x) and either r(x) = 0 or deg(r(x)) < deg(g(z)). Hence

r(z) = 2" =1 —g(x)q(z) = g(x)(—q(x)) mod (z" —1)

So it follows from (c) that r(x) = c¢(x) mod (2" — 1) for some ¢ € C. This is only possible if
r(z) = c(z). If r(z) # 0 then there exists a non-zero codeword polynomial (and hence also a
monic codeword polynomial) of degree smaller than deg(g(x)), a contradiction to the choice of
g(x). Hence r(z) = 0. So 2" — 1 = g(x)q(z) and g(z) divides 2" — 1. O

Example : Consider the binary cyclic code {000, 110,011, 101}. Then the codeword polynomials
are {0, 1+ z,x + 2 1+ 2%}. The generator polynomial is 1+ 2 and every codeword polynomial
is a multiple of 1 + z. Indeed, z + 2*> = z(1 + z) and 1 + 2? = (1 + z)(1 + x). Finally,
{0,14 z,24+ 2%, 1+ 2*} mod (z* —1) = (1 +2 mod (2* —1)).
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Note that the ideal associated with this code has other generators. Since z(1 + z?) = x +
=2+ 1 mod (2° — 1) and 2%(1 + 2?) = 22 + 2* = 22 + 2 mod (2° — 1), we get that
{0,14+ 2,24+ 22,1+ 2%} mod (z® —1) = (1 + 2% mod (23 — 1)). >

A cyclic code is completely determined by its generator polynomial. Every monic divisor of
2™ — 1 determines a cyclic code. Hence the number of cyclic codes of length n is the number of
monic divisors of ™ — 1.

Example : We want to find all the binary cyclic codes of length 7.
We start by calculating the cyclotomic cosets depending on n = 7 and ¢ = 2. We easily get

{0}, {1,2,4} and {3,6,5}

We use the table for GF(8) to actually find the irreducible factors. Let § € GF(8) be an
element of order 7. So we can choose 3 = a where « is the primitive element from the table.
Then the irreducible factors over GF'(2) are

v=p0°, (&— B (@~ )z - Y and (z— )z - F)( - 5°)
Using the table for GF)8) if needed, we get

r—p = z+1

(z =Bz = B%)(z - 5%

B4 (a+a?+at)r? + (@ +a+ad)r+a”
B4 (a+a?+at)r + (P +a+ad)r+1
= +ar+1

(= %) (x = 3°)(x = %)

3+ (a® +a® + a%)2? + (a® + al! + o)z + o™
? 4+ (@ 4+ +ab)r? + (a+a' + o)z +1
= 3+22+1

since
a+a®+a* =010+ 100+ 110 =000 =0

a+a’+a®>=011+101+111=001 =1

Hence the factorization of 27 — 1 into irreducible factors over GF(2) is

1=+ 1)@ +2* +1)(*+z2+1)

So there are three different irreducible factors. Hence 27 — 1 has 23 = 8 different (monic)
divisors. So there are eight binary cyclic codes of length 7. The generator polynomials for
these eight codes are
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Code Generator Polynomial
Co 1
Cy 14+
Cy 14z +a?
Cs 142 +a?
C,y (1+2)(1+x+a?)
Cs (1+2z)(1+ 2? + 2°)
Ce (1+z+23)(1 + 2% + 23)
C; | (I+2)(1+az+ 231 + 2%+ 23)

Note that Cy = {0,1}7 (namely the set of all binary words of length 7) while C7 = {0000000}
(note that the generator polynomial for C7 is 1 + 7). >

6.3 Generator Matrix for a Cyclic Code

Using the generator polynomial of a cyclic code, we can easily find the dimension and a generator
matrix of the code.

Theorem 6.6 Let C' be a cyclic code of length n over F and g(x) the generator polynomial of
C. Then the following holds:

(a) The dimension of C is n — deg(g(x)).

(b) If g(x) = ap + az + - - - + ayx* then following matriz (with n columns)

[ap ay ag -~~~ a4 0O 0 0 -~ 0 0]
0 Qg Ay -+ A1 ¢ 0 0 0 0
0 0 ag -+ Qr—9 Qi—1 Q¢ 0 s 0 0

_O 0 o --- Y Pt at_

1s a generator matriz for C.

Proof : (a)(b) Note that the given matrix G is an (n—t) x n-matrix. So (a) follows from (b). For
1 <i < n—t,let ¢; be the word given by the i-th row of G. So ¢; = (ag, a1, ...,a;_1,a0,...,0).
Since g(x) is the generator polynomial of C, we have that ¢; € C. Since C' is cyclic, we get
that the cyclic shift of ¢; to the right is also a codeword. So c; € C'. Continuing this way, we
see that ¢; € C for all 1 <¢ <n —t. We will show that {c;,ca,...,c,_¢} is a basis for C.
Since a; = 1, we get that

1 0 0 O 0 0
a—1 1 0 O 0 0
Qi—9 QAp_1 1 0 0 0

1 0
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is a non-singular submatrix of GG. So the rank of G is n — t. Hence the rows of G are linearly
independent. So {cj,ca,...,c,_¢} is linearly independent.

Let 0 # ¢ € C. it follows from proposition 6.5(b) that c(z) = g(z)f(x) for some polynomial
f(z) € Flz]. So deg(f(z)) = deg(c(z)) — deg(g(x)) <n—1—t. Put f(z) =X+ Mz + -+

M—t—12" 1. Then
c(z) = f(z)g(z) = Aog(x) + Ai(2g(2)) + -+ + Ancer (@™ g (2))
But 2'g(z) = ciy1(x) for 0 <i <n—t— 1. Hence
c=XCi+ANCo+ -+ Xt 1Cp_¢

So span{cy,Cy,...,C, 1} = C.
Hence {ci,Ca,...,C, 4} is a basis for C. Thus G is a generator matrix for C. O

Example : Consider the binary cyclic code C of length 7 with generator polynomial (1 +x)(1+
r+2%) =1+ 22+ 23 + 2%, Then a generator matrix for C' is

1011100
01 01110
0010111
Note that
C' = {0000000,1011100,0101110,0010111, 1001011, 1100101, 1110010,0111001} >

6.4 Parity Check Matrix for a Cyclic Code

Using the definition of cyclic codes, one can prove that the dual of a cyclic code is cyclic. So in
order to find a parity check matrix for a cyclic code, we need to find the generator polynomial
of the dual code.

Definition 6.7 Let f(z) = ag+ a2+ asx® + -+ - + ap_22* 2 + aj_ 1271 + a2* be a polynomial
of degree k. Then the reciprocal of f (notation : f*(x)) is the polynomial

[ (2) = ap + ag_17 + ap_ox® + - -+ + a2 + a1 ¥t + aga® >

Example : If f(z) = 1+ 2 + 2% + 2% then f*(z) = 1 + 22 + 2° + 2°. If g(z) = 2% + 22 then
g (z)=1+=x. >

Remark : If f(z) is a polynomial of degree k then f*(z) = z* f (1). Indeed, let f(z) =
ag + a1 x + ang + -+ ak_gxk*Q + ak_lxk*1 + akxk, then

1 a a a a a
k k 1 2 k—2 k—1 k
e I O e PR = R =Ty
(a: PR o2 k=1 ok
= o + a1 2" Fart P+ -+ ap_ox® + a1 + ag

= f*(x) >
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Lemma 6.8 Let a,b € F". Then a is perpendicular to b and all the cyclic shifts of b if and
only if a(z)b*(z) =0 mod (z" — 1).

