
MATH 291T Exam 2 : Part I (In-Class) Solutions

1. Consider the first order Reed-Muller code R(1, 2) with generator matrix

G(1, 2) =

 0 0 1 1
0 1 0 1
1 1 1 1


(a) What are the parameters of R(1, 2) (so n, k and d)?

(b) Codewords of R(1, 2) are of the form x1x2x3x4 = [ a2 a1 a0 ]G(1, 2). Set up parity check equations for a1
and a2.

(c) Decode 1001.

(d) Decode 1011.

Solution : (a) It follows from the definition of Reed-Muller codes and Proposition 4.4 that

n = 2m = 22 = 4 , k =

(
m

0

)
+

(
m

1

)
+ · · ·+

(
m

r

)
=

(
2

0

)
+

(
2

1

)
= 1 + 2 = 3 and d = 2m−r = 22−1 = 2

(b) We get that

x1x2x3x4 = [ a2 a1 a0 ]

 0 0 1 1
0 1 0 1
1 1 1 1


So 

x1 = a0
x2 = a1 + a0
x3 = a2 + a0
x4 = a2 + a1 + a0

Hence
a1 = x1 + x2 = x3 + x4 and a2 = x1 + x3 = x2 + x4

(c) We calculate the parity check sums for a1 and a2:

a1 {1, 1} so a1 = 1
a2 {1, 1} so a2 = 1

We easily get that

[ a2 a1 0 ] G(1, 2) = [ 1 1 0 ]

 0 0 1 1
0 1 0 1
1 1 1 1

 = 0110

Since 1001− 0110 = 1111, we get that a0 = 1. So we decode 1001 as

0110 + 1111 = 1001

(d) When calculating the parity check sums for a1, we find {1, 0}. So we can not make a decision based on
majority. Hence too many errors occurred and we declare a decoding error.

Note that d(C) = 2. So this code can not correct any errors. It is however one-error detecting : the code will
detect if one error occurs. 2
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2. This exercise is about field extensions containing an element of order 7.

(a) What is the smallest field extension of GF (2) that contains an element of order 7?

(b) What is the smallest field extension of GF (4) that contains an element of order 7?

(c) Do your answers make sense?

Solution : (a) We are looking for the smallest r ≥ 1 such that 2r ≡ 1 mod 7. We easily get that r = 3. So
GF (23) = GF (8) is the smallest field extension of GF (2) that contains an element of order 7.

(b) We are looking for the smallest r ≥ 1 such that 4r ≡ 1 mod 7. We easily get that r = 3. SoGF (43) = GF (64)
is the smallest field extension of GF (4) that contains an element of order 7.

(c) Note that not every field extension of GF (2) is a field extension of GF (4). That is why the answers to (a)
and (b) are different. 2

3. Let α be a primitive element of GF (64). So GF (64) = {0, 1, α, α2, . . . , α61, α62}. Identify all the subfields of
GF (64) (in terms of powers of α).

Solution : We first give a general method. Suppose we are given a finite field GF (ps) where p is a prime. When
is GF (pr) a subfield of GF (ps)? The multiplicative group GF (pr)∗ of GF (pr) is a cyclic group of order pr − 1
while the multiplicative group GF (ps)∗ of GF (ps) is a cyclic group of order ps−1. GF (pr) is a subfield of GF (ps)
if and only if GF (pr)∗ is a subgroup of GF (ps)∗. Since these groups are cyclic, we get that GF (pr)∗ ≤ GF (ps)∗

iff and only if |GF (pr)∗| divides |GF (ps)∗|. So

GF (pr) is a subfield of GF (ps) if and only if pr − 1 divides ps − 1.

Here we need to find all r such that 2r − 1 divides 64 − 1 = 63. We easily get that r ∈ {1, 2, 3, 6}. So GF (2),
GF (4), GF (8) and GF (64) are the subfields of GF (64).

To identify these subfields in terms of powers of α, recall that

|αk| = |α|
gcd(k, |α|)

=
63

gcd(k, 63)

Since GF (4) is generated by an element of order 3 (namely if β is an element of order 3 then GF (4) =

{0, 1, β, β2}), we are looking for k such that
63

gcd(k, 63)
= 3. k = 21 does the job.

