MATH 291T

Homework 3 Solutions

1. Let C be the binary code word generator matrix [

(a) Set up a standard array for C'.

(b) Write down the coset leaders of each coset.
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O =

1
0

(¢) Use your standard array to decode the following words :

e 1111
o 1110
e 1001

— O
—_

Solution : (a) First, we find all the codewords. Recall that the codewords are all the linear combinations of the

rows of the generator matrix. Hence

C = {0000, 1010,0101, 1111}

This is the first row of the standard array.

Next, we fill the standard array : we find a word x that is not in the array yet and add the coset x + C as a
new row to the standard array. We make sure that a coset leader is in the first column. Let’s say we start with

x = 1000. Then we get

0000
1000

We continue with x = 0100 and find
0000

1000
0100

1010 0101
0010 1101

1010 0101
0010 1101
1110 0001

1111
0111

1111
0111
1011

Finally, we pick any remaining word, say x = 1100 and get the following standard array :

0000
1000
0100
1100

1010 0101
0010 1101
1110 0001
0110 1001

1111
0111
1011
0011

It’s important to realize that this array is not unique. We could have picked 0010 as choice for a coset leader.

Then the second row would have been

0010

(b) Using our standard array, we easily get

1000 0111

1101

Coset

Coset Leaders

{0000, 1010, 0101, 1111}
{1000,0010,1101,0111}
{0100, 1110,0001, 1011}
{1100, 0110, 1001, 0011}

1100, 0110, 1001, 0011

0000
1000, 0010
0100, 0001




Note that this is independent of the standard array we choose.

(c) Decoding using a standard array is quite simple : we look up the received word in the standard array and
decode as the codeword (in the first row) that is in the same column as the received word. This clearly depends
on the standard array we choose. We get

We decode 1111 as 1111.
‘We decode 1110 as 1010.
We decode 1001 as 0101.

. Let C be the binary code with parity check matrix
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— = =
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(a) Set up a syndrome table for C.
(b) Use your syndrome table to decode the word 11010.

Solution : We pick words of small weight (first weight zero, then weight one, then weight two,...) and evaluate
their syndrome until we get every single syndrome exactly once. We find

coset leader | syndrome
00000 000
10000 100
01000 010
00100 001
00010 111
00001 101
01100 011
11000 110

Note that the first six rows are unique since these cosets have exactly one coset leader. The last two rows are
not unique since those cosets have more than one coset leader. We could have chosen 10010 instead of 01100 in
the seventh row.

(b) First, we calculate

1
10011 1 0
syn(11010)= [ 0 1 0 1 0 0|=]0/|=o001
00111 1 1

0

Next, we look up this syndrome in the syndrome table. We decode by subtracting the coset leader from the
received word. So we decode 11010 as
11010 — 00100 = 11110

For this particular received word, the decoding does not depend on the syndrome table as we used the fourth
row (a coset with a unique coset leader). O




3. Let C be a binary [n, k]-code. Fix 1 <i < n. Let C; be the set of all codewords in C whose i-th digit is zero. So
CZ:{IElianC.’EZ:O}

(a) Prove that C; is linear.
(b) Prove that C; is a subgroup of C of index at most two.
(¢) Deduce that exactly one of the following holds:

e The i-th digit in every codeword in C' is zero.
e The i-th digit in exactly half of the codewords is zero.

Proof : (a) Let x,y € C; and a,b € {0,1}. Looking at the i-position, we see that
(ax+by); =azx; +by;=a-04+0-0=0
Hence ax + by € C;. So C; is linear.

(b) Recall that the index of C; in C (notation : [C : C;]) is the number of cosets of C; in C.
If C; = C then C; is the only coset of C; in C and [C : C;] = 1.

So we may assume that C; # C. Fix y € C'\ C;. So y has a one in the i-th position. We claim that y + C; is the
set of all codewords whose i-th digit is one. Pick x € y+ C;. Then x = y 4+ ¢ for some ¢ € C;. Hence x € C since
yv,c€ Candz; = (y+c¢); =y;+¢; =140 = 1. Pick u € C with a one in the i-th position. Put v.=u—y. Then
veCsincew,yeCandv;=(u—y);=u;—y;=1-1=0.SoveC;andu=y+(u-y)=y+vey+0C,
which proves our claim.

Since the code C' is binary, we have that every codeword has either a zero or a one in the i-th position. Hence
C=C;U(y+C;). So C is the disjoint union of two cosets of C;. Since the cosets of C; in C form a partition
of C, we must have that C; has exactly two cosets in C. So [C : C;] =2

(c) From (b), it follows that [C : C;] € {1, 2}.
If [C: C;] =1 then C; = C and so every codeword has a zero in the i-th position.