Proof : Put a= (ag,as,...,a,-1) and b = (by,b1,...,b,_1). Put

F(2) = bpy + bp_o + bp_s2® + -+ + box™® + bz + by !
Note that f(x) = z'b*(x) where t = n — 1 — deg(b(x)). Since ged(at, 2™ — 1) =1 we get that
a(z)b*(z) =0 mod (2"—1) & a(z)z'b*(x) =0 mod (z"—1) & a(z)f(z) =0 mod (z"—1)
We have that
a(z)f(z) = (ag+ar x4 - +an_or™ *+ap_12"" 1) (by_1+bp_ox+- - -+b12" 2 +byx™ ') mod (2"—1)

Let 0 < ¢ < n—1. What is the coefficient of 2 in a(x) f(z) mod (2" —1)? For 0 < j,k <n—1,
we get that the coefficient of 27 in a(z) is a; and the coefficient of 2* in f(z) is b,_1_x; moreover
rizF = 2" mod (2" — 1) & j+ k=14 mod n. Hence

n—1 n—1
a(z)f(z) = Z (Z ajbj—i—1 mod n> 2" mod (z" — 1)
i=0 \j=0
So 1
a(z)f(x)=0 mod (z" - 1) & Zajbj,i,l modn =0 for0<i<n-—1
=0

For 0 <i<n—1, we get that

n—1
Z ;b;—i 1 modn = @obp—i—1 +arbp_i+ -+ a;_1b,_o + a;b,—q
§=0
+aip1bo + ajy2by + -+ ap_2bp_i—3 + ap_1bp_i—2
= (ao7 ayy...,0p-2, an—l) : (bn—z‘—h br—iy -y bu—2,bp—1,b0,b1, ..., by_i_3, bn—i—2)

where b1 is the the word we obtain by shifting b to the right (i + 1) times.
So a(xz)b*(z) =0 mod (2" — 1) if and only if a is orthogonal to b and al its cyclic shifts. O

Lemma 6.9 Let a,b € F". If a is orthogonal to b and all its cyclic shifts then any cyclic shift
of a is orthogonal to any cyclic shift of b.

Proof : For c € F* and k € N, we denote by ¢c*) the k-th cyclic shift to the right of c. It’s

easy to verify that x -y = x' -y’ for all x,y € F*. So x-y = x® . y* for all x,y € F" and all
keN. Let 0<17¢,7<n—1. Then

a® . pl) — (am)("—i) : (b@))(n—i) oAb —
So any cyclic shift of a is orthogonal to any cyclic shift of b. O

The next definition is related to the generator polynomial of the dual of a cyclic code.
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Definition 6.10 Let C' be a cyclic code with generator polynomial g(z). Since g(x) divides
2™ — 1, we have that 2" — 1 = g(z)h(x) for some polynomial h(x). We call h(x) the check
polynomial of C. >

Example : Let C' be binary cyclic code of length 7 with generator polynomial g(z) = 1+2%+x3.
Since
" —1=(z+ D@ +2+ D)@ +2°+1)

we get that the check polynomial of C' is
hz) =@+ D@ +z+1) =2t +22 +22+1 >

Theorem 6.11 Let C be a cyclic code of length n over F with check polynomial h(x). Then
the following holds:

1

(a) C* is a cyclic code with generator polynomial a0 h*(z).
(b) If h(z) = by + byx + - - + bpa® then the following matriz (with n columns)
[ b b1 bp2 - b 0 0 0 - 0 O]
0 b bg—q -+ b bp O O --- 0 O
0 O b -+ by by by O - 0 O
0 0 0 |
[0 0 0 oo e e e e e by by |

s a parity check matriz for C.

Proof : (a)(b) Let g(z) be the generator polynomial of C. Since 2™ — 1 = g(x)h(z), it follows
from Theorem 6.6(a) that dim C' = n — deg(g(z)) = deg(h(xz)) = k. Let a € C such that
a(z) = g(z). Then it follows from Theorem 6.6(b) that {a,a’;a”,...,a* 1} is a basis for C.

Put h(z) = by + byx + - - + bpa®. Then

1 1 b b b
Flz) = Wh*(x) =i (b 4 byr@ + - -+ byz" ™ 4 byz*) = b—'; +b—’;x+-~~+b—;xk*1+x

So f(x) is monic. Note that 2™ —1 = g(x)h(x). Substituting = by * and multiplying by 2", we
find that

e ()=o) ] ()] oo

So h*(z) (and thus also f(x)) is a divisor of 2™ — 1.

Hence f(z) is the generator polynomial of a cyclic code C*. We claim that C* = C*. It follows
from Theorem 6.6(a) that dim C* = n — deg(f(x)) = n — k. Let b € C* with b(z) = h*(x) =
bof(z). Then {b,b/,b”, ... b"*~1} is a basis for C* by Theorem 6.6(b). Note that

a(x)b*(z) = g(x)h™(z) = g(z)h(z) = 2" —1=0 mod (z" — 1)
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So by Lemmas 6.8 and 6.9, we have that any shift of a is orthogonal to any shift of b. So a®
is orthogonaltob(j) for0<i<k—land0<j<n-k-—1

But {a,a’,a”,...,a* Y} is a basis for C and {b,b’,b",... , b" 71} is a basis for C*. So any
vector in C* is orthogonal to any vector in C. Hence C* C C+. Since dimC* = n — k =
n — dim C = dim C+, we must have that C+ = C*. O

Example : Let C be the binary cyclic code of length 7 with generator polynomial z3 + 2 + 1.
Then

1011000
0101100
0010110
0001O0T11

is a generator matrix for C.
Moreover, since

1=+ D)@ +r+ )P +22+1) =@+ 22+ )@@ +2° + 22 +1) = (2 + 2% + 1)h(z)

we get that h*(x) = 2% + 2% + 2 + 1 is the generator polynomial for C*+. Hence

1110100
01 11010
001 1 1O01
is a parity check matrix for C. >
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Chapter 7

Bose-Chaudhuri-Hocquenghem Codes

In this chapter, we define a special class of cyclic codes. These codes are quite practical since
efficient decoding algorithms are known.

7.1 Definitions

Definition 7.1 Let GF(q) be a finite field, n € N with ged(n,q) =1 and 2 < § <n. A Bose-
Chaudhuri-Hocquenghem code (short : BCH-code) of length n over GF(q) of designed distance
J is a cyclic code of length n over GF'(q) with generator polynomial

g(z) = lem(mgs (x), mgo+1 (), . .., mge+s—2(x))
where (3 is an element of order n in a field extension of GF(q) and b is a positive integer. >

Example : We will construct a binary BCH-code of length 9 and designed distance 3. So the
generator polynomial g,(z) is of the form

gp(x) = lem(mgps (x), mgv1 (x))

where (3 is an element of order 9 in some field extension of GF'(2) (namely GF(64)) and mg; (z)
is the minimal polynomial over GF(2) of /3.
Recall that the cyclotomic cosets depending on n =9 and ¢ = 2 are

{0} , {1,2,4,5,7,8} and {3,6}
The corresponding irreducible factors of 2% — 1 are
z+1, 2°+2°+1 and 22 +2z+1

So
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The BCH-code depends heavily on the choice of b :

b generator polynomial g,(x)

0 | lem(mgo(z), mgi(z)) lem(z + 1,2% + 23 + 1) = (z+ 1) +2°+1)

1| lem(mgi(z),mp2(x)) = lem(z®+2*+1,25+2%+1) = 20 +2°+1

2 | lem(mge(x),mgs(z)) = lem(a®+a2*+ 1,22 +2+1) = (@+22+1)(2?+2+1)
3| lem(mgs(z), mge(z)) = lem(z? +z+1,2°4+23+1) = (@ +a2+1)(28+2°+1)
4 | lem(mpa(x),mgs(z)) = lem(2®+ 23+ 1,20 +2%+1) = 20423 +1

5| lem(mgs (x),mgs(x)) = lem(zS+ a3+ 1,22 +2x+1) = (®+28+1)(2*+2+1)
6 | lem(mgs(z), mgr(z)) = lem(z? +z+1,2°+23+1) = (2 +2+1)(28+2°+1)
7| lem(mgr(x),mgs(x)) = lem(a®+ 2% + 1,25+ 2% +1) = a0 +2° +1

8 | lem(mgs(x), mgo(z)) = lem(z®+ 23+ 1,2+ 1) = (@+23+1)(z+1)

So using cyclotomic cosets, we can easily find the degree of the generator polynomial of a
BCH-code and hence also the dimension of the code. >

In general, finding the minimum distance of a BCH-code is quite hard. We will prove in the
next section that the designed distance 0 is only a lower bound for the true minimum distance.