Since GF (8) is generated by an element of order 7 (namely if γ is an element of order 7 then GF (4) =

{0, 1, γ, γ2, . . . , γ6}), we are looking for k such that
63

gcd(k, 63)
= 7. k = 9 does the job.

GF (2) = {0, 1}
GF (4) = {0, 1, α21, α42}
GF (8) = {0, 1, α9, α18, α27, α36, α45, α54}
GF (64) = {0, 1, α, α2, . . . , α62}
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4. Complete the table for GF (16) given below.

Table for GF (16) = GF (2)(α) where α4 + α3 + 1 = 0

binary GF (16) Polynomial in α

0000 0 0

0001 1 1

0010 α α

0100 α2 α2

1000 α3 α3

α4

α5

α6

α7

1110 α8 α3 + α2 + α

α9

1010 α10 α3 + α

α11

0011 α12 α + 1

0110 α13 α2 + α

1100 α14 α3 + α2

Solution : Since α4 + α3 + 1 = 0, we get

α4 = α3 + 1 = 1001
α5 = αα4 = α(α3 + 1) = α4 + α = α3 + 1 + α = α3 + α+ 1 = 1011
α6 = αα5 = α(α3 + α+ 1) = α4 + α2 + α = α3 + 1 + α2 + α = α3 + α2 + α+ 1 = 1111
α7 = αα6 = α(α3 + α2 + α+ 1) = α4 + α3 + α2 + α = α3 + 1 + α3 + α2 + α = α2 + α+ 1 = 0111
α9 = αα8 = α(α3 + α2 + α) = α4 + α3 + α2 = α3 + 1 + α3 + α2 = α2 + 1 = 0101
α11 = αα10 = α(α3 + α) = α4 + α2 = α3 + 1 + α2 = α3 + α2 + 1 = 1101

So the complete table is
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binary GF (16) Polynomial in α

0000 0 0

0001 1 1

0010 α α

0100 α2 α2

1000 α3 α3

1001 α4 α3 1

1011 α5 α3 + α + 1

1111 α6 α3 + α2 + α + 1

0111 α7 α2 + α + 1

1110 α8 α3 + α2 + α

0101 α9 α2 + 1

1010 α10 α3 + α

1101 α11 α3 + α2 + 1

0011 α12 α + 1

0110 α13 α2 + α

1100 α14 α3 + α2

5. Let C be a linear code of length n over F.

(a) Define the dual code C⊥.

(b) Suppose that C is cyclic. Prove (using the definition of the dual code and a cyclic code) that C⊥ is cyclic.

Solution : (a) The dual code C⊥ is the set of all words that are orthogonal to all codewords. So

C⊥ = {x ∈ Fn : x · c = 0 for all c ∈ C}

(b) Let x ∈ C⊥. To prove that C⊥ is cyclic, we have that show that x′ ∈ C⊥. So we need to show that

x′ · c = 0 for all c ∈ C

Let c ∈ C. Put x = x1x2 . . . xn and c = c1c2 . . . cn. Then x′ = xnx1x2 . . . xn−1 and so

x′ · c = xnc1 + x1c2 + · · ·+ xn−1cn = x1c2 + x2c3 + · · ·+ xn−1cn + xnc1

Note that c2c3 . . . cnc1 = c(n−1) ∈ C since C is cyclic. So

x′ · c = x · c(n−1) = 0

since x ∈ C⊥. Hence x′ ∈ C⊥ and C⊥ is cyclic. 2
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MATH 291T Exam 2 : Part II (Take-Home) Solutions

1. This exercise is related to x10 − 1 over GF (3)

(a) What are the degrees of the irreducible factors of x10 − 1 over GF (3)?

(b) How many ternary cyclic codes of length 10 are there?

(c) Is there a ternary cyclic code of length 10 of dimension 7?

(d) What are the irreducible factors of x10 − 1 over GF (3)? Use GF (3) = {0, 1,−1} mod 3. You do not need
a table for this!

(e) Find the generator polynomial of a BCH-code of length 10 over GF (3) of largest dimension that can correct
at least one error.

(f) How many BCH-codes of length 10 over GF (3) are there that can correct at least two errors? List the
generator polynomial for each one.