So we may assume that [C' : C;] = 2. Since every coset of C; in C has the same number of elements (namely
|C;]) and C; has two cosets in C, we get that |C;| = 3|C|. So exactly half of the codewords have a zero in the
i-th position. Since the code is binary, we get that exactly half of the codewords have a one in the i-th position.
O

4. Let C be the binary code of length 16 containing the words z1zs ... z15216 such that in the matrix
T T2 T3 T4
Z5 Te Z7 xg
g9 Ti0 Ti1 T12
13 Ti14 Ti15 T1e6

every row and every column contains an even number of ones.

(a) Prove that C' is a linear code.
(b) Find the dimension and minimum distance of C.

(c¢) List all possibilities to decode the following words, using Nearest Neighbor Decoding:

100 1 110 0 1100
0000 000 0 0000
0000l looool®™ o010
1000 0000 0000



Solution : (a) Let x,y € C and «, 5 € {0,1}. We need to prove that ax+ By € C. Since 0 € C, we may assume
that « = 8 = 1. Let x; be the first row of x and y; the first row of y. Then the first row of x +y is x; + y;.
By HW 2 Ex. #2, we have that

w(xy +y1) = w(xy) + w(yr) — 2w(x; *y1)

Since x,y € C, we get that w(x;) and w(y;) are even. Hence w(x; + y1) is even. Similarly, we get that the
weight of any row and any column of x +y is even. So x+y € C.

Hence C is linear.
(b) Consider the following map from C' to the set of all 3 x 3-matrices :

x x x T

ml x2 x3 x4 1 G

0:C — {O, 1}3X3 : 5 6 T 8 — Ts T xT7
g T10 Ti11 T12

9 Ti0 T11
Tr13 Ti14 Ti5 Ti16

We prove that 6 is a bijection.
Let x,y € C with 6(x) = 6(y). Recall that the weight of every row and every column of a codeword is even. So

T4=2T1+T2+23=Y1+Y2+Ys="Ya

Similarly, we get that
T8 =Yg, T12 = Y12 , T13 = Y13 , T14 = Y14 and T15 = Y15

For x14 and y14, we get
Ti16 = 13 + 214 + T15 = Y13 + Y14 + Y15 = Y16

So x =y and 6 is one-to-one.

Ty T2 T3
Let T5 Zg xT7 S {O, 1}3X3. Put
T9 Ti0 T11

Ty =21 + 22+ T3
Tg = T5 + X6 + T7
Ti2 = 9 + T10 + Z11
13 =1+ X5 + X9
T4 =22+ Tg + T10
Ti5 =23+ 27 +2T1n1
Ti6 = 13 + T14 + T15

Then x = z12s...x15%16 is a binary word of length 16 such that the weight of every row and the first three
columns is even. For the fourth column, we find

Tie = 13+ T4+ Ti5

= (331 + x5 +$9)+($2+$6+l‘10)+($3+l‘7+l‘11)
= (21 + 22 +23) + (v5 + 26 + 27) + (9 + 210 + T11)
= X4 +2T3+T12

ryr T2 I3
So the fourth column has even weight as well. Hence x € C' and §(x) = | 25 2 7 |. So 0 is onto.
Tg Tio T11

There is another way to see that the weight of the fourth column is even. As the weight of each row of x is even,
we get that the weight of x is even (it is the sum of the weights of the four rows). So the sum of the weights



of the four columns of x is also even. As the weights of the first three columns of x are even, the weight of the
fourth column must be even as well.

So 6 is a bijection. Since |{0,1}3*3| = 2%, we get that |C| = 2°. Hence dim(C) = 9.

It’s relatively easy to see that w(C) = 4. Clearly, w(x) is even for all x € C. Let 0 # x € C. Then x has at
least one non-zero entry, say in the i-th row and the j—th column. As the weight of the i-th row is even, there
must be another non-zero entry in the i-th row (besides the (i, j)-entry). As the weight of the j-th column is
even, there must be another non-zero entry in the j-th column (besides the (4, j)-entry). Hence w(x) > 3. Since
w(x) is even, we get that w(x) > 4.

Thus w(C) > 4. Since 1100110000000000 € C, we have d(C) = w(C) = 4.
(c) We start with a general remark. Recall from HW 2 #6 that for binary vectors x and y, we have
w(x+y) =wx) +w(y) - 2w(x*y)
Since d(x,y) =w(x —y) = w(x+y), we get
dx,y) = w0 +wly) mod2 ()

We will use this where x and y are binary vectors of length 16 or rows or column of a 4 x 4-matrix.