Definition 7.2 A Reed-Solomon Code over GF(q) of designed distance § is a BCH-code over
GF(q) of length n = ¢ — 1 and designed distance §. >

Remark : Let C' be a Reed-Solomon code over GF(q) of designed distance §. Let § be an
element of order n = ¢ — 1. Then § € GF(q) (in fact : [ is a primitive element of GF(q); so
we can choose 3 = « if we have a table for GF(q)). Hence the minimal polynomial mg;(z) of
(7 over GF(q) is mgs(x) =z — 37. So the generator polynomial g(z) of C is

g(x) = lem(mg (z), mgusa (), ..., mgres2(2)) = (x — ) (@ = f4) - (x = §7707%)
Hence deg(g(z)) =6 —1 and dim C =n — deg(g(z)) = (¢g—1) — (0 —1) =g — 6. >

Example : We will construct a Reed-Solomon code C over GF(16) of designed distance 5. We
choose b = 1. Then the generator polynomial g(z) of C' is

9(z) = (z — a)(z — o”)(z — a’)(z — o)

where « is a primitive element of GF(16). So C' is a cyclic code of length 15 over GF(16) of
dimension 15 — 4 = 11.

If we really want to know this generator polynomial, we have to use a table for GF(16). After
some calculation, we find

Unlike general BCH-codes, the designed minimum distance ¢ of a Reed-Solomon code is the
actual minimum distance.
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7.2 Vandermonde Matrices

In this section, we introduce the concept of a Vandermonde matrix and prove a closed formula
for its determinant. We will use these results in the next sections to get more information about
the minimum distance of a BCH-code and to prove a decoding algorithm for BCH-codes.

Definition 7.3 Let zq,x9,..., 2, be n numbers. Then the Vandermonde matrixz determined
by x1,x2,...,x, is the square n X n-matrix
11 1]
I T2 e
V(zy, xey .. yy) = | 2% a3 . 1
Sometimes the transposed of this matrix is called a Vandermonde matrix as well. >

It turns out that there is a closed formula for the determinant of a Vandermonde matrix.

Proposition 7.4 Let x1,29,...,x, be n numbers. Then
1 1 ... 1
X1 o ce. T
2 2 2
331 [L'2 xn = H (ZL’j — (L’Z)
: : : 1<i<j<n
N !

Proof : We prove this formula by induction on n.
For n = 2, we get that

1 1
1 T2

= To — I = H (.l’]—xl)

1<i<j<2

So assume that det(V (a1, az, ..., ax)) = [[1<;j<p(@j—a;) forall k = 2,3,...,n—1 wheren > 3
and all numbers aq, as, ..., ax.

Consider the determinant

1 1 1

X1 X2 L,

_ 2 2 2
Vi=1| 7 x5 x;
n—1 n—1 n—1

Ty Lo Ly

We perform the following elementary row operations:

RiHRi_leifl fori:n,n—l,...,Q
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Then we get

1 1 1 1
0 To — I T3 — T T, — T
0 x% — T1T9 x§ — T1x3 x% — 1T,
V=0 a3—z23 T3 — 173 A
n—2 n—3 n—2 n—3 n—2 n—3
0 zy " — 1124 Ty ©— X1y Tt — a1
n—1 n—2 n—1 n—2 n—1 n—2
0 zy " — 1124 Ty — XT3 T, — T
Developing this determinant through the first column, we get
T2 — X1 T3 — I Tn — 21
2 2 2
Ty — X122 L3 — T1T3 n — L1Tn
3 2 3 2 3 2
ry 2 — w2l — "2 — g3
oyt — w2l — i ? "t — a2
For j =1,2,...,n— 1, we factor out x;;; — x; from the j-th column. So
1 1 1
T2 T3 In
_ _ _ . _ 2 2 2
V=(ro—x)(xg—21) (2, —x1)| 25 a3 x2
n—2 n—2 n—2
) T3 Ty,

This new determinant is the determinant of the Vandermonde matrix determined by x5, x3, . ..

So by induction,

Hence

1 1
X2 xs3
2 2
) T3
n—2 n—2

) T3

1

Tn

x; | = H (z; — i)
9<i<j<n

l,n—Q

2<i<j<n

20
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Corollary 7.5 Let x1,xo,. ..

, &, be n numbers. Then

1 1 1
21 L2 Ln
x? 3 22 | #£0& 21, 29,...,2, are n different numbers.
n—1 —1 n—1
Ly Ly L

1 1 1

x D) T

2 2 2 | _

Iy D) Tn | = H (z; — ;)
. 1<i<j<n

gt gt !

Clearly

H (xj—2;)=0s (zj—2;) =0forsome 1 <i<j<n&uz =z;forsomel <i<j<n
1<i<j<n

Hence H (xj —x;) # 0 if and only if xq, x, ..., x, are n different numbers. a
1<i<j<n

7.3 Minimum Distance of BCH-Codes

In this section, we will show that the designed distance ¢ is a lower bound for the minimum
distance of a BCH-code but is the actual minimum distance of a Reed-Solomon code.

Theorem 7.6 Let C' be a BCH-code of length n over GF(q) of designed distance §. Then the
manimum distance of C s at least d.

Proof : We use the notations from Definition 7.1. Consider the matrix

1 6b ﬁQb ﬁ(nfl)b
1 ﬁbJrl ﬁQ(bJrl) ﬁ(nfl)(lwl)
H— 1 ﬁ(nfl)(b+2)

5b+2 /62(b+2)

i BbJr‘éfZ 62(1)‘;’5*2) ﬂ(nfl)(b+572)

First, we prove that He! = 0 for all c € C. Let ¢ = (ag,ay,...,a,_1) € C. By Proposition
6.5(b), c(z) = g(x) f(z) for some f(x) € GF(q)[x]. Fix b <i < b+ — 2. By definition of g(z),
we have that mgi(z) divides g(z). So g(3") = 0 since mgi(3;) = 0. Hence ¢(3*) = 0. Thus

ao + a1 (B) + a2(B)2 + -+ + ap_a (B2 + an_1(F) 1 =0
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or
ap + a13 4+ asB3% + -+ + ay_oB8" Y 4 q, 13"V =

This is the dot-product of ¢ and the i-th row of H. Since this is true for i = b,b+1,...,b+0—2,
we get that He! = 0.

Next, we show that any § — 1 columns of H are linearly independent over GF'(q). We label the
columns of H by Cy,C4,...,C,—;. Pick § — 1 columns of H, say columns C},Cj,,...,Cj,_,

where 0 < j; < jo < -+ < js—1 < n — 1. Let H' be the submatrix of H formed by these § — 1
columns. Then

ﬁjlb ﬁjzb . ﬁjé—lb
5j1(b+1) ﬁj2(b+1) .. ﬁjafl(bJrl)
det(H’) _ ﬁjl(b+2) ﬁjQ(bJrQ) - ﬁjafl(bJr?)
ﬁjl(b;"é_2) 53‘2(57;’-5—2) - 53'571(‘57-%5—2)
Fori=1,2,...,0 — 1, we can factor out 3% from the i-th column. So
1 1 e 1
ﬁjl ﬁ]é .. /Bjé—l
det(H’) _ ﬁb(j1+j2+...+j5_1) 52j1 ﬁ2j2 .. 52]’571
GO0 gO-Di ... F6-2s
Note that this involves the determinant of a Vandermonde matrix. Since [ is an element of
order nand 0 < j; < jo < -+ < js_1 < n—1, we have that 571,372, ..., 351 are § — 1 different
numbers. Hence det(H’) # 0 by Corrollary 7.5. So the columns Cj},,C},,...,C;,_, of H are

linearly independent over GF(q). Thus any 6 — 1 columns of H are linearly independent over
GF(q).