(g) Find a cyclic code of length 10 over GF (3) that is not a BCH-code.

Solution : (a) The cyclotomic cosets depending on n = 10 and q = 3 are

{0} , {1, 3, 9, 7} , {2, 6, 8, 4} and {5}

Since the sizes of the cyclotomic cosets are the degrees of the irreducible factors of x10 − 1 over GF (3), we get
that there are two factors of degree one and two factors of degree four.

(b) Since x10−1 has four different irreducible factors over GF (3), we get that x10−1 has 24 = 16 monic divisors
(indeed, if g1(x), g2(x), g3(x), g4(x) are the four irreducible factors of x10 − 1 then each monic divisor of x10 − 1
is of the form g1(x)α1g2(x)α2g3(x)α3g4(x)α4 where α1, α2, α3, α4 ∈ {0, 1}). Since each monic divisor of x10 − 1
corresponds to a ternary cyclic code of length 10, we get that there are 16 ternary cyclic codes of length 10.

(c) Since x10 − 1 has two factors of degree one and two factors of degree four, we can easily write down the
degrees of all monic divisors of x10− 1 (which are the generator polynomials of all ternary cyclic codes of length
10) :

0, 1, 1, 2, 4, 4, 5, 5, 5, 5, 6, 6, 8, 9, 9, 10

If there was a ternary cyclic code C of length 10 and dimension 7, then its generator polynomial would have
degree 10− 7 = 3. But there are no monic divisors of x10− 1 of degree 3. Hence there are no ternay cyclic codes
of length 10 and dimension 7.

(d) The following is true over Z :

x10 − 1 =
(
x5
)2 − 12 = (x5 − 1)(x5 + 1)

Since x = 1 is a root of x5− 1, we know that x− 1 is a factor of x5− 1. Using long division or synthetic division
if needed, we get that

x5 − 1 = (x− 1)(x4 + x3 + x2 + x+ 1)

Since x = −1 is a root of x5 + 1, we know that x + 1 is a factor of x5 + 1. Using long division or synthetic
division if needed, we get that

x5 + 1 = (x+ 1)(x4 − x3 + x2 − x+ 1)

So over Z, we get that

x10 − 1 = (x− 1)(x+ 1)(x4 + x3 + x2 + x+ 1)(x4 − x3 + x2 − x+ 1)

Since this factorization uses only integral coefficients, it still holds over GF (3). In general, it could be that
x4 + x3 + x2 + x+ 1 and/or x4 − x3 + x2 − x+ 1 are not irreducible over GF (3). However, using the cyclotomic
cosets, we concluded that x10 − 1 has four irreducible factors over GF (3) : two of degree one and two of degree
four. Since we have a factorization over GF (3) of x10−1 into two factors of degree one and two factors of degree
four, these factors must be irreducible. So the factorization into irreducible factors over GF (3) of x10 − 1 is
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x10 − 1 = (x− 1)(x+ 1)(x4 + x3 + x2 + x+ 1)(x4 − x3 + x2 − x+ 1)

(e) We are looking for a ternary BCH-code of length 10 of designed distance at least 3. So its generator polynomial
will have at least two consecutive roots. Since no cyclotomic coset has two consecutive numbers, we will have to
use at least two cyclotomic cosets. {0} and {5} do not work (no consecutive numbers). The smallest sizes that
work are {0} and {1, 3, 9, 7} (b = 0 or b = 9) or {5} and {2, 6, 8, 4} (b = 4 or b = 5). These choices lead to a
generator polynomial of degree 5. So the dimension of the corresponding BCH-code is 10− 5 = 5. The choices
for generator polynomial are

(x− β0)(x− β)(x− β3)(x− β9)(x− β7) or (x− β5)(x− β2)(x− β6)(x− β8)(x− β4)

We know that x−β0 = x− 1 and x−β5 = x+ 1. If (x−β)(x−β3)(x−β9)(x−β7) = x4 +x3 +x2 +x+ 1 then
β is a root of x5− 1 = (x− 1)(x4 + x3 + x2 + x+ 1) and so β5 = 1, a contradiction since the order of β is 10. So

