MATH 291T Homework 6 Solutions

1. How many cyclic codes of length 4 are there over GF(3)? Write down the generator polynomial for each of these
cyclic codes.

Solution : (a) The cyclotomic cosets depending on n =4 and ¢ = 3 are
{0} , {1,3} and {2}
So x* — 1 has three irreducible factors over GF(3). Over Z, we easily get that
1= - D@2 +1)=(z -+ 1D(*+1)

So this is also the factorization of z* — 1 into irreducible factors over GF(3). If 3 is an element of order 4 in
some field extension of GF(3) (namely GF(9)) then

r—1=z-p, c+1=c—-p%and 2> + 1= (z — ') (z — °)

Since there are three factors, there are 22 = 8 cyclic codes of length 4 over GF(3). The generator polynomials
for these eight codes are
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{2}
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{0},{1,3} (z
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. Let C be a binary cyclic code of length n (note that n is odd). Prove that exactly one of the following holds:
e Every codeword in C has even weight.

e The word 11...11 is a codeword.

Proof : Note that the word 11...11 has weight n and n is odd. So at most one of the above holds. We show
that one of the above does hold.

Let g(z) be the generator polynomial of C.

Suppose that not every codeword has even weight. Then 1 + z does not divide g(z) by HW 5 # 3. So
ged(1 4+ x,g(x)) = 1. Since g(x) divides ™ — 1 and

" —1=(x— D" +a2" 4 f 2+ 1)

we get that g(z) divides 1+ 2z + 22+ -+ 2" 2+ 2" 1 Sol+ax+a%+---+2" 242" is a codeword
polynomial. Hence the corresponding word 11...11 is a codeword. a




3. In this exercise, you are asked to construct BCH-codes of length 15 and designed distance 5 over certain fields.
Try to find an example with maximal dimension. For each code, you must identify b and the dimension.

(a) over GF(4).
(b) over GF'(16).

Solution : (a) The cyclotomic cosets depending on n = 15 and ¢ = 4 are
{0} , {1,4} , {2,8} , {3,12} , {5} , {6,9} , {7,13} , {10} and {11,14}

From the cyclotomic cosets, we get that

go(z) = mpo(z) =z —°

gi(z) = mp(z) =mpi(z) = (z - ") (z - 5%
go(x) = mpe(x) =mgs(z) = (z - 5°)(z - B°)
g3(x) = mgs(x) =mpu(r) = (x— %)(z — ")
gs(x) = mgs(x)=x—F°

gs(x) = mgs(x) = mps(z) = (z — %) (x — B7)
ge(x) = mpgr(x) =mps(z) = (x — BN (x — pB13)
g7(x) = mpgo(r) =2 — 10

gs(x) = mpu(z) =mpgu(z) = (z - p")(z— ")

Since § = 5 we need § — 1 = 4 consecutive roots. So
g(x) = lem(mge (x), mgv+1 (), mgoi2(x), mgo+s ()
for some b. We want to choose b such that deg(g(z)) is minimal. By going over all possibilities for b, we get that

(6 ifbe{1,6,11}
deg(g(z)) { 7 ifbe{0,2,3,4,5,7,8,9,10,12,13, 14}

For example, if b = 1 then

g(x) = lem(mg(x), mgz (x), mgs (), mpa(x)) = lem(g1(x), g2(2), g3(x), g1 (2)) = g1(x)ga(x)g3(x)

So
deg(g(z)) = deg(g1(x)g2(z)gs(z)) = deg(g1(x)) + deg(g2(z)) + deg(gs(x)) =2+2+2=6

Hence
dim(C) =n —deg(g(z)) =15-6=9

(b) This exercise is actually about Reed-Solomon codes.

Let B8 be an element of order 15 in some field extension of GF(16). Then we have that 8 € GF(16). So
B" € GF(16) for all i. Hence the minimal polynomial mg:(z) of 5* over GF(16) is

mgi(z) =2 — B
Or put another way: all the cyclotomic cosets are singletons.