Finally, we show that d(C') > ¢. Suppose that d(C) < §—1. Pick 0 # ¢ € C with w(c) < §—1.
Put ¢ = (ag, a1, ...,a,-1). Then Hc' = 0. So

aoco + (1101 + -+ (Zn_1cn_1 =0
Since 1 < w(c) < § — 1, this implies that some ¢ — 1 columns of H are linearly dependent over

GF(q), a contradiction.
Hence d(C') > 6. O

Corollary 7.7 Let C' be a Reed-Solomon code over GF(q) of designed distance 6. Then the
manimum distance of C is actually §.

Proof : Since a Reed-Solomon code is a special BCH-code, it follows from Theorem 7.6 that
d(C) > 4. The Singleton Bound (Corollary 3.9) gives us that n —k > d(C) — 1. But n =¢—1
andk=qg—0.S0d—1=(qg—1)—(¢g—9)>d(C)—1. Thus 6 > d(C).

Hence d(C) = 6. O
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The next example illustrates that it is possible that the minimum distance of a BCH-code is
bigger than the designed distance.

Example : We will construct a binary BCH-code of length 21. The cyclotomic cosets depending
onn =21 and g = 2 are

{0}, {1,2,4,8,16,11} , {3,6,12} , {5,10,20,19,17,13} , {7,14} and {9, 18,15}

This corresponds to the following irreducible factors over GF(2) of z*' — 1 :

gi(z)=2—1

g2(x) = (x = B)(x — ) (x — B*)(x — B%)(x — B'°)(x — B")
g3(x) = (x = B°)(x — %) (v — B"?)

ga(z) = (x = B°)(x — B)(x — %) (x — ) (x — B7)(x — B"?)
g5(x) = (v — ") (x — B")

g6(z) = (z — 3°)(x — %) (x — B")

Let C be the binary BCH-code of length 21 and designed distance 4 with b = 3. So d(C) > 4
and the generator polynomial g(z) of C'is

g(z) = lem(mgs(x), mpi(z), mgs(x)) = lem(gz (), ga(x), ga()) = ga(2)g3(w)ga()

Let C* be the binary BCH-code of length 21 and designed distance 7 with b = 1. So d(C*) > 7
and the generator polynomial g*(x) of C* is

g(ZL‘) = lcm(mﬁ(x)amﬁQ(x)amﬁg(x)mﬁ4(x)vmﬁS(x)vmﬁG(x))
= lcm(g2($)792(‘%)793(x)>g2($)ag4(x)>g3(x))
= 92(7)gs(x)ga(x)
Since g*(x) = g(z), we have that C' = C*. Hence d(C) = d(C*) > 7. >

7.4 Decoding BCH codes Using The PGZ-Algorithm

In this section, we describe a decoding algorithm by Peterson-Gorenstein-Zierler for the BCH-
codes.

We start with a BCH-code. So let GF'(q) be a finite field, n € N with ged(n,q) =1,2 < 4§ <n,
b > 1 and [ an element of order n in some extension field GF(q), and C' the BCH-code of
length n and designed distance ¢ with generator polynomial

g(z) = lem(mg (), mge+1 (), mge2 (), . .., Myprs—2(T))

Let t be maximal with 2¢ +1 < ¢§. By Theorem 7.6, the minimum distance of C' is at least 9.
Hence C' can correct at least t errors.

The algorithm we present will decode correctly if at most ¢ errors occur during transmission.
So suppose we transmit the codeword ¢ € C' but we receive the word y € GF(q)". We put
y = ¢ + e where e is the error vector. Assume that k errors occurred where 1 < k <t (so at
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this point we assume that at least one error occurred). We will number the positions/entries
of an element of GF'(¢)" from 0 to n — 1. Let 0 <y < iy < -+ < i < n — 1 be the positions
of the errors and Y7, Y5, ..., Y} the size of the errors. Hence

e=(0,...,0, Y, ,0,...,0, Y, ,0,...,0, Y, ,0,...,0)
~— ~— ~—

position i1 position 2 position iy

We now introduce the very important concept of syndromes. For 1 < j < — 1, we define the
Jj-th syndrome of y (notation : S;) as

S; =y for1<j<é—1

Fix 1 < j <6 — 1. Then mg+;(x) divides g(x). But g(z) divides c(z) since ¢ € C. Hence
0.

mgv+; () divides ¢(z). Since mgs+;(3°17) = 0, we have that ¢(3°t7) = 0. So
Si = y(p")
= e+ e)()
= () + e(5)
= ()

= V(BP0 4 Yy(BbH ) L Y (B L)
= Yl(ﬁh)bﬂél + Yz(ﬁiz)bﬂ'fl 4+ -4 Yk(ﬁik)bﬂq for1<j<d—1

We put ‘
t=X, forl=1,2,....k

Then

k
S =VX{7T 4o XY T =Y YT for1<j<s-1 0 (%)
i=1
Notice that this is a system of at least 2t equations. The only known quantities are the
syndromes S, Ss,...,Ss_1. At this point, k, X1, Xo, ..., X, Y7, Ys, ..., Y, are unknown.

Next, we introduce another important concept. We define the error-locating polynomial (nota-
tion s(x)) as
s(z) =(1—X12)(1 — Xoz) -+ - (1 — Xpx)

Since s(z) is a polynomial of degree k, we can write
s(z) =1+ 812+ s9x® + - - + spa”

We put sg = 1. We will deduce a system of linear equations in s, Ss,...,8;. Once k and
S1,82,...,Sk are know, we will be able to decode correctly: since we know s(x), we can find
its roots (so we know X7, Xy, ..., X) and hence the positions i, i, ..., in which the errors
occur; finally we solve (*) to find the size of the errors Y1,Y5, ..., Y;.
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By definition of the error-locating polynomial, we have that s(X; ') = 0 for 1 < i < k. Hence
for 1 < 1,5 <k, we have that

0 = }/;'X;H-j—l-‘rk S(Xl—l)

= VXM s+ s X 50 X7 s, X

b+j—1+k b+j—2+k b+j—3+k b+j—1
= Yi(soX; 7T 4 s X + 85X, s X

k
— v (ZSle—i—j—l-&-k—l)

=0

Summing over ¢ and switching the order of summation, we find that

k k k k k
0= Z Y; (Z SlXibJrlerkl) _ Z s <Z }/;Xerlerkl) _ Z SlSch—l
i=1 =0 =0 i=1 1=0

Since sy = 1, we can rewrite this as

k
Zslsj+k—l = —Oj+k fOI‘j = 1,2,...,]{?
1=1
This is a system of k linear equations in the k£ unknowns sy, sg, .. ., sx. Rewriting this in matrix
form we get
S, S - S ” ~ Sk
Sy Sz - Sk Sk—1 B —Sk+2
Sk Sk+1 00 S S1 —Sog

The only problem left at this point is to figure out the value of k. The following property solves
this problem.