1 0 0 1 1 0 0 1
For the first received word, put y = 8 8 8 8 . Since w(y) =3,y ¢ C. Since ¢ = 8 8 8 8 eC
1 0 0 0 1 0 0 1

and d(y,c) = 1, we will decode y as any codeword at distance one from y. Let x € C' with d(y,x) = 1. Note
that x # 0 since d(y,0) = 3. The second row of x has even weight. If the second row of x contains two or more
ones, then d(x,y) > 2, a contradiction. So the second row of x contains all zeros. Similarly, the third row, the
second column and the third column of x contain all zeros. Since x # 0, we must have that

1 0 0 1
x:OOOO:c
0 0 0 0
1 0 0 1

So we decode y = 1001000000001000 as ¢ = 1001000000001001.

For the second received word, put y = . Then w(y) =2 and soy ¢ C. If ¢ € C then d(y,c) is

o O O O
o O O O

1
0
0
0

OO O

even by (*). Clearly, 0 € C and d(y,0) = 2. Hence we will decode y as any codeword at distance two from y.
Let 0 # x € C with d(y,x) = 2. By the Triangle inequality, we get

wx) Swx-—y)+twly)=2+2=4

So w(x) =4 since x # 0 and w(C) = 4. For 1 < j < 4, let x; be the j-th column of x and y; the j-th column of
y. As w(xy) is even (x € C) and w(y;) = 1, it follows from (*) that d(x1,y1) is odd. Since d(x,y) = 2, we must
have that d(x1,y1) = 1. Similarly, d(x3,y2) = 1. Since d(x,y) = 2, we must have that d(x3,y3) = d(x4,y4) = 0.
If w(x1) =4 or w(x2) = 4 then w(x) > 8 since every row of x must have even weight, a contradiction. Since
w(x) = 4, we get that w(x;) = w(xz) = 2. Since d(x1,y1) = d(x2,y2) = 1, this implies that the first row of x
is 1100. Hence there are three possibilities for x and we decode

1100 0000 110 0 1100 1100
0000 0000 1100 0000 000 0
Y=10 00 0| ®¢F 000O0/[’loo0oo0o0]’|1T 100’0000
000 0 0000 0000 0000 1100



For the third received word, put y = . Then w(y) =3 and soy ¢ C. For z € {0,1}!6 and

S O =
S O =
o= OO
o O O O

0 0
1 < j <4, we denote by z; the j-th column of z (as a 4 x 4-matrix). Let ¢ € C. By (*), d(y,c) is odd. Again
by (*), d(yj,c;) is odd (and hence at least 1) for j = 1,2,3. So d(y,c) > 3. Since 0 € C and d(y,0) = 3,
we will decode y as any codeword at distance three from y. Let 0 # x € C with d(y,x) = 3. By the above,
d(y;j,x;) =1for j =1,2,3 and so d(y4,x4) = 0. Thus x4 = y4. It follows from the Triangle Inequality that

wx) <wx—-y)+wly)=3+3=6

Since w(C') = 4 and w(x) is even, we get that w(x) = 4 or w(x) = 6. If w(x;) = 4 for some 1 < j < 4 then
w(x) > 8, a contradiction. So w(z;) € {0,2} for 1 < j < 4.

Suppose first that w(x) = 4. Then w(x;) = 0 for exactly one element from {1,2,3} and the ones in the other
columns of y show up in x (as d(y;,x;) =1 for j =1,2,3). This gives us five possibilities for x:

01 10 1010 1100 1100 1100
xe 00 0O 0 0 0 O 1100 0 0 0O 0 0 0O
o01r1ro0¢((’'f2010f’fOOO0OO0OC|]’{1T 1T 0O0]’]0O0O0O0
0 0 00 0 0 0O 0 0 00 0 0 0 O 1100

Suppose next that w(x) = 6. Then w(x;) = 2 for j = 1,2, 3 and all the ones in y show up in x (as d(y;,x;) =1
for j =1,2,3). So x is of the form
1 1

0
-0
10
-0
Since the rows of x have even weight, we see that the first and third row of x have weight two. As w(x) = 6,

either row two has weight two and row four has weight zero or vice versa. Once we have chosen which row has
weight zero, we can complete the third column of x. We get four possibilities for x:

11 00 110 0 1100 1100
xe 00 0O 0 0 0 O 1010 0110
1 010f’f0O1T 1T 0|70 1 10’1 010
01 10 1 010 0 0 0O 0 0 0O

So there are ten possibilities (codewords at distance three from y) to decode y: 0, five codewords of weight four
and four codewords of weight six!.