(x− β)(x− β3)(x− β9)(x− β7) = x4 − x3 + x2 − x+ 1

and
(x− β2)(x− β6)(x− β8)(x− β4) = x4 + x3 + x2 + x+ 1

Hence the generator polynomials are

(x− 1)(x4 − x3 + x2 − x+ 1) = x5 + x4 − x3 + x2 − x− 1

or
(x+ 1)(x4 + x3 + x2 + x+ 1) = x5 − x4 − x3 − x2 − x+ 1

(f) Put
g1(x) = x− β0 = x− 1
g2(x) = (x− β1)(x− β3)(x− β9)(x− β7) = x4 − x3 + x2 − x+ 1
g3(x) = (x− β2)(x− β6)(x− β8)(x− β4) = x4 + x3 + x2 + x+ 1
g4(x) = x− β5 = x+ 1

Which combinations of these factors lead to a generator polynomial of a ternary BCH-code of length 10 of
designed distance at least 5? We easily get

g2(x)g3(x) : b = 1, δ = 5
g1(x)g2(x)g3(x) : b = 0, δ ≥ 5 or b = 7, δ ≥ 5
g2(x)g3(x)g4(x) : b = 2, δ ≥ 5
g1(x)g2(x)g3(x)g4(x) : b = 0, δ ≥ 7

So there are four such BCH-codes. Their generator polynomials are

x8 + x6 + x4 + x2 + 1
x9 − x8 + x7 − x6 + x5 − x4 + x3 − x2 + x− 1
x9 + x8 + x7 + x6 + x5 + x4 + x3 + x2 + x+ 1
x10 − 1 = 0

(g) We need to find a combination of cyclotomic cosets that does not come from selecting consecutive roots. An
example is {0} and {5}. The corresponding generator polynomial is (x− 1)(x+ 1) = x2 − 1. No choice of b and
δ will lead to this generator polynomial. 2

6



2. Find the minimal polynomial over GF (4) of some primitive 21-th root of unity (in some field extension of GF (4)).

Solution : Let β be an element of order 21 in some field extension of GF (4). The cyclotomic coset containing
s = 1 and depending on n = 21 and q = 4 is

{1, 4, 16}

Hence it follows from Theorem 5.4 that the minimal polynomial mβ(x) of β over GF (4) is

mβ(x) = (x− β)(x− β4)(x− β16)

To practically find this polynomial, we need to use a table. The smallest field extension of GF (4) containing an
element of order 21 is GF (64). Let α be a primitive element in GF (64). So α has order 63. Hence we can put
β = α3. Note that GF (4) = {0, 1, α21, α42}. Using the table ,we get that

mβ(x) = (x− β)(x− β4)(x− β16)
= (x− α3)(x− α12)(x− α48)
= x3 + (α3 + α12 + α48)x2 + (α3α12 + α12α48 + α48α3)x+ α3α12α48

= x3 + (α3 + α12 + α48)x2 + (α15 + α60 + α51)x+ α63

= x3 + α42x+ 1

since

α3 + α12 + α48 = 001000 + 000101 + 001101 = 000000 = 0
α15 + α60 + α51 = 101000 + 111001 + 101011 = 111010 = α42

x3 + α42x+ 1

Remark : There are other correct answers. Since β2 is also an element of order 21, one could calculate the
minimal polynomial over GF (4) of β2. But the minimal polynomial of β3 would be incorrect as β3 is an element
of order 7.

3. Find all the binary cyclic codes of length 7 that contain the word 0001111.

Solution : Recall that there are eight binary cyclic codes of length 7 and that we know their generator polynomial.

If C is a binary cyclic code of length 7 with generator polynomial g(x) then

0001111 ∈ C ⇐⇒ 1111000 ∈ C ⇐⇒ g(x) divides 1 + x+ x2 + x3

Clearly, 1 divides 1 + x+ x2 + x3. Recall that x7− 1 has three irreducible factors over GF (2) : x+ 1, x3 + x+ 1
and x3 + x2 + 1. First we check if any of these factors divide 1 + x+ x2 + x3. We get

x3 + x2 + x+ 1 = (x+ 1)(x2 + 1)
x3 + x2 + x+ 1 = (x3 + x+ 1) · 1 + x2

x3 + x2 + x+ 1 = (x3 + x2 + 1) · 1 + x

So x+ 1 divides 1 + x+ x2 + x3 but neither 1 + x+ x3 nor 1 + x2 + x3 divide 1 + x+ x2 + x3. Hence the only
monic divisors of x7− 1 that divide 1 + x+ x2 + x3 are 1 and 1 + x. So there are only two binary cyclic codes of
length 7 that contain the word 0001111 (see page 42): C0 (with generator polynomial 1) and C1 (with generator
polynomial 1 + x). 2
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4. Let m ≥ 1 and c ∈ R(1,m) \ {0,1} where 1 = 11 . . . 11︸ ︷︷ ︸
2m times

. Prove that w(c) = 2m−1.