Proposition 7.8 With the above notations, put

S, Sy e Sy

S, S. --- S
p=|"" 7 o

Sa Sar1 -+ Saa—1

ford=1,...,t. If d > k then det(P,) = 0. If d = k, then det(FPy) # 0.
Proof : Let k<d <t Put X;=Y,=0fork+1<j <t Put

Xl X2 Ce Xd
o= | x2 xz ... x
I Xii—l Xg—l . Xg_l |
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and

X{’Yl 0 0
po| O
0 0 Xng

We number the rows and columns of Py, @) and D from 1 to d. Let 1 <1i,5 < d. We get that

d
(QDQT) i = Z QuDis(QT)s;

l,s=1

d
= ZQNDZZ(QT)U since Dls =0ifs 75 l
lzl
= > QuX!YiQj
1=1
d .
= D XXX
1=1
d
— Z Yinb-HH-j—Q
1=1
k . .
= ) yx;t since X; =Y, =01if [ > k
=1
= Sitj1
= (Ba)ij-
So P; = QDQ". Hence
det(P) = det(QDQ") = det(Q) det(D) det(Q”) = det(Q) det(D) det(Q) = det(Q)? det(D)
Since D is a diagonal matrix, we get that
det(D) = (X7¥1)(X3Y2) -+~ (XgYa)

Suppose first that d > k. Then X; = Y; = 0 and so det(D) = 0. Hence det(F,) = 0.

Suppose next that d = k. Since X; = %, we get that X; # 0 for j = 1,2,..., k. Moreover,
since Y1,Ys,...,Y, are the sizes of the errors, we have that Y; # 0 for j = 1,2,...,k. So
det(D) # 0. Note that X, Xs,..., Xy are k different numbers since we assumed that exactly
k errors occurred. Since () is a Vandermonde matrix defined by X, X, ..., X}, it follows from

Corollary 7.5 that det(Q) # 0. Hence det(P;) # 0. O
This property allows us to to find the value of k assuming that at least one and at most ¢

errors occurred : k is the largest value of d for which det(P;) # 0. We can find k by evaluating
det(Py) for d =t,t — 1,t — 2, ... until we find a non-zero value.
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The decoding algorithm we described here assumed that at least one error and at most ¢ errors
occurred during transmission. What if no errors occurred? Again, the syndromes help us out
as the following lemma shows.

Lemma 7.9 Assume that (with the above notations), S; = 0 for j = 1,2,...,6 — 1. Then
y e C.

Proof : For 1 <j <§—1, we have that S; = y(8°777!) = 0 and so mg+;—1(z) divides y(z).
Hence g(z) = lem(mgs (), mge+1(x), ..., mgrs—2(x)) divides y(x). Soy € C. O

Now we can present the complete Peterson-Gorenstein-Zierler decoding algorithm. Make sure
to understand that we will decode correctly if at most ¢ errors occur during transmission.

1. Upon receiving the word y, evaluate the syndromes Sy, Ss,...,Ss—1 (recall that S; =
y (371 for all j). If S} = Sy = -+ = S5_1 = 0 then y is a codeword and we decode as
y; otherwise proceed to step 2.

2. Find the largest integer £ such that 1 < k <t and

Sy Sy - Sk

5?2 5:3 e Sk:—f—l 40

Sk Sky1 o0 S

3. Solve .
S Sy e Sk Sk —Skt1
Sy Sy T Sk+1 Sk—1 B _Sk+2
Sk Sk+1 o Sopq 1| —Sak
for s1, 89, ..., Sk.

4. Put s(z) = 1+ 512 + 502% + -+ - + sp2®. Find 0 < iy < iy < -+ < i < n — 1 such that
X, =", Xy = f2,..., X}, = 3" are the reciprocals of the zeros of s(z).

5. Solve
xnooxtooxh || s
Xf+5—2 X§+5—2 X£+5_2 Y. Séfl
for Y1,...,Y,
6. Put

position i1 position 2 position iy

and decode as c:=y —e.

57



If at any point we can not complete a step, we declare a decoding error. Note that a decoding

error implies that more than ¢ errors occurred.

We might not be able to complete a step because

2. det(Py) =0ford=tt—1,...,2,1

4. s(z) does not have k different roots or the roots are not powers of f3.

5. The system of equations (*) does not have a unique solution or has a unique solution but

Y; =0 for some 1 <3 <k.

We illustrate this decoding algorithm with two examples.

Examples

1. A binary BCH-code of length n = 21 and designed distance 6 = 7.

Let o be a primitive element of GF(64) as given in our table. Put 8 = a3. Then 3 is
an element of order 21. Finally, put 6 = 7 and b = 1. Then our code C has generator

polynomial

g(z) = lem(mg(x), mpe (), mgs(x), mpa (), mgs (), mgs(x))

where mgi(z) is the minimal polynomial of 3* over GF(2).

Suppose we receive the word

y = 00100100000000000000000000

So y(z) = 2 + x°.

First, we calculate 6 — 1 = 6 syndromes. We get

Sy = y(3) = y(a3) = af + ' = 000011 + 101000 = 101011 = a°!
6

Sy = y(3?) = y(a¥) = a2 + a® = 000101 + 110011 = 110110 = a®
Ss =y(3) =y(a®) = a® + a?® = 001111 + 011001 = 010110 = 3"
Sy = y(8Y) = y(a'?) = a + a% = 010001 + 111001 = 101000 = a5
S5 =y(3) =y(a?) =a® +a™ = a® + a'? = 110011 + 000101 = 110110 = o>
Se =y(3%) = y(a'®) = a® + o = o + o?" = 010110 + 001110 = 011000 = o

Next, we calculate k, the number of errors that occurred. Since § = 7, we have that ¢t = 3.

So we calculate (using Sarrus’ rule)

a51 0439 Oé36

39 36 15 39 .15 .36 39 .15 36

36 36 . 36 39 .39 .39

o o o = a0 + a0l + a0t + a8a350%0 + a0

36 15 39

o 6] 6] a126 + a108 +Q{117 + 0181

1+a® +a” +a'®

000001 + 011001 + 010111 + 001111
000000

=0

o8

+ o
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So k # 3. We continue with

51 Oé39

(0%
39 36

05 o6 | = P15 +a¥0® = ¥ +a"™ = o®* +a’® = 0100014101000 = 111001 = a® # 0

Hence we assume that £ = 2 : two errors occurred.

Next, we find the error-locating polynomial. So we have to solve

CY51 &39 So B 0136
0639 0636 S1 0415

u ramer ule.
We use Cramer’s Rule

Since
0536 a39
o5 g | =0 +aPe® =a™+a = a”+a™ = 0110004010111 = 001111 = o'®
we get that
° —42 21
S9 = ﬁ =« =«
Since
a51 a36
G o5 | =0 +aa® =a®+a™ = a’+a'* = 0010004000101 = 001101 = o®
we get that
a® ~12 51
S1 = ﬁ = =

So the error-locating polynomial is

s(z) =1+ 817+ sox = 1+ a”' o + o2

Next, we need to find the roots of s(z). We should find two roots and they should be
powers of 3. Since we really want the reciprocals of the roots, we start

) = s(
s(872) = s(a%) =1+ a"a"% + a2a12 = 1 + a® + a® = 000001 + 011001 + 011000 = 000000 = 0

2

So 372 = a~% is a root of s(x). Since the product of the roots of s(x) is a™2!, we get that

the second root of s(z) is a1 = 37°.

Hence
X;=0*=a% and X,=p8"=a'
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That means that the first error occurred in the second position while the second error
occurred in the fifth position (recall that we start numbering the position from zero).

Finally, we find the error-sizes Y; and Y5. Since we are working binary, we should find
Y = Y5 = 1. We have to solve

B aG 0415 T B 0[51 T
Oél2 0430 a39
Oé18 Oé45 |: Y'l :| B &36
&24 0560 Y‘Q 0415
0630 0675 a39
a36 0490 069

A quick check does indeed show that Y; = Y5 = 1. For example:

a® + o™ = 000011 + 101000 = 101011 = °!
al® + % = 001111 + 011001 = 010110 = 36

So the error vector is
e = 00100100000000000000000000

Hence we decode y as

y — e = 0 = 0000000000000000000000

Note that we could have seen this of course in the beginning: since d(y,0) =2 < 3 and
the code is at least three-error correcting, we will have to decode y as 0. We went through
the algorithm to illustrate the decoding process.

