MATH 291T Exam 2 : Part I (In-Class) Solutions

1. Consider the first order Reed-Muller code R(1,2) with generator matrix

0
G(1,2)=| 0
1

)

1
0
1

— =

(a) What are the parameters of R(1,2) (son, k and d)?

(b) Codewords of R(1,2) are of the form x12ox314 = [ a2 a1 ag ] G(1,2). Set up parity check equations for a;
and as.

(¢) Decode 1001.
(d) Decode 1011.

Solution : (a) It follows from the definition of Reed-Muller codes and Proposition 4.4 that

2\ (2
n=2m=22=4 k=" )+ (")t (") =(2)+(7)=1+2=3 and d=2"T =22"1=2
0 1 r o) "\

(b) We get that

0 0 1 1
T1ToxsTs =[az a1 ap]| 0 1 0 1
1 1 1 1
So
1 = Qo
T2 = a1+ap
T3 = az2+ap
Ty = az+tai+ag
Hence

a1 =21 +axo=x3+x4 and ao =121 +2x3=1To+ x4
(c) We calculate the parity check sums for a; and as:

ap {1,1} soa; =1
az {1,1} soaz=1

We easily get that

[a a1 0]G(1,2)=[1 1 0] = 0110

_ o O
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1
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Since 1001 — 0110 = 1111, we get that ag = 1. So we decode 1001 as

0110 + 1111 = 1001

(d) When calculating the parity check sums for a;, we find {1,0}. So we can not make a decision based on
majority. Hence too many errors occurred and we declare a decoding error.

Note that d(C) = 2. So this code can not correct any errors. It is however one-error detecting : the code will
detect if one error occurs. O




2. This exercise is about field extensions containing an element of order 7.

(a) What is the smallest field extension of GF(2) that contains an element of order 77
(b) What is the smallest field extension of GF'(4) that contains an element of order 77

(¢) Do your answers make sense?

Solution : (a) We are looking for the smallest 7 > 1 such that 2" = 1 mod 7. We easily get that r = 3. So
GF(23) = GF(8) is the smallest field extension of GF(2) that contains an element of order 7.

(b) We are looking for the smallest > 1 such that 4" =1 mod 7. We easily get that 7 = 3. So GF(43) = GF(64)
is the smallest field extension of GF(4) that contains an element of order 7.

(c) Note that not every field extension of GF(2) is a field extension of GF'(4). That is why the answers to (a)
and (b) are different. O

3. Let a be a primitive element of GF(64). So GF(64) = {0,1,a,a?,...,a% a®}. Identify all the subfields of
GF(64) (in terms of powers of ).

Solution : We first give a general method. Suppose we are given a finite field GF (p®) where p is a prime. When
is GF(p") a subfield of GF(p®)? The multiplicative group GF(p")* of GF(p") is a cyclic group of order p" — 1
while the multiplicative group GF(p®)* of GF(p®) is a cyclic group of order p*—1. GF(p") is a subfield of GF(p®)
if and only if GF(p")* is a subgroup of GF(p®)*. Since these groups are cyclic, we get that GF (p")* < GF(p®)*
iff and only if |GF(p")*| divides |GF(p®)*|. So

’ GF(p") is a subfield of GF(p®) if and only if p” — 1 divides p® — 1. ‘

Here we need to find all r such that 2" — 1 divides 64 — 1 = 63. We easily get that r € {1,2,3,6}. So GF(2),
GF(4), GF(8) and GF(64) are the subfields of GF(64).

To identify these subfields in terms of powers of «, recall that

|| B 63
ged(k, o) ged(k, 63)

o] =

Since GF(4) is generated by an element of order 3 (namely if 5 is an element of order 3 then GF(4) =

{0,1, 8, 8%}), we are looking for k such that ﬁ;’%) = 3. k = 21 does the job.

Since GF(8) is generated by an element of order 7 (namely if v is an element of order 7 then GF(4) =

{0,1,7,72%,...,7%}), we are looking for k such that = 7. k=9 does the job.

ged(k, 63)
GF(2) = {0,1}
GF(4) = {0,1,a%,a*?}
GF(8) = {0,1,a% a'® a%" a3 o* o’}
GF(64) = {0,1,a,02,...,a5%}




4. Complete the table for GF(16) given below.

Table for GF(16) = GF(2)(a) where a* +a® +1=0

’ binary H GF(16) H Polynomial in a
0000 0 0
0001 1
0010 o o
0100 a? a?
1000 ol al
ot
ab
ab
o’
1110 o o + o + «
a?
1010 atd al + «
all
0011 al? a + 1
0110 al? 2 4+
1100 alt o + o

Solution : Since a* + a® +1 =0, we get

o' = a®+1=1001

a® = adt=a@®+1)=at+a=a)+1+a=a*+a+1=1011

o = add=aldd+a+l)=a'+a’+a=at+1+a’+a=a+a’+a+1=1111

a’ adl =a(@®+a?+a+l)=at*+aP+a’+a=at+1+a*+a?+a=a’+a+1=0111
a = adf=a@d+a’+a)=at+ad+a?=ad+1+a®+a’=0a%+1=0101

al = aadl®=a(®+a)=at+a’=a+1+a?=0a®+a?+1=1101

So the complete table is



’ binary H GF(16) H Polynomial in a

0000 0 0
0001 1

0010 a o

0100 a? a?