Proof : The proof is by induction on m.

Suppose first that m = 1. Since

R(1,m) = R(1, 1) = {0, 1}2
m

= {0, 1}2 = {00, 01, 10, 11}

and w(01) = w(10) = 1 = 21−1 = 2m−1, we get that w(c) = 2m−1 for all c ∈ R(1,m) \ {0,1} if m = 1.

Suppose next that w(c) = 2j−1 for all c ∈ R(1, j) \ {0,1} if 1 ≤ j ≤ m − 1 for some m ≥ 2. Recall that
R(1,m) = R(1,m− 1)⊗R(0,m− 1). So

R(1,m) = {(x,x + y) : x ∈ R(1,m− 1),y ∈ R(0,m− 1)}

But R(0,m− 1) = {0,1} and has length 2m−1. So let c ∈ R(1,m) \ {0,1}. Then there are two possibilities:

(a) c = (x,x) for some x ∈ R(1,m− 1).

Note that x 6= 0 since c 6= 0 and x 6= 1 since c 6= 1. Then w(x) = 2(m−1)−1 = 2m−2 by induction. Hence

w(c) = w(x,x) = 2w(x) = 2 · 2m−2 = 2m−1

(b) c = (x,x + 1) for some x ∈ R(1,m− 1)

In general, if y is a binary word of length n, then w(y + 1) = n−w(y). Indeed, if y + 1 = z1z2 . . . zn then
zi = 1 ⇐⇒ yi = 0. So

w(y + 1) = |{1 ≤ i ≤ n : zi = 1}| = |{1 ≤ i ≤ n : yi = 0}| = n− |{1 ≤ i ≤ n : yi = 1}| = n− w(y)

Hence we get that

w(c) = w(x,x + 1) = w(x) + w(x + 1) = w(x) + 2m−1 − w(x) = 2m−1

This completes the proof by induction. 2

5. Let C1 and C2 be cyclic codes of length n over GF (q) with generator polynomials g1(x) and g2(x). Prove that
C1 ∩ C2 is a cyclic code with generator polynomial lcm(g1(x), g2(x)) (the least common multiple of g1(x) and
g2(x)).

Proof : First, we prove that C1 ∩C2 is cyclic. Note that C1 ∩C2 is a linear code of length n. Let x ∈ C1 ∩C2.
Then x ∈ C1. Since C1 is cyclic, we get that x′ ∈ C1. Similarly, x′ ∈ C2. Hence x′ ∈ C1 ∩ C2. So C1 ∩ C2 is
cyclic.

Let g(x) be the generator polynomial of C1 ∩ C2.

Since g1(x) and g2(x) are monic divisors of xn − 1, we have that lcm(g1(x), g2(x)) is a monic divisor of xn − 1.
Hence lcm(g1(x), g2(x)) is the generator polynomial of some cyclic code C∗.

Since C1 ∩ C2 ⊆ C1, it follows from HW 5 #2 that g1(x) divides g(x). Similarly, g2(x) divides g(x). So g(x) is
a common multiple of g1(x) and g2(x). Hence lcm(g1(x), g2(x)) divides g(x). Again by HW 5 #2, we get that
C1 ∩ C2 ⊆ C∗.

Clearly, g1(x) divides lcm(g1(x), g2(x)). Hence it follows from HW 5 #2 that C∗ ⊆ C1. Similarly, we get that
C∗ ⊆ C2. So C∗ ⊆ C1 ∩ C2.

Hence C1∩C2 = C∗. So the generator polynomial of C1∩C2 is equal to the generator polynomial of C∗, namely
lcm(g1(x), g2(x)). 2
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