. A BCH-code over GF(4) of length n = 5 and designed distance § = 3.
Let o be a primitive element of GF(16) as given in our table. Then GF(4) = {0,1,a°, a'%}
is a subfield of GF(16). Put 8 = o®. Then (3 is an element of order 5. Finally, put ¢ = 3
and b = 2. Then our code C' has generator polynomial
g(x) = lem(mgz(x), mgs(x))
where mgi(2) is the minimal polynomial of 3* over GF'(4).

Suppose first we receive
y = 110a°0

Soy(z) =1+ x + a’z3.

First, we calculate 6 — 1 = 2 syndromes. We get

Si=y(B#)=y@®)=1+a+a®=1+a®+a®=0001+ 1111 + 1110 = 0000 = 0
Sy =y(3) =y(@®)=1+a°+a*?=1+a°+a®= 0001+ 0101 4+ 0100 = 0000 = 0

Hence y is a codeword and we decode as y.
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Suppose next we receive
y = 110a'°1

Soy(x) =1+ 2z + a'%3 + 2%
First we calculate the two syndromes. We get

Si=y(#) =yl =1+a’+a®+a* =1+a%+a®+a” =0001+ 1111 + 0110 + 0101 = 1101 = !
So=y(#)=y@)=1+a"+a* +a* =1+a+a”+a® =0001 + 0101 + 0111 + 1111 = 1100 = o™

Next, we calculate k, the number of errors that occurred. Since § = 3, we have that ¢t = 1.
So we ‘calculate’

|O./11| — all 7& 0
Hence we assume that £ = 1 : one errors occurred.

Next, we find the error-locating polynomial. So we have to solve

alls, = ol
Hence u
a 3
S1=— =«
all

So the error-locating polynomial is

s(r)y=1+s2=1+ar

Next, we need to find the roots of s(x). We should find one roots and it should be powers
of 3. Since deg(s(z)) = 1, we easily get that

1 -3
IL’ZEZO{
So
X, =a’=p'

That means that the error occurred in the first position (recall that we start numbering
the position from zero).

Finally, we find the error-size Y;. We have to solve
ab oll
o= (2]

We easily get that

1 14
«Q
«Q Qo
So the error vector is
e = 0”000

Hence we decode y as
y —e = 110a'°1 — 02”000 = 1a'°0a'°1
since 1 + a® = 0001 4 1011 = 1010 = «'°. >
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7.5 FEuclidean Algorithm

In section, we illustrate an implementation of the Euclidean Algorithm. This will be used in
the next section in a different decoding algorithm for the BCH-codes.

The following property is the backbone of the Euclidean Algorithm for polynomials over fields:

If a(z) = b(z)q(z) + r(x) then ged(a(x),b(x)) = ged(b(zx),r(x)).
So let a(z),b(x) be polynomials over a field with deg(a(x)) > deg(b(x)) and b(x) # 0. We

define the degree of the zero polynomial to be —oo. Then the following algorithm will result in
ged(a(x),b(z)) and write it as a linear combination of a(x) and b(x).

The algorithm will produce an augmented matrix of the form

[ 1 0 | a(x) ]
0 1 | b(x)
ur(z) vi(x) | ri(x)
uz(x) wva(z) | ra(z)

i I

We put

K
A
oun
8
S~—
I
o
/\
\_/
=
o
/-\
v
HOS:
v

|

_
&
~—
I

2 S =

A
\_/

At the i-th step (for ¢ > 1), if r;_y(z) £ 0
ri—1(z) and write

e use the Division Algorithm to divide r;_s(x) by

ri2(x) = rioi(z)qi(z) + ri(x)  with deg(ri(z)) < deg(ri-1(z))
We define
ui(z) = ui—2(z) — gi(x)ui—1(z)  and  vi(x) = viea(2) — ¢i(z)vim1 ()

The algorithm ends when 7,(z) = 0. Then we have that

ged(a(z),b(x)) = ra1(7) = up1(z)a(x) + v (2)b(x)

We illustrate this algorithm with two examples.
Examples:
1. a(z) =2° + 1 and b(z) = 2® + 1 over GF(2). The matrix looks like

1 0 2°+1

0 1 2241 22+1=@+D2?+(2*+1) Ry= R, —2*Ry
1 2?2 2241 #*+1=@*+1r+(x+1) Ry=Ry,—zR;
r 2*4+1 z+1 22+1=(x+1)(x+1) so we stop
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ged(z® + 1,23+ 1) =z +1=a(@+1)+ (2®>+ 1)(2® + 1)

2. a(z) = 2° and b(z) = 2® + x + a® over GF(8). The matrix looks like

1 0 P
0 1 B +r+a® (1)
1 2+ 1 a’r?+r+a’ (2)
o’z + ot o?z? + ata? + aPx + o atr+a (3)
o2 + ol + ot Pt + a?2d + afr? + atr + o? 1 (4)
because
(1) =@ +z+a)(2?+1) + (a2? + 2+ o) so Ry =Ry — (22 + 1)R;
(2) P+ 2+’ = (P2 + 1+ ) (aPr+a') + (a'z +a®) so Ry = Ry — (o’ + a*)Rs
(3) adx?+x+a® = (a'r+a®)(az+a)+1 so R = Ry — (ax + a)Ry
(4) a*z+a=1-(a*z+a®)+0 so we stop

ged(z®, 2% + 7+ o) = 1 = (2% + oz + oV)a® + (a2t + o223 + a®2? + otz + a?) (23 + 2 + o)

We finish this section by proving some general properties about u;(z), v;(x) and r;(z) (see page
62 for the definition of these terms).

Proposition 7.10 Let a(x) and b(x) be the polynomials used in the Euclidean Algorithm. Then
the following holds:

(a) wi(z)a(z) + vi(x)b(x) = ri(z) for all i > —1

(b) i ()vi(z) — wi(@)vios (z) = (=1 for alli >0
(¢) ged(u;(z), vi(z)) = 1 for alli >0

(d) qi(x) £ 0 for alli > 1.

() deg(vi(x)) = deg(qi(w)vi-1(x)) for alli > 1

() deg(vi(x)) > deg(vi1(x)) for alli > 0.

(9) deg(vi(x)) + deg(ri_1(z)) = deg(a(z)) for all i > 0

Proof : (a) We induct on 7.
For 1 = —1, we have that

u_1(x)a(z) +v_1(z)b(x) =1-a(x) +0-b(x) = a(x) = r_1(x)
For ¢ = 0, we have that

up(z)a(z) + vo(z)b(x) =0-a(x) +1-b(x) = b(z) = ro(x)
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Assume that ¢ > 0. Then by induction, we get that

(wi-o(z) — qi(@)ui—1(v))a(r) + (vi—2(2) — gi(z)vi1(2))b(2)
[ui—2(x)a(z) + vi—a(2)b(x)] — qi(z)[ui—1 (7)a(x) + vy (2)b(2)]
ri2(7) — qi(x)rio1(x)

ri(z)

ui(z)a(x) 4+ vi(x)b(x)

(b) We induct on i.
For © = 0, we have that

u_1(z)vo(w) —up(z)v_1(x) =1-1—-0-0=1=1"
Assume that ¢ > 0. Then by induction, we get that

ui-1(2) (vi-2(2) — Gi(@)vi-1(2)) — (Ui-2(2) — gi(z)ui-1(2))vi1 (2)
—(Uz’fz(x)vz‘—l(%) — Ui-1(2)vi-2())

—(=1)"!