Since § = 5, we need to pick § — 1 = 4 consecutive roots. So no matter what value of b we choose, we always
have that

g(x) = lem(mgs (), mgor1 (x), mgvsz (), mgris (2)) = (x = B°) (@ = B (@ — B2 (x — 6°+9)

So deg(g(z)) = 4 and dim(C) = 15 — 4 = 11. O




4. Construct a BCH-code of length 17 and dimension 9 over GF'(4) that can correct at least three errors.

Solution : Since the code must be able to correct at least three errors, the minimum distance of the code must
be at least 2-3 4+ 1 = 7. So we choose § = 7. Since the dimension of the code is 9, the degree of the generator
polynomial must be 17 —9 = 8.

The cyclotomic cosets depending on n = 17 and ¢ = 4 are

{0} , {1,4,16,13} , {2,8,15,9} , {3,12,14,5} , and {6,7,11,10}

From the cyclotomic cosets, we get that

go(z) = mgo(z) =2 —°

gi(z) = mg(z) =mgi(z) = mgie(z) = mgis(z) = (z — ) (z — p*)(z — B0)(x — B'3)

g2(x) = mga(x) = mgs(z) = mgis () = mge () = (x = B2)(z — %) (x — %) (z — 5°)

g3(z) = mgs(x) = mpi2(z) = mpua(z) = mgs(z) = (z — ) (z — B*2)(x — M) (z — B°)

ga(@) = mge(x) =mgr(2) = mgu(z) = mgw(z) = (v - %) (z — 1) (z — B11)(z — B°)
Since § = 7, we need to pick § — 1 = 6 consecutive roots. So

g(x) = lem(mge (z), mgv+1 (), mgo+2(x), mgvrs (), Mmgva(x), mgo+s ()
It turns out that
13 ifbe {0,12,13,14,15, 16}
)12 itbe{1,57)
deg(9(@) =1 15 ifpe {2,3,4,8,9,10,11}
8§ ifb=6
We choose b = 6. Then
g(z) = lem(mgs(x), mgr(z), mgs(x), mgo(z), mpio(x), mpgi1(x))
= lem 94(33),94(%'),92(1' ,gg(l‘),g4(l‘),g4 Z‘)
= 92(x)ga()
So
deg(g(z)) = deg(g2()ga(x)) = deg(g2(x)) + deg(ga(z)) =4+ 4 =38
and so
dim(C) =n — deg(g(z)) =17—-8=9 O

5. Construct a binary BCH-code of length 31 of designed distance 5 with minimum distance at least 11.
Solution : The cyclotomic cosets depending on n = 31 and ¢ = 2 are
{0}, {1,2,4,8,16} , {3,6,12,24,17} , {5,10,20,9,18} , {7,14,28,25,19} , {11,22,13,26,21} and {15,30,29,27,23}

From the cyclotomic cosets, we get that

Gox) = m(a) and  deg(go(z)) = 1
gi(x) = mpi(x) =mp2(x) = mgi(x) = mgs(x) = mgis(z) and deg(g1(x)) =5
g2(z) = mpgs(x) =mge(x) = mp2(r) = mgea(x) = mgrr(x) and deg(gi(x)) =5
g3(x) = mpgs(x) = mpo(r) = mg(x) = mpe(x) = mgs(x) and deg(ga(z)) =5
ga(x) = mpgr(x) =mpu(r) = mgs(x) = mges(x) = mgio(x and deg(gs(x)) =5
g5(x) = mpgn(x) = mg(r) = mgis(x) = mgae(x) = mga () and deg(gs(x)) =5
g6(x) = mpgis(x) = mgso(x) = mpee(x) = mper(x) = mges(x) and deg(gs(z)) =5



We choose b =4 and 6 = 5. So we need § — 1 = 4 consecutive roots. Hence
9(x) = lem(mga(x), mgs (x), mgs (), mgr (z)) = lem(g1(x), g3(x), g2(x), ga(x)) = 91(2)g2(x)gs(x)ga()
However, this generator polynomial has actually ten consecutive roots:
8,682,384, 85, 85, 87, 83,87 and B°

So the minimum distance is at least 10+ 1 = 11 (because if we choose b = 1 and § = 11, we end up with exactly
the same generator polynomial as when we choose b =4 and ¢ = 5). O

. This exercise is about the relation between certain Hamming codes and cyclic codes.