1000 ol al

1001 at a’ 1
1011 ad al + a + 1
1111 ab ad + a? + a + 1
0111 o’ o> + a + 1
1110 ab ad + a? + o«

0101 o o? + 1
1010 al? a’ + «

1101 all a® + ol + 1
0011 al? + 1
0110 al? 2 4+

1100 alt o 4+ P

5. Let C be a linear code of length n over F.

(a) Define the dual code C*.
(b) Suppose that C' is cyclic. Prove (using the definition of the dual code and a cyclic code) that C* is cyclic.

Solution : (a) The dual code C* is the set of all words that are orthogonal to all codewords. So

Ct={xecF":x-c=0forallceC}

(b) Let x € C*+. To prove that C is cyclic, we have that show that x' € C*. So we need to show that

x'-c=0 foralceC

Let ce C. Put x=x129...2, and ¢ = ci¢y...c,. Then X' = xp2122 ... 2,—1 and so
x'c= TnpCl+ X162+ -+ Tp—1Cp = T1C2 + T2C3 + -+ + Tp_1Cp + TpC1
Note that cacs. .. cper = ¢ 1 € C since C is cyclic. So
x c=x-c" V=90

since x € C+. Hence x’ € C+ and C* is cyclic. ]




MATH 291T Exam 2 : Part IT (Take-Home) Solutions

1. This exercise is related to #19 — 1 over GF(3)

(a) What are the degrees of the irreducible factors of z'% — 1 over GF(3)?
(b) How many ternary cyclic codes of length 10 are there?
(c) Is there a ternary cyclic code of length 10 of dimension 77

(d) What are the irreducible factors of #'° — 1 over GF(3)? Use GF(3) = {0,1,—1} mod 3. You do not need
a table for this!

(e) Find the generator polynomial of a BCH-code of length 10 over GF(3) of largest dimension that can correct
at least one error.

(f) How many BCH-codes of length 10 over GF(3) are there that can correct at least two errors? List the
generator polynomial for each one.

(g) Find a cyclic code of length 10 over GF(3) that is not a BCH-code.

Solution : (a) The cyclotomic cosets depending on n = 10 and g = 3 are
{0} ) {]"33 97 7} ) {27 67 8’ 4} a'nd {5}

Since the sizes of the cyclotomic cosets are the degrees of the irreducible factors of #'° — 1 over GF(3), we get
that there are two factors of degree one and two factors of degree four.

(b) Since x1% — 1 has four different irreducible factors over GF(3), we get that 2!° —1 has 2* = 16 monic divisors
(indeed, if g1 (), g2(), g3(x), g4(x) are the four irreducible factors of #° — 1 then each monic divisor of #19 — 1
is of the form g1 (x)* go(2)*2g3(x)** g4(x)** where aq, g, a3,y € {0,1}). Since each monic divisor of x1® — 1
corresponds to a ternary cyclic code of length 10, we get that there are 16 ternary cyclic codes of length 10.

(c) Since x'° — 1 has two factors of degree one and two factors of degree four, we can easily write down the
degrees of all monic divisors of #!? — 1 (which are the generator polynomials of all ternary cyclic codes of length
10) :

0,1,1,2,4,4,5,5,5,5,6,6,8,9,9,10

If there was a ternary cyclic code C' of length 10 and dimension 7, then its generator polynomial would have
degree 10 — 7 = 3. But there are no monic divisors of 2% — 1 of degree 3. Hence there are no ternay cyclic codes
of length 10 and dimension 7.