(=1

(c) Let i > 0. Then it follows from (b) that

w1 (2)vi(@) + (—vima (2)ui(2) = (=1)'

wi—1(x)vi(2) — wi(z)vi_1 ()

and so
(=D ui—1(2)Jvi(z) + [(=1)" " vima(@)]us(2) = 1
Thus 1 a linear combination of u;(z) and v;(x). Hence ged(u;(z), vi(z)) =

1.
(d) Pick i > 1. Since r;_o(z) = ri—1(2)qi(x)+r;(z) and deg(r;(z)) < deg(ri—1(z)) < deg(ri—2(z)),
we have that ¢;(x) # 0.

(e) We induct on i.
For : = 1, we have that

deg(v1()) = deg(v-1(z) — qu(x)vo(x)) = deg(0 — q(x)vo(x)) = deg(qi ()vo(x))

Assume that ¢ > 2. Recall that r;_o(z) = r;_1(2)q;(z) + r;(x). Since

deg(ri(x)) < deg(ri-1(r)) < deg(ri—2(z))
we must have that deg(g;(z)) > 1. So by induction and (d), we have that

deg(qi(z)vi-1(z)) > deg(vi-1(z)) = deg(gi-1(x)vi-z(x)) = deg(vi-a(x))
Hence we get that
deg(vi(z)) = deg(vi—2(x) — g;(x)vi-1(2)) = deg(qi(x)vi-1(z))
(f) If i = 0 then
deg(vo(x)) = deg(1) = 0 > —oo = deg(0) = deg(v_,(z))
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If i > 0, then it follows from (e) and (d) that

deg(vi(z)) = deg(gi(x)vi-1(x)) = deg(qi(x)) + deg(vi-1(x)) = deg(vi-1(x))

(g) We induct on 1.
For i = 0, we have that vo(x) =1 and r_;(z) = a(x). Hence

deg(vo(z)) + deg(r—1(z)) = 0 + deg(a(z)) = deg(a(z))
Assume that ¢ > 1. Recall that
ri—o(x) = ric1(x)qi(z) + ri(z)
Since deg(r;(z)) < deg(r;_1(z)) and ¢;(z) #Z 0, we have that
deg(ri—2(x)) = deg(ri—1(2)gi(x)) = deg(ri-1(x)) + deg(g;(x))
and so
deg(ri—1(x)) = deg(ri—2(x)) — deg(gi(x))
By induction we have that

deg(vi—1()) + deg(ri—2(7)) = deg(a(z))

and so
deg(ri—2(z)) = deg(a(z)) — deg(vi—1(z))

Hence
deg(ri—1(z)) = deg(ri—2(x)) — deg(qi(x)) = deg(a(x)) — deg(vi-1(x)) — deg(qi(x))
By (e), we have that
deg(vi(x)) = deg(qi(x)vi-1(x)) = deg(qi(x)) + deg(vi-1())
Thus
deg(ri-1(z)) = deg(a(z)) — deg(vii(x)) — deg(g;(x)) = deg(a(z)) — deg(vi(x))

and so

deg(vi(x)) + deg(r;—1(x)) = deg(a(z))
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7.6 Decoding BCH-Codes Using The Key Equation

In this section, we explain a second algorithm to decode BCH-codes. This new algorithm is
very efficient in finding the error-locating polynomial and in finding the error sizes.

We use the same notations as in Section 7.4. In particular, we are assuming that at most ¢
errors occurred during transmission.

We define the syndrome polynomial S(x) as

2t
S(x) =14 812+ 8oz + -+ + Spya™ =1+ Y _ Gy

j=1
and the error-evaluating polynomial w(x) as
k k
w(z) = s(z) + ZXf’Yix ( H (1- ij))
i=1 j=1,#i
Note that for a # 0, we have that
(1 —ar)((ax) + (ax)®* + -+ + (a2)*) = ar — (a2x)*™ = az  mod 2>

and so
axr

—— (ax) + (az)* + - + (ax)* = Z(a:p)j mod 2%

Hence we get that

[l [l
MERINE
=
ERT

= =<
A ><
. o s.—?:
M“ S

E< —_
& S

o <

~
2

B a
o
Q. 5,
&ﬁ t

+

=1 7=1
k X,x
= Z Y, X! ] ZX mod z**!
=1 o it
k
_ YiXi% 2t+1
= Z X2 mod z
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So

—_

(S(x) —1)s(x) = Z 1YZ_X;§$ (H(l _ ij)> mod z2t+1

1= ]:

k k
Y; X ( H (1-— ij)> mod z**!
)

=157

= w(z) —s(x

Hence we have the Key FEquation

Assume for a moment that we can solve this equation for the error-locating polynomial s(z)
and the error-evaluating polynomial w(x). Then by finding the roots of s(z), we know the
values of X1, Xy, ..., Xj. Note that for [ =1,2,...,k, we have that

W(Xz_l) = s(X)+ ZXfY;Xz_l < H (1- Xle_1)>

J=1,j#1
k
- b (T (- )
J=1j#1
k
= XMy ( I - Xj))
J=15#l
So w(X; ') # 0 and
Xk*bw X*l
Yz _ kl ( l )
T x—-x))
j=1,j#
Hence we can find the error sizes quite easily by evaluating w(X; ") for l = 1,2,... k.

Besides being a solution of the Key Equation, s(z) and w(z) have some other properties:
1. deg(s(x)) =k <t and deg(w(z)) <k <t
2. 5(0) =1

3. ged(s(z),w(x)) =1
Indeed, since s(x) factors into linear factors and none of the zeroes of s(z) are zeroes of
w(z) (namely w(X; ') # 0 for [ =1,2,..., k), we must have that ged(s(z),w(z)) = 1.

Note that given the syndrome polynomial S(x), there are plenty of polynomials s1(x), w; (z) with
S(z)s1(x) = wi(x) mod z* L. However, if s;(x) and w; () satisfy some additional conditions
then they have to be s(z) and w(z). The next lemma is a step in the right direction.
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Lemma 7.11 Let S(z), s(x) and w(x) be as defined before. Suppose that s1(x) and wi(x) are
polynomials such that S(x)si(x) = wi(r) mod z** and deg(si(z)),deg(wi(z)) < t. Then
there exists a polynomial p(x) such that si(x) = p(x)s(z) and wi(z) = p(r)w(x).

Proof : Since s(x) and w(z) satisfy the Key Equation, we have that
S(z)s(z) = w(x) mod !

Hence
s1(x)S(x)s(z) = sy(z)w(z) mod !

Similarly, since s;(z) and w;(z) satisfy the Key Equation, we have that
S(z)s1(x) = wi(x) mod 2!

and so
s(x)S(x)sy(z) = s(x)wi(x) mod 2+

Hence

&(:B)cu(x) = S(l’)wl(w) mod 2+

But s(z),w(x), s1(x) and w(x) are all polynomials of degree at most t. So
deg(s1(x)w(x)) <2t <2t+1 and deg(s(x)wi(z)) <2t <2t +1

241 we must have that

Since s1(z)w(x) = s(x)wi(x) mod x
s1(z)w(z) = s(z)w ()

So s(x) divides s1(z)w(x). Since ged(s(z),w(x)) = 1, it follows that s(x) divides s1(z). So
s1(x) = p(z)s(x) for some polynomial p(z). Hence

s(@)wr(2) = s1(v)w(r) = p()s(z)w(z)

and so
s(x)wi(z) = p(z)s(z)w(z)
Since s(0) = 1, we have that s(x) # 0. Thus we can divide by s(z). So wy(z) = p(z)w(x). O

Using the Euclidean Algorithm, we can now solve the Key Equation for s(z) and w(z).