Let r > 1. Let a be a primitive element in GF(2") (so « is an element of order n := 2" —1). Then every element
of GF(2") can be written as a polynomial over GF(2) in « of degree less than 7: ag+aja+aza®+- - +a,_1a" "t
where ag,a,...,a,-1 € GF(2).

Consider the matrix
H:[l a a® .- 04"71]

where we write o/ in polynomial form and turn it into a column. Let C be the binary code with H as a parity
check matrix.

(a) H is parity check matrix if the rows of H are linearly independent. What are the dimensions of H? Are
the rows of H linearly independent?

Solution : We turned every o into a column of length r. So H is an r x n-matrix. Notice that he first r
columns of H are form the identity matrix (since o/ =1-a? for 0 < j <r —1). So H is indeed of rank r.

(b) Show that C' is a binary Hamming code.

Solution : Since

{:0<j<n—1}={1l,a,0% ...,0> "2} = GF(2")\ {0}

we see that the columns of H are all the non-zero columns of length r showing up exactly once. So by
definition of Hamming codes, C' is a Hamming code!

(¢) Let w = (wg, w1, ..., wy—1) € GF(2)". Prove that w € C' if and only if w(a) = 0.

Solution : We get that

welC <<= Hwl =0
A [ 1 a o2 a1 } [ wo wp Wy - Wy ]T:O
— ’wo-]_—l—wl~a+w2.a2+...+wn71,an—l:0
— w(a)=0

(d) Deduce that C is a cyclic code. What is the generator polynomial of C? What is the dimension of C?

Solution : Let ¢ € C. Then
c(z)=xc(r) mod (z" —1)

So
c(z) =zc(x) +a(z) (z" —1)

for some polynomial a(z) € GF(2)[z]. Hence

c(a) = ac(a) +a(a) (a™ —1)



Since ¢ € C, we have that c(a) = 0 by (¢). Since « is an element of order n, we have that o™ = 1 and so
a™ —1=0. Thus ¢/(a) = 0. Hence ¢’ € C by (c). So C is cyclic.

Let g(z) be the generator polynomial of C' and m(x) the minimal polynomial of o over GF(2). Note that
deg(m(x)) = r (recall how we set up a table for GF(2")).

Since g(x) is a codeword polynomial, it follows from (c) that g(or) = 0. Hence m(x) divides g(z) by
properties of the minimal polynomial.

Since deg(m(z)) = r < n, we see that m(z) is a word polynomial. But m(a) = 0. So m(z) is a codeword
polynomial by (¢). Thus g(z) divides m(z) by properties of the generator polynomial.

So m(x) divides g(z) and g(z) divides m(z). Since m(z) and g(z) are both monic, we must have that
g(z) = m(z). So the generator polynomial of C' is the minimal polynomial of o over GF(2) and has degree
r. Hence the dimension of C'isn —r=2"—-1—r.

Prove that the following decoding algorithm is Nearest Neighbor Decoding:

e When receiving a word o, evaluate w(w).

o If W(a) = 0 then we decode W as .

e If w(a) # 0 then w(a) = o/ for a unique 0 < j < n —1 (why?) and we decode w as @ + €; (the word
corresponding to w(z) + z7).

Solution : Suppose first that w(«) = 0. Then w is a codeword by (c). So we decode w as w (namely w is
the unique codeword closest to w).

Suppose next that w(a) # 0. Since
GF(2") ={0,1,a,0?,...,a" "1}

we see that there is a unique 0 < j < n — 1 such that w(a) = o’. So w(a) + o’ = 0. Hence w(z) + 27 is
a codeword polynomial, say w(z) + 27 = c(x) where ¢ € C. Note that w is not a codeword (by (c)) and
d(w,c) = 1. Since the minimum distance of C' is 3, c is the unique codeword at distance 1 of w (indeed, if
d(w,c’) =1 for some ¢’ € C then d(c,c’) < d(c,w)+d(w,c’) =2 < d(C) and so ¢ = ¢). Hence we decode
W as c. O