(d) The following is true over Z :
210 —1= (x5)2 12 = (2° = 1)(2° + 1)

Since x = 1 is a root of 2° — 1, we know that = — 1 is a factor of #° — 1. Using long division or synthetic division
if needed, we get that
P —1=(@x-(a*+2>+22+2+1)

Since z = —1 is a root of #° + 1, we know that z + 1 is a factor of #° + 1. Using long division or synthetic
division if needed, we get that
P Hl=(z+1)(z* -2+ 22—z +1)

So over Z, we get that

20— 1=(@@-Da+D*+23+22 42+ 1)@ 23 +22 —24+1)

Since this factorization uses only integral coefficients, it still holds over GF(3). In general, it could be that
2t 4+ 23+ 22+ 2+ 1 and/or 2 — 23 + 2% — 2 + 1 are not irreducible over GF(3). However, using the cyclotomic
cosets, we concluded that x'° — 1 has four irreducible factors over GF(3) : two of degree one and two of degree
four. Since we have a factorization over GF(3) of 2!° — 1 into two factors of degree one and two factors of degree
four, these factors must be irreducible. So the factorization into irreducible factors over GF(3) of 2'% — 1 is



‘J;lo—l:(x—l)(a:—&— D(a* + 23+ 22+ 2+ 1)(2* — 23 + 22 —x—|—1)‘

(e) We are looking for a ternary BCH-code of length 10 of designed distance at least 3. So its generator polynomial
will have at least two consecutive roots. Since no cyclotomic coset has two consecutive numbers, we will have to
use at least two cyclotomic cosets. {0} and {5} do not work (no consecutive numbers). The smallest sizes that
work are {0} and {1,3,9,7} (b=0o0r b =9) or {5} and {2,6,8,4} (b =4 or b = 5). These choices lead to a
generator polynomial of degree 5. So the dimension of the corresponding BCH-code is 10 — 5 = 5. The choices
for generator polynomial are

(@ =)z = B)(x = B°)(x = B%)(w = B7) or (z—p7)(z—B%)(x— B%)(w — B%)(z — BY)

We know that r — 8’ =z —landz— > =z + 1. If (z— B)(z — B3)(z — ) (x — 87) = 2* + 23 + 22 + 2 + 1 then
Bisaroot of 5 —1 = (z —1)(2* + 23 + 2% + 2+ 1) and so $° = 1, a contradiction since the order of 3 is 10. So
(@ =Bz~ )z - ) ~p) =2 —2® +2® —z +1

and
(z— Bz - ) (z-B)z—-pBY=at+2¥+ 2+ +1

Hence the generator polynomials are
(z—D@* -2+ —z+1)=a+2t -2+ 22—z —1

or

e+ D+ v +o+1)=a® -2 —2® -2 —2+1

(f) Put

glz)=z—-p"=x—-1
gx)=(x =Bz - 2-8) z-p")=at—a3 +2% —2+1
3(z) = (x — ) (x -9 (z - B (z—BY) =at+ a3+ 22+ +1
ga(z) =2 —p° =z +1

Which combinations of these factors lead to a generator polynomial of a ternary BCH-code of length 10 of
designed distance at least 57 We easily get

g2(2)gs(x) :b=1, =5

g1(x)g2(x)gs(x) :b=0, >50rb="7,06 >5
92(x)g3(x)ga(x) : 0=2,6 2 5
91(2)g2(2)g3(x)ga(x) : b= 0,6 > 7

So there are four such BCH-codes. Their generator polynomials are

22t a2t 2?1

A o L L R e S IR IR S R |

P+ a2+t a1
—-1=0

(g) We need to find a combination of cyclotomic cosets that does not come from selecting consecutive roots. An
example is {0} and {5}. The corresponding generator polynomial is (x — 1)(z + 1) = 22 — 1. No choice of b and
6 will lead to this generator polynomial. a




2. Find the minimal polynomial over GF'(4) of some primitive 21-th root of unity (in some field extension of GF'(4)).

Solution : Let B be an element of order 21 in some field extension of GF'(4). The cyclotomic coset containing
s =1 and depending on n = 21 and ¢ =4 is
{1,4,16}

Hence it follows from Theorem 5.4 that the minimal polynomial mg(x) of 8 over GF(4) is

mg (@) = (z = B)(x - *)(z — B'°)

To practically find this polynomial, we need to use a table. The smallest field extension of GF(4) containing an
element of order 21 is GF(64). Let o be a primitive element in GF(64). So « has order 63. Hence we can put
B = a®. Note that GF(4) = {0,1,a?!, a*?}. Using the table ,we get that

mg(z) = (z-p)(z—pY) (@ - 516)

(fﬂ—a )(z — a'?)(z — o)

2+ (o +a12+a48)x + (0% + al2a™ 4 0%8a3)r + aBal2at®
2+ (03 + a2 4 a®8)22 + (a1 + 0% + o)z +

= #+atr+1

since

a® +a'?2+a*® = 001000 + 000101 + 001101 = 000000 = 0
al® + ab0 4 abl 101000 4+ 111001 4+ 101011 = 111010 = o*?

Remark : There are other correct answers. Since (2 is also an element of order 21, one could calculate the
minimal polynomial over GF(4) of 32. But the minimal polynomial of 3% would be incorrect as 3% is an element
of order 7.

3. Find all the binary cyclic codes of length 7 that contain the word 0001111.

Solution : Recall that there are eight binary cyclic codes of length 7 and that we know their generator polynomial.

If C is a binary cyclic code of length 7 with generator polynomial g(x) then

0001111 € C <= 1111000 € C <= g(=) divides 1 + = + 2* + 2*

Clearly, 1 divides 1+ + 2% 4+ 2. Recall that 7 — 1 has three irreducible factors over GF(2) : x +1, 23 +x+ 1
and 3 + 22 + 1. First we check if any of these factors divide 1 + x + 22 + 23. We get

P+ +r+1 = (z+1D)(2%+1)
Bt +r+1l = (BP+x+1)-1+22
Brai+r+1l = (@3 +22+1)-1+z

So x + 1 divides 1+ x + 2% + 23 but neither 1+ 2 + 23 nor 1 + 22 + 23 divide 1 + 2 + 2 + 23. Hence the only
monic divisors of 7 — 1 that divide 14z + 2% + 2% are 1 and 1+ . So there are only two binary cyclic codes of
length 7 that contain the word 0001111 (see page 42): Cy (with generator polynomial 1) and C; (with generator
polynomial 1 + z). m|




4. Let m > 1 and ¢ € R(1,m) \ {0,1} where 1 = 11...11. Prove that w(c) = 2mL.
——

2™ times
Proof : The proof is by induction on m.

Suppose first that m = 1. Since
R(1,m) = R(1,1) = {0,1}*" = {0,1}? = {00,01, 10,11}
and w(01) = w(10) =1 =271 = 271 we get that w(c) = 2™~ for all ¢ € R(1,m) \ {0,1} if m = 1.

Suppose next that w(c) = 297! for all ¢ € R(1,5) \ {0,1} if 1 < j < m — 1 for some m > 2. Recall that
R(1,m)=R(1l,m —1)® R(0,m — 1). So

R(lam) = {(X7X+y) tX € R(lvm* 1)>y € R(O’mf 1)}
But R(0,m — 1) = {0,1} and has length 2"~1. So let ¢ € R(1,m) \ {0,1}. Then there are two possibilities:

(a) ¢ = (x,x) for some x € R(1,m — 1).
Note that x # 0 since ¢ # 0 and x # 1 since ¢ # 1. Then w(x) = 2(m~HD~1 = 2m=2 Ly induction. Hence

w(c) = w(x,x) = 2w(x) =2.2m 2 = om~!

(b) ¢ =(x,x+1) for some x € R(1,m —1)
In general, if y is a binary word of length n, then w(y +1) =n —w(y). Indeed, if y +1 = 2122 ... 2, then
zi=1 <= y,=0. So

wy+1)=H{l<i<n:z=1}=[{1<i<n:p=0=n-[{1<i<niy=1}=n—u(y)
Hence we get that
wlc) = wx,x+1) = wx) + wx +1) = wx) + 2" — w(x) = 2"

This completes the proof by induction. O

5. Let C; and Cs be cyclic codes of length n over GF(q) with generator polynomials ¢; (z) and go(x). Prove that
Cy N Cy is a cyclic code with generator polynomial lem(gy (), g2(z)) (the least common multiple of g;(z) and

g2(x)).

Proof : First, we prove that C; N Cs is cyclic. Note that C7; N Cs is a linear code of length n. Let x € C7; N Cs.
Then x € Cy. Since C is cyclic, we get that x’ € Cy. Similarly, x’ € C5. Hence x’ € C; N Cs. So C1 N Cy is
cyclic.

Let g(z) be the generator polynomial of C; N Cy.

Since g;(x) and go(z) are monic divisors of 2™ — 1, we have that lem(g1(x), g2(x)) is a monic divisor of 2™ — 1.
Hence lem(g (), g2(x)) is the generator polynomial of some cyclic code C*.

Since Cy N Cy C C4, it follows from HW 5 #2 that g1 (z) divides g(x). Similarly, g2(z) divides g(z). So g(z) is
a common multiple of ¢g;(z) and go(z). Hence lem(gq(x), g2(2)) divides g(z). Again by HW 5 #2, we get that
CiNCy CC*.

Clearly, g1(x) divides lem(g1(x), g2(z)). Hence it follows from HW 5 #2 that C* C ;. Similarly, we get that
C*C(Cy. SoC*CCiNCh.

Hence C; NCy = C*. So the generator polynomial of C; NC5 is equal to the generator polynomial of C*, namely
lem(g1 (), g2(z)). O