68



Proposition 7.12 Let S(x), s(x) and w(zx) be as defined above. Assume we use the Fuclidean
Algorithm (see the previous section) with a(x) = z*! and b(x) = S(x). At some step j, we
get that deg(r;(z)) <t. Then

s(z) = W vi(x) and w(z)= W r;i(z)
Proof : From Proposition 7.10(a), we get that
rj(@) = u;(z)2 " + v;(2)S(2) (*)
and so
2t+1

S(z)vj(z) =r;(r) mod x

Note that deg(r;(z)) <t by assumption. Since step j is the first time that deg(r;(z)) < ¢, we
must have that deg(r;_;(z)) > t. Hence it follows from Proposition 7.10(g) that

deg(v;(z)) =2t +1—deg(rj_1(z)) <2t+1—-t=t+1
and so deg(v;(z)) < t. By Lemma 7.11, there exists a polynomial y(x) such that
0(e) = pla)s(a)  and ry(a) = pe)elo)
Substituting this into (*), we find that
() (2) = ()2 + p(2)s(2) ()

Hence

() (w(@) = s(2)S(x)) = uy(a)a**! (**)
Since
S(z)s(z) = w(xr) mod 2
we have that z?*! divides w(z) — S(x)s(z) and so w(z) — S(z)s(z) = 2**'¢(z) for some
polynomial ¢(z). Substituting this into (**) gives us that

u(2)2* t(2) = uy(w)a®

and so

p(e)t(z) = uy(x)
Since vg(x) = 1 and deg(v;(z)) > deg(v;—1(x)) for all @ > 0 by Proposition 7.10(f), we get
that v;(x) # 0 for all ¢ > 0. So it follows from v;(z) = p(x)s(x) that p(z) # 0. But
uj(x) = p(x)t(z) and vj(xr) = p(z)s(x). So pu(z) is a common divisor of u;(z) and v;(x). Since
ged(u;(x),vj(x)) = 1 by Proposition 7.10(c), we conclude that p(z) is a constant polynomial.
Since s(0) =1 and v;(x) = p(z)s(z), we find that v;(0) = p(0)s(0) = p(0). Hence

So
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Now we can present a second decoding algorithm for BCH-codes. Make sure to understand
that we will decode correctly if at most ¢ errors occur during transmission.

1. Upon receiving the word y, evaluate the syndromes Sy, Ss,...,S5_1 (recall that S; =
y (371 for all j). If S} = Sy = -+ = S5_1 = 0 then y is a codeword and we decode as
y; otherwise proceed to step 2.

2. Put S(z) = 1+ 512+ Sex?+- - -+ Syx*. Go through the implementation of the Euclidean
Algorithm with a(z) = 2**! and b(x) = S(z) until at step j we have that deg(r;(x)) < ¢.

Put ) )
s(z) = o (0) vj(z) and w(z)= m

3. Find 0 < iy < iy < --- < i <n—1such that X; = 4, Xy, = 52,..., X}, = 3% are the
reciprocals of the zeros of s(z).

rj(z)

4. Calculate the error sizes :

Y, = d d fori=1,2,....k

5. Put

position i1 position 2 position i

and decode as c:=y —e.

We illustrate this decoding algorithm with the same examples as we used when illustrating the
PGZ-decoding algorithm on page 70.

Examples

1. A binary BCH-code of length n = 21 and designed distance 6 = 7.

Let a be a primitive element of GF(64) as given in our table. Put 8 = a3. Then 3 is
an element of order 21. Finally, put 6 = 7 and b = 1. Then our code C has generator
polynomial

g(l’) = lcm(mﬁ(as), mg2 (.17), mgs (33), m54(:£), mgs (.CE), mgs (‘I))
where mgi(z) is the minimal polynomial of 3* over GF'(2).

Suppose we receive the word
y = 00100100000000000000000000

So y(z) = 2 + x°.
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First, we calculate 6 — 1 = 6 syndromes. The results were
Si=a, Sy =0, S3=0a", Sy=0a", S5=0a" and Ss=a’
So the syndrome polynomial is

S(z) =1+ o™z + a*2? + %2 + o'P2* + a*2° 4 28

Next, we go through the Euclidean Algorithm. We get

1 0 x’
0 1 Q925 + 0925 + a5t 4 %623 4+ 03922 + 0Py + 1 (1)
1 Py 4+ a2l Q4205 1 0924 1 o803 4 602 4 184 4 o2 (2)
oz oMz +adlr+1 et + 1 (3)
because
(1) 27 = (0% +a®2% + a5t + a3 + 022 + oSlw + 1)(04541’—1—0421)4—

(a®2® + o2t + a®2® + ab2% + o’¥2 + o)
so Ry = Ry — (™2 + o' )Ry
(2) %% 4+ 0¥ 4 ot 1 %2 4 a®a? 4 aflr 41 =
(@225 + a%2% + a®2® + a%2? + aBz + o)a® 'z + (a'2? + 1)
so Ry = Ry — o2 R,
(3) deg(a?'z?+1) < 3=t so we stop

Hence
va(z) = a2 + o’z +1 and  1y(z) =2t + 1

Since v2(0) = 1, we can calculate the error-locating polynomial s(z) and the error-
evaluating polynomial w(x):

s(r) =a*2* +o’r+1 and w(zr)=a*2? +1

Next, we need to find the roots of s(x). We should find two roots and they should be
powers of 3. The results were that the roots are 372 = o= % and 37° = a~!°. Hence

Xi=p0*=a% and X,=p8"=a'®

That means that the first error occurred in the second position while the second error
occurred in the fifth position (recall that we start numbering the position from zero).

Finally, we calculate the error sizes Y] and Y5. In this case (namely b = 1 and k = 2), we
get that

C Xw(X)

Xow (X5
Y, = and BZM

X1 — X Xo— Xy
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We get that

WX =wl@ b =a*a 2 +1=0a’+1= 011000 + 000001 = 011001 = o*®
wX;) =wla ) =a?a 30 +1=a"941=a+1=010111 + 000001 = 010110 = a3
X, — X; = a'® + ab = 101000 + 000011 = 101011 = o

Hence

So the error vector is
e = 00100100000000000000000000

Hence we decode y as

y — e = 0 = 0000000000000000000000

. A BCH-code over GF'(4) of length n = 5 and designed distance § = 3.

Let a be a primitive element of GF(16) as given in our table. Then GF(4) = {0,1,a°, a'%}
is a subfield of GF(16). Put 8 = a®. Then § is an element of order 5. Finally, put ¢ = 3
and b = 2. Then our code C' has generator polynomial

g(x) = lem(mg2(x), mgs(x))

where mgi(z) is the minimal polynomial of 3* over GF'(4).

Suppose we receive
y = 110a'°1

Soy(x) =1+xz+ a'%® + 2%

First we calculate the two syndromes. The results were

S;=a'' and Sy =a

So the syndrome polynomial is

S(x) =1+ oz +a'*2?

Next, we go through the Euclidean Algorithm. We get

3

1 0 x
0 1 ar? + otz +1 (1)
1 ar+a'? o’z + at? (2)

because

(1) 2* = (aM2? + oMz + 1)(ax + o'?) + (a'z +a'®)  so Ry = Ry — (az + o) R,
(2) deg(a’@+ a'®) <1 =t so we stop
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Hence
vi(z) =az+a® and ri(z) =o'z +a?

Since v1(0) = a'®, we get that

1
s(r) = — (az + ') =a?(ax+a"?) =a’r + 1
a
and
w(z) = =3 (@24 a'®) = (a’z 4+ o) = o’z + 1
a

Next, we need to find the roots of s(z). We found that

1 -3
JTZEZQ
So
Xy =a’=4

That means that the error occurred in the first position (recall that we start numbering
the position from zero).

Finally, we find the error size Y;. In this case (b =2 and k = 1), we have

V) = X 'w(XY) = a?(0a?+1) = a?(a+1) = a'®+a'? = o’ +a'? = 1000+0011 = 1011 = o°

So the error vector is
e = 0a°000

Hence we decode y as
y —e = 110a'°1 — 00°000 = 1a'°0a'°1

since 1 4+ a® = 0001 + 1011 = 1010 = «o'°. >
